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Abstract

Tumor growth is a complex phenomenon, driven by the interplay of genetic, biochemical,
and mechanical factors, and its understanding remains a major challenge in modern
medicine. Mathematical oncology offers a powerful quantitative framework to unravel the
underlying mechanisms and to pave the way toward personalized treatments. This thesis
falls within this context, introducing systems of partial differential equations (PDEs)
intended to capture the fundamental biological and physical processes involved in cancer
progression. Starting from well-established models that couple tumor dynamics with
nutrient diffusion, we incorporate the evolution of additional relevant quantities, thereby
enriching both the mathematical structure and the modeling viewpoint.

Once the PDE system is formulated and an appropriate notion of weak solution
is introduced, a fundamental question concerns the well-posedness of the associated
initial-boundary value problem. The standard technique for proving existence consists
in constructing a suitable approximation of the system, possibly combined with a
regularization of the nonlinear terms. One then derives a priori estimates that guarantee
sufficient compactness, allowing the passage to the limit in the approximation parameter
and the recovery of a solution to the original problem. If well-posedness and adequate
regularity are established, attention can turn to associated optimal control problems.
The aim is not only to predict the course of the disease but also to optimize therapeutic
strategies by adjusting the type, timing, and dosage of treatments to achieve the best
possible outcome for the patient, meaning maximum reduction of the tumor and minimum
drug-related side effects. From a mathematical perspective, this is achieved by introducing
control terms in the source functions of the system, representing the therapies. These
controls are chosen within an admissible set, ensuring that for each fixed control, the
PDE system admits a unique solution. A first step is to prove the existence of an
optimal control, namely one that minimizes a suitable cost functional depending on both
the control and the corresponding solution of the PDE system. This gives rise to a
nonlinear and nonconvex minimization problem subject to PDE constraints, typically
addressed via the direct method in the Calculus of Variations. A subsequent major goal
is the derivation of first-order necessary optimality conditions, expressed in the form of a
variational inequality.

This thesis introduces three mathematical models. The first is a nonisothermal phase
field system of Caginalp type, designed to describe tumor progression under thermal
therapies. Despite the biological relevance of temperature, this aspect has received limited
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Abstract

attention in the literature; the approach proposed here provides a novel perspective and a
solid foundation for future developments. Well-posedness for the related initial-boundary
value problem and additional regularity are proven. In particular, the existence of a
weak solution is demonstrated through a two-step approximation procedure, involving
regularization of the potential and a Faedo—Galerkin discretization scheme. The second
model builds on a Cahn-Hilliard-type system already incorporating mechanical effects—
reflecting the viscoelastic properties of tissues—by introducing surgery-induced damage,
a complete novelty in this field. In addition to the usual technical difficulties, such
as the lack of mass conservation, this system presents further challenges due to the
nonlinear coupling between the equations, in particular between the balance of forces
and the differential inclusion governing the damage variable. The latter is by itself highly
nonlinear, presenting both a p-Laplacian operator and the subdifferential of a nonsmooth
convex potential. The existence of weak solutions is established through a carefully chosen
time-discretisation scheme. However, due to the high nonlinearity, uniqueness remains
an open problem. Nevertheless, if a suitable non-degenerative operator replaces the
p-Laplacian, well-posedness can be obtained, giving new insights for further research. The
third model is tailored to brain tumors and integrates lactate metabolism, viscoelasticity,
and tissue damage, together with the action of cytotoxic and lactate-targeting drugs.
Here, the evolution of the tumor is described through a Fisher—-KPP-type equation. The
existence of weak solutions is proved by a Schauder fixed-point argument combined with
a regularization of the potential. After showing additional regularity and uniqueness, an
associated optimal control problem is addressed.

v
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Chapter 1

Introduction

Despite significant advances in modern medicine, cancer remains one of the leading causes
of death worldwide. According to global estimates from the International Agency for
Research on Cancer (IARC), in 2022, there were nearly 20 million new cancer cases and
9.7 million cancer-related deaths, accounting for almost one in six deaths (see [Bra+24;
Fer+21]). Moreover, due to the actual rates in population growth and aging, these
numbers are set to rise: demographics-based predictions indicate that the number of new
cases of cancer will reach 35 million by 2050, a 77% increase with respect to 2022, further
intensifying the global burden of the disease (see [Bra+24]). Cancer is an inherently
complex multiscale phenomenon in which genetic, biochemical, and mechanical processes
act simultaneously. This complexity makes it challenging to distinguish the key drivers
of tumor progression from secondary or negligible effects. In addition, tumors exhibit
remarkable heterogeneity, while population-based protocols with limited individualization
still guide most current therapies. This can result in both undertreatment, which may be
fatal, and overtreatment, with the related side effects. For all these reasons, mathematical
oncology has come to be recognized as a powerful and indispensable tool in cancer research
(see, e.g., [Yan+24; Cor+13; Lip+19; AGL23; Fal+21] and the references cited therein).
It offers a rigorous framework for investigating the complex interplay among biological
processes and therapeutic interventions, and provides quantitative methodologies that
can significantly improve both diagnostic precision and prognostic accuracy. One of
its primary objectives is to enhance the understanding of the fundamental mechanisms
driving tumor development, which are often unclear, and to predict the disease’s course
accurately. A second major aim of mathematical oncology is to contribute to personalized
treatment planning by integrating patient-specific data, possibly from medical imaging,
into the design of a therapy optimized by dosage and scheduling. Moreover, it could
give valuable insight into the potential efficacy of combinations of therapeutic strategies,
which have not been investigated through clinical trials. To achieve these goals, the first
fundamental step is the derivation of a mathematical model based on phenomenological
observations and physical principles, and the formulation of a related optimal control
problem. It is particularly crucial to establish that the model is well-posed, i.e., it admits a
unique solution which depends continuously on the given data. Similarly, one must ensure
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Chapter 1. Introduction

that the associated control problem admits an optimal solution, possibly characterized by
suitable necessary conditions. The latter are useful to practically determine the optimal
control through a gradient descent method. The subsequent steps concern the numerical
implementation of the model, its calibration through patient-specific parameters, and the
treatment optimization, which results in a better-informed clinician’s decision. This thesis
focuses on the analytical aspects described above, without addressing the computational
ones.

1.1 Biological framework

The term cancer refers to a broad class of diseases characterized by uncontrolled cell
proliferation. It can start in any part of the body as a consequence of irreparable DNA
damage that disrupts the normal mechanisms controlling cell division and death. In its
early stages, a (solid) tumor consists of a small cluster of heterogeneous cells with the
abnormal ability to evade apoptosis (programmed cell death), ignore growth-inhibitory
signals from the surrounding tissue, and proliferate more rapidly than the healthy cells
[HW00; HW11]. During the initial avascular phase, it draws nutrients (such as oxygen
and glucose) diffused within the surrounding tissue by the pre-existing vasculature
[Fol76; Fol85; PK89]. To ensure an adequate supply of nutrients, tumor cells can also
exploit sophisticated mechanisms. First, tumor cells often overexpress specific membrane
transporters, facilitating nutrient uptake [Sca+15; Ish+01; GL16]. This leads to the
so-called active transport mechanisms, i.e., the preferential flow of nutrients toward tumor
cells. Second, tumor cells exhibit chemotaxis, i.e., the tendency of tumor cells to migrate
toward regions with higher nutrient concentrations [RCP11]. However, as the tumor
mass grows beyond a critical size (typically a few millimeters in diameter), the inner
regions start to suffer from hypoxia. This results in a characteristic stratification of the
tumor, with an outer viable rim of proliferating cells, a quiescent layer of living but
non-proliferative cells, and a necrotic core. Moreover, the nutrient deprivation triggers
angiogenesis, the formation of new blood vessels from the existing vasculature, thereby
establishing a direct and sustained supply of nutrients. Finally, tumor cells enter the
blood vessels and migrate to other tissues, initiating the process of metastasis.

Alongside nutrient availability, several additional mechanisms play a crucial role in
influencing tumor growth. Among them, mechanical stress is now well recognized as a
factor that can directly affect tumor progression by inhibiting cell proliferation, promoting
necrosis, or even altering vascularization patterns (see, e.g., the review [Urc+22]). In
particular, [Che+09] proves through in vitro experiments that compressive stress can
induce non-hypoxic driven apoptosis, while [Bro+16] shows that mechanically constraining
treatments can significantly slow down tumor growth. Conversely, the growth of the
tumor itself contributes to the accumulation of stress within the surrounding tissue,
creating a nonlinear feedback.

Different cancers require different combinations of treatments, tailored to the tumor
type, location, and stage. For primary solid tumors, surgical resection—either partial
or complete—often represents a fundamental step in therapy. However, if tumor cell
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1.1. Biological framework

proliferation resumes after surgery, an intriguing question arises as to whether this
regrowth is influenced by the surgical site itself. Several mechanisms may contribute to
this phenomenon. First, tissue removal inevitably damages local blood vessels and induces
edema, both of which may alter nutrient diffusion. In addition, the operated tissue exhibits
mechanical properties that differ from those of intact tissue, including altered elasticity
(see, e.g., [Moe+17]). In Chapters 4 and 5, we will introduce mathematical models aimed
at capturing the impact of surgery-induced tissue damage on growth dynamics. Most of
the time, surgery is combined with radiotherapy or chemotherapy. They use, respectively,
high radiation doses and cytotoxic drugs to reduce tumor cell proliferation and induce
their death. Many other therapies exist, such as hyperthermia therapy, which we are
going to take into account in Chapter 3. Hyperthermia is a treatment approach that
has been explored for several decades (see, e.g., [Mal+16] and the references therein). It
consists in raising the local, regional, or whole-body temperature above 39°C for 30 to 60
minutes, using techniques such as radio wave, microwave, or focused ultrasound heating,
perfusion, and thermal chambers (see, e.g., [Hab+11]). It is sometimes used alone, but
most frequently is combined with other primary therapies, such as chemotherapy or
radiotherapy. Depending on the temperature, it has different effects.

(i) Moderate hyperthermia (below 42°C) increases tumor perfusion, primarily due to
heat-induced vasodilatation. This, in turn, improves the delivery of chemothera-
peutic (or immunotherapeutic) drugs.

(ii) High hyperthermia (i.e., temperatures between 42°C and 50°C) exerts direct cy-
totoxic effects and induces vascular damage. Moreover, it impairs DNA repair
mechanisms, thereby potentially enhancing the susceptibility of tumor cells to other
treatments such as chemotherapy or radiotherapy.

(iii) Thermal ablation (above 50°C), applied directly in situ, results in irreparable
cellular damage and consequent apoptosis and necrosis of tumor tissue.

As already pointed out, depending on the location, cancer presents different features
that translate into specific prognosis, response to treatments, and, in the end, life
expectancy. While the models discussed in Chapters 3 and 4 are not tailored to a specific
tumor type, in Chapter 5 we focus on brain tumors. Among them, the more common are
gliomas, i.e., neoplasms of glial cells. Despite advances in medical research and treatment
strategies, the survival rate for brain tumors remains low (see, e.g., [DC16]), and no
significant improvement has been observed recently (see, e.g., [Szo+17]). In particular,
glioblastoma—an aggressive form of glioma—is characterized by invasive growth and
genetic-metabolic abnormalities. Due to the oxygen deprivation, hypoxic tumor cells
mainly rely on glycolysis to obtain energy, consuming glucose and producing lactate as a
byproduct. This is known as the Warburg effect. On the other hand, lactate has been
proven to be more than a waste product: it can be used as a nutrient by oxygenated
tumor cells [GOGO5]. This leads to some sort of metabolic symbiosis between the two
cell populations, suggesting that a new therapeutic strategy may be a drug targeting
lactate (cf. [Son+08], [Tan+21], [Guy+22]).
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Chapter 1. Introduction

It is now clear that, given the complexity of tumor biology and the multiple interacting
processes involved, many factors must be considered when developing a mathematical
model. In practice, modeling requires careful choices and simplifications, focusing on
the most relevant mechanisms for the specific questions being addressed, which may
change from case to case. In the following, when introducing a model (see Section 1.3),
we will explicitly point out the assumptions made and the biological phenomena they are
intended to capture.

1.2 Modeling framework

Over the past few decades, the interest in tumor growth models and the related literature
has increased substantially (see, e.g., [AMO04; Byr+06; BLM08; AP08; OHP10; CL10;
Fri23] and references therein). Among the various possible classifications, most of them
fall into two broad categories: discrete and continuum models. Discrete models are set
at the microscopic scale, explicitly representing individual cells and their interactions.
Many of them integrate the single cells’ discrete description (for example, through
cellular automata, extended Potts, or random walks) with continuous equations for
the chemical gradients (see, e.g., [BLMO8, Section 4.2] and the reference cited therein).
In contrast, continuum models describe tumor dynamics at the tissue level, making
them more appropriate for capturing large-scale tumor behavior and long-term evolution.
Macroscopic models are often formulated by means of nonlinear partial differential
equations (PDEs), which rule the evolution of some locally averaged quantities, such as
the tumor cell’s density or the concentration of a relevant chemical species. In this thesis,
we focus on three continuum models of tumor growth, each tailored to capture specific
biological and physical features of the disease. The first two are phase field models,
formulated through variants of the Cahn—Hilliard equation, which are well-suited to
describe interface dynamics and phase separation phenomena in tumor tissues. The third
model is based on a reaction-diffusion equation of Fisher—-KPP type, and is specifically
designed to describe the invasive behavior of gliomas in brain tissue.

1.2.1 Phase field models of Cahn—Hilliard type

At first glance, the most intuitive way to model a solid tumor is as a cohesive mass
of malignant cells embedded within healthy tissue, separated by a sharp interface (see
Figure 1.1). Translating this notion into mathematical terms naturally leads to free
boundary problems, where the tumor is represented as an evolving domain to be de-
termined. Starting from the earliest contributions (see [Gre72; MMT78; Ada87]), which
incorporated a multilayered structure of the tumor—composed of viable, quiescent, and
necrotic cells—together with the presence of growth factors, further extensions have
progressively included additional biological processes such as apoptosis, immune response,
and angiogenesis (see, e.g., [Byr+06; BLMO8| and the references cited therein). Despite
their relevance, these models face some limitations. First of all, highly aggressive cancers
such as gliomas present an infiltration zone with a low density of isolated tumor cells (see
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1.2. Modeling framework

O (x
Healthy tissue ——— \

Sharp interface

Tumor tissue %fo /
\Q /Q/

Figure 1.1. Sharp interface model

[SRA08]), making the sharp interface assumption inadequate. Moreover, free boundary
problems cannot deal with topological changes in the tumor, such as coalescence or
breaking-up phenomena, which typically occur both at the early stages of the prolifera-
tion (when the tumor is morphologically unstable, see [CLN03]) and at more advanced
stages (when it undergoes metastasis). Finally, without imposing simplifying assumptions,
such as radial growth, dealing with free boundary problems may be analytically and
numerically challenging. These issues can be overcome by employing a diffuse interface
model, in which the sharp interface is replaced by a thin layer with both tumor and
healthy cells, where a smooth transition takes place (see Figure 1.2). A scalar function

@)
O O Healthy tissue
o O O OO OiDiffuse interface
O O O Tumor tissue
O

Figure 1.2. Diffuse interface model

p, called order parameter, is introduced, representing the difference in volume fraction of
tumor and healthy cells. Roughly speaking, ¢ is the local relative proportion between
the two types of cells, with {¢ = 1} being the tumor tissue, {¢ = —1} the healthy
tissue, and {—1 < ¢ < 1} the diffuse interface. Notice that here we are implicitly
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Chapter 1. Introduction

neglecting quiescent and necrotic cells, and the tumor is represented as a single cell
population. The evolution of ¢ is ruled by a suitable modification of the Cahn—Hilliard
equation. The latter was first introduced by Cahn and Hilliard in 1958 [CH58] to give
a continuous description of the phase separation process in binary mixtures, modeling
spinodal decomposition and coarsening phenomena under the assumptions of isotropy
and constant temperature. Since then, it has been widely applied in many different
contexts that exhibit pattern formation, ranging from materials science to fluid dynamics,
and more recently to mathematical biology. In the following, we introduce it briefly,
while referring the reader to [Mirl9; Wu22] for a comprehensive overview.

The classical Cahn—Hilliard equation. Suppose that a two-component mixture
occupies a domain Q C R? with d = 2,3, having boundary I' := 9 and outward unit
normal v. The classical Cahn—Hilliard equation is a semilinear fourth-order parabolic
equation given by

1
O+ eA%p — AV (p) =0
€

in the parabolic cylinder  x (0,7), where T > 0 is the final time. It can be equivalently
rewritten as the following system

Oy — Ap =0,
1, (1.2.1)
p=—eAp+ - (¥),

having introduced the auxiliary variable u, called chemical potential. The small constant
€ > 0 is a physical parameter related to the thickness of the interface. The function ¥
is a double-well potential. A thermodynamically relevant example is the logarithmic
potential

Tjog(r) = %0 [(1—7)In(1 —7) 4+ (1 +7)In(1 +7)] — %7«2, re(—1,1) (1.2.2)

where 0 < 6y < 0. are two constants respectively proportional to the absolute temperature
of the system and the critical temperature of phase separation. It is often referred to
as the singular potential, since its derivative \Ilfog presents two vertical asymptotes at
r = £1. Such a choice guarantees that the order parameter stays within the interval
(—1,1). However, it entails certain technical difficulties. For this reason, it is common
to replace Wy, with its polynomial approximation, obtained through the fourth-order
Taylor expansion around r = 0. For a suitable choice of 8y and 6., and after a translation,

this yields .
Vseg (1) = 1
which is smooth and easier to handle both analytically and numerically (see Figure 1.3
for a qualitative comparison). The drawback is that, with this regular potential, the
order parameter can no longer be expected to remain within the physically relevant
interval [—1, 1], since the Cahn—Hilliard equation does not satisfy a maximum principle.
Moreover, notice that the minima, which correspond to the pure phases, are shifted.

(1-7%)% reR (1.2.3)
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1.2. Modeling framework

\I/reg

-1 'l -1 1

Figure 1.3. The singular potential for 8y = 2, 6. = 3 and the regular potential

Derivation from the mass balance law. The Cahn—Hilliard equation can be phe-
nomenologically derived as follows. We assume that the total free energy of the system
is

&(p) ¢=/QE\V¢!2+1‘P(¢) dz,

called Ginzburg—Landau free energy. The gradient term accounts for heterogeneity of the
mixture, modeling the surface energy of the interface. It penalizes sudden spatial changes
of the order parameter, preventing the formation of sharp interfaces. The double-well
potential reflects the thermodynamic preference of the system for the pure phases (e.g.,
the two minima) over the diffuse interface, corresponding to intermediate values. The
phase separation and the related pattern formation are driven by the competition between
|V|?, smoothing the interfaces, and ¥(y), favoring pure phases. In the phase separation,
the total mass of the system is conserved. Thus, we can write the continuity equation

Brp + divd, = 0, (1.2.4)

where J, is a mass flux to be chosen so that, according to the basic law of thermodynamics,
the free energy does not increase in time. Notice that, having introduced &, the chemical
potential y can now be defined as its variational derivative with respect to ¢, i.e.,

0E(p) 1,
= —"7 = _eA — 1.2.
pim 52 = —ebpt V() (125)

having assumed homogeneous Neumann boundary conditions
O =0 (1.2.6)

on I'. From (1.2.5), p can be interpreted as a forcing term proportional to the local
distance from equilibrium (see [NS84]). Thus, it is reasonable to assume that the diffusion
is driven by the gradient of the chemical potential, leading to the non-Fickian law:

J, =—-Vu. (1.2.7)
%)

Assuming no mass flux at the boundary, the equations hereby obtained are complemented
by the following homogeneous Neumann boundary condition for p

Ay =0 (1.2.8)
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Chapter 1. Introduction

on I'. We close the system by adding the initial condition

©(0) = 0. (1.2.9)
To conclude, let us briefly comment on the consequences of the choices we have made.
e The boundary condition (1.2.6) yields that interface is orthogonal to I'.

e By the boundary condition (1.2.8), the total mass, i.e., the integral of the order
parameter over the domain, is conserved. Proceeding formally,

d

T godx/@gpda:-/dw(Vu dx—/Vu vdHI ! =

therefore

/ng(:c,t)dx:/ggoo(x)dx, Yt € [0,T].

e Owing to the boundary condition (1.2.6) and to the choice of the mass flux (1.2.7), if
¢ is a solution of the Cahn—Hilliard equation, then €(¢) is non-increasing according
to the laws of thermodynamics. Again, proceeding formally, we have

;ta( ) = /Q[evgo.V(atgo)Jri\y’(@)aw] da

:/,uﬁtapdx:/,udlv(v,u) /!V/ﬂdx<0
Q

The viscous Cahn—Hilliard equation. The viscous Cahn—Hilliard system

Oy — A =0,
1 (1.2.10)
p=T0p — eAp + ;\I’ (©),

was first introduced in [Nov88| to account for viscosity effects resulting from phase
separation. It can be seen as a regularization of (1.2.1). The constant 7 > 0 is a viscosity
parameter. Notice that here the chemical potential is simply the sum of the viscous
contribution and of the variational derivative of the free energy, i.e.,

o0&
=70, —(p). 1.2.11
Iz $t 5 () ( )
Notice that 70 adds dissipation to the system. Assuming again homogeneous Neumann
boundary conditions, this can be seen from the associated energy identity, which takes

the form
d

G == [ [VuP +rionel?] aa. (1.2.12)

where the right-hand side is obviously non-positive. Notice that the mass conservation
still holds in this case.



1.2. Modeling framework

Adapting the Cahn—Hilliard equation to tumor modeling. The classical Cahn-
Hilliard equation is derived under the hypothesis of mass conservation, which is clearly
not satisfied when it comes to tumor growth. Proliferation from nutrient consumption,
apoptosis, and the effects of cytotoxic drugs can be incorporated by introducing a
phenomenologically chosen mass source U on the right-hand side of (1.2.4), and the
same modification applies to its viscous variant. As we will see in Chapters 3 and 4, the
absence of mass conservation is related to some technical challenges, and the source—
typically nonlinear—has to be selected carefully in order to guarantee the existence
of the solutions. Moreover, the Cahn—Hilliard-type equation—describing the evolution
of the tumor—is often coupled with additional equations accounting for biologically
relevant quantities. The diffusion of nutrients is commonly taken into account through a
reaction-diffusion equation, but various works also incorporate the evolution of relevant
biomarkers, more phases, elastic effects, and fluid flows (see, e.g., [FGR15; Gar+16; GL17;
Fri+18; Gar+18; LW18; EGN21; Col+20; GLS21a; GKT22; KS22] and the references
therein). These contributions enrich the free energy functional by adding further terms
beyond the classical Ginzburg—Landau one. Consequently, they naturally appear in
the Cahn-Hilliard dynamics through the chemical potential, since it is defined as the
variational derivative of the free energy.

1.2.2 The inclusion of thermal effects: the conserved Caginalp system

As previously observed, the Cahn—Hilliard equation and its viscous variant are formulated
assuming constant temperature, which is not always reasonable from the modeling point
of view. To overcome this limitation, several nonisothermal phase transition models have
been proposed (see, e.g., [Cag88; Cag90; PFI0; AP92a; AP92b| and the more recent
[MS05; MS21; De +24]). Among them, the conserved Caginalp model has been discussed
and analyzed over the years (see, e.g., [Cag88; Cag90; GPS07; Mirl3; Col+23; Col+24]
and references therein). The PDE system is basically obtained by coupling the possibly
viscous Cahn—Hilliard equation with the heat equation. Its simpler formulation takes the
form

00+ L) — A = u,

Ovp — Ap =0, (1.2.13)
1

p=T0p — eAp + E\P’(ap) — A9,

where 0 is the (relative) temperature with respect to a certain critical value normalized
to 0, u is a heat source, £ and A are positive constants related to the tissue’s latent heat,
and 7 > 0 is a viscous coefficient. It is referred to as the conserved Caginalp model (in
contrast to the nonconserved variant, see [Cag86]) because the total mass of the order
parameter remains conserved under homogeneous Neumann boundary conditions. The
PDE system (1.2.13) can be derived in several ways. We do it following the approach
from Caginalp (see [Cag88; Cag90] but also [BS96, Chapter 4, Example 4.4.2]). The
evolution of temperature is governed by the heat balance

010 + L) — AG = u,

9



Chapter 1. Introduction

coupled with the mass balance
Orp + div(—=Vpu) =0, (1.2.14)

where p is the chemical potential of the system, defined as in (1.2.11) following [Nov88].
Finally, the total free energy functional is given by

€ 1
5(9a90):/9[2\V90|2+6‘1’(90)—A9<p da, (1.2.15)

accounting for the temperature through the last coupling term, which may be understood
as the part of the free energy corresponding to temperature times the entropy of the
system (see [Cag86] but also [BS96]). From the thermodynamic consistency viewpoint,
notice that, even assuming u = 0, the energy dissipation is not guaranteed. In fact,
proceeding as before, we have

d
e, 0)=— /Q 1V + 7100l?] d — A /Q 4 da,

dt
where the last addend does not have a definite sign in general, so £(6,¢) may either
increase or decrease depending on the evolution of 6 and ¢ (see, e.g., [BS96, Chapter 4,
Example 4.4.2] for more details).

1.2.3 Reaction diffusion Fisher—- KPP models

Reaction-diffusion models are widely used in mathematical oncology to describe tumor
growth. They are relatively simple compared to other classes of equations, yet have proven
to give valuable insight. Let ¢ denote the tumor cell density. Writing the continuum
equation for mass conservation, and assuming that the diffusion is gradient-driven
according to Fick’s law, evolution of ¢ is ruled by the semilinear parabolic equation:

Bp — Ap = U(p). (1.2.16)

The source term U models the tumor cell proliferation. A common choice is the logistic

function
¥

Ulp) = pp (1 - N) : (1.2.17)
where p > 0 is a proliferation rate and N > 0 is the carrying capacity of the tissue,
i.e., the maximum number of cells that can fit per unit volume. Assuming (1.2.17),
(1.2.16) is known as the Fisher—Kolmogorov—Petrovsky—Piskunov (or Fisher—KPP in
short) equation. It was originally introduced in 1937 by Fisher [Fis37] and independently
by Kolmogorov, Petrovsky, and Piskunov [KPP37] to describe population dynamics. Since
then, the Fisher-KPP equation has been applied to many fields (see [Mur02; Mur03] for
a detailed overview), including brain tumor growth (see, e.g., [SAMO00; Mur03; Roc+08;
PH13; Rut+17; Hor+21; Mal+25] and the references cited therein) to capture biological
invasion. As for the Cahn—Hilliard equation, (1.2.16) is sometimes coupled with other
PDEs governing the dynamics of relevant quantities.

10



1.2. Modeling framework

1.2.4 The inclusion of damage (and viscoelastic) effects

One of the main contributions of this thesis is the introduction of the concept of tissue
damage, which will be incorporated into the models presented in Chapters 4 and 5. In the
biological setting considered here, surgery induces a collection of lesions and microlesions
that alter nutrient diffusion and the mechanical properties of the affected region, thereby
influencing the macroscopic evolution of the tumor. Although this application has not
been previously explored in the literature, damage theory has been extensively employed
in engineering and materials science to describe the evolution of complex materials (such
as concrete or solder alloys), often taking into account elastic or viscoelastic deformations
(see, e.g., [BS04; BSS05; BBR08; HK11; RR14; HR15; MRZ10; TM10] and the references
chited therein). In this context, damage arises from the breaking of atomic links, leading
to the formation of microcracks and microvoids. As a result, the structural integrity of
the material and its stiffness are reduced. Within the framework of continuum mechanics,
we aim to describe at the macroscopic level the effects of these microscopic movements,
following the approach proposed by Frémond and Nedjar [FN95; FN96; Fré02] (see
also [Gur96] for a derivation including the Cahn—Hilliard equation). To simplify the
exposition and to avoid distinguishing between the Cahn—Hilliard and Fisher—-KPP-type
models, we temporarily neglect the tumor variable ¢, which will be reintroduced in
the following Section 1.3. We denote by z an internal scalar variable which models the
degree of damage at each material point and takes values in the interval [0,1]. At a given
time ¢t € (0,7), z(z,t) = 1 indicates that the material at point x € € is undamaged,
z(x,t) = 0 corresponds to complete damage, and intermediate values represent partial
damage. Alongside the damage, we want to describe the macroscopic deformations of
the body Q. Thus, for every ¢ in the time interval (0,7), we introduce the deformation
field of each point with respect to the reference configuration §2

y(-, 1) () R4
r —y(z,t),

and the displacement field

u(-,t) : Q—R?
z —u(r) =y(x,t) —

The evolution equations ruling the dynamics of z and u are obtained from the principle of
virtual power—which is equivalent to the momentum balance laws (see [Fré02; Ant95])—
combined with some constitutive assumption involving the system’s free energy € and
pseudopotential of dissipation P, ensuring consistency with the classical principles of
thermodynamics. Before presenting & and P, we summarize below both the previously
introduced and the additional modeling hypotheses adopted here and in Chapters 4
and 5.

e We take the internal constraint
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to be a physical property of the state variable z. Therefore, according to the
literature [FN95], it must be imposed through the free energy & which describes
properties of the state variables (in contrast to P, describing properties related to
their time derivatives).

e Within our biological setting, the damage process is reversible, which means that
the tissue can recover. In many damage models, the process is instead treated as
irreversible, typically enforced via the constraint

8t2§0

imposed thought the pseudopotential of dissipation P (see, e.g., [HK11; RR14;
Hei+17]).

e We assume that €2, the region of the body where cancer is developing, is made
of a wviscoelastic material, i.e., a medium combining features of both elastic solids
and viscous fluids. Elastic solids are characterized by their ability to return
instantaneously to the original, undeformed configuration once the applied load
is removed. They store mechanical energy in the form of elastic energy without
dissipation, and the corresponding stress (i.e., the internal force per unit area
acting within the body) depends exclusively on the current state of deformation.
In contrast, Newtonian viscous fluids dissipate all the mechanical energy supplied
through deformation and exhibit no recovery of their initial configuration once
the load is removed; for such materials, the stress depends solely on the rate
of deformation. The overall response of viscoelastic materials is therefore time-
dependent, reflecting both energy storage and dissipation.

e We require that the displacement gradient Vu is small. This way, the Green—
St. Venant strain tensor—which measures the deviation between the given deforma-
tion and a rigid one—can be approximated with the linearized strain tensor

(Vu)! + Vu

e(u) = 5 ,

i.e., the symmetric gradient of u (see, e.g., [Cia88]).

Explicitly, the free energy of our system is defined as
E(u, z) = /QE(a(u), z,Vz)dz,
with the free energy density given by
E(e(w), 2, V2) = ]19|v2|p +B(2) +7(2) + Wie(w), 2).

According to the gradient theory in damage processes, the gradient term models the
influence of damage at a material point on the surrounding undamaged material. The

12



1.2. Modeling framework

non-smooth convex 3 allows us to impose physical constraints on the variable z. A simple
and classical example to keep in mind is the indicator function of the interval [0, 1], i.e.,

. {o if r € [0,1],

— =
B(r) [0,1] () +o0o0 otherwise,

see Figure 1.4. In particular, it would ensure that the damage z takes values in the
physically significant range [0, 1]. The function 7 is a smooth and, in general, concave
perturbation with at most quadratic growth (see Figure 1.4 for a simple choice). The

=)

0 1 0 1\

Figure 1.4. 3(7“) = Ijp,y)(r) and 7(r) = T(lgr)

last term W is the elastic energy density of the system. A common ansatz is to assume
that W has a quadratic dependence on the strain tensor, namely

W(e(u), 2) = %C(z)s(u)  e(u),

where C denotes a fourth-order elastic tensor, which may depend both on the spatial point
in the reference configuration 2 and on the damage variable z. Here, the symbol : stands
for the Frobenius inner product between matrices. Finally, we define the pseudopotential
of dissipation
P(e(Opu), Orz) == / P(e(0yu), 0y2) dz,
Q
where the density reads

P(e(Ohu), dy2) = %V(z)s(@tu)  e(Ou) + %\atzﬂ

It depends on the damage time derivative 0;z and the macroscopic symmetric strain
rate €(0yu), which are the dissipative variables of our problem. The fourth-order viscous
tensor term )V accounts for the friction between neighboring cells moving at different
velocities. Although it may depend on the damage variable z—as well as on the spatial
point in the reference configuration Q)—for brevity, we denote it by P rather than P,.

Displacement equation. The application of the principle of virtual power to u leads
to the classical balance of linear momentum

ﬁ@ttu — leT = _f (1218)

13
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If k # 0, inertial effects are taken into account; otherwise, we are considering a quasi-static
approximation. The term f is an external load, while 7 = (7;;) is the Piola—Kirchhoff
stress tensor—7T;; is the ith component of the force per unit area in the reference
configuration, measured across a surface element with unit normal given by the jth
standard Euclidean basis vector. Since we consider a viscoelastic framework, the simplest
choice is to postulate the behavior of a Kelvin—Voigt material, in which the stress is the
sum of a purely elastic nondissipative part and a purely viscous dissipative part:

T=T7"4T%
Assuming a hyperelastic and “hyperviscous” stress/strain response, we use the ansatz
T = 0. E = We(e(u), 2) =C(2)e(u),  T% =090 P = V(2)e(du),

Here we adopt the standard notation according to which W, is the derivative of W with
respect to its first entry e(u) and the same for the other variable. For more details, the
interested reader may also refer to [MR15, Section 4.1], [MH94, Sections 0.1-0.3].

Damage equation. The principle of virtual power with respect to z yields the micro-
force balance law

B—divH = 0. (1.2.19)

The quantity B represents the internal microforces and, again following Frémond’s
approach [Fré02], we postulate that it can be additively decomposed into a dissipative
and a non-dissipative part

B=B"Y4+ B! with B ed.E=08(2)+7(2) + W.le(u),2),
B = 9,,.P = ;2.
Without entering into the mathematical details, d,F and 83 have to be interpreted as
subdifferentials in the sense of convex analysis, and this justifies the presence of the

inclusion instead of an equality (see Section 2.5). In the following, we will employ the
notation 3 := 9f and 7 := 7’ (see Figure 1.5 for a simple example).

The term H is the internal micro-stress and is defined by

H=HY4+H! with H"Y=0v.F=|VzP2Vz,
H! = 0y s,.,)P = 0.
We assume that the sum of the external microforces acting on the body is equal to zero.
Notice that here, according to the literature, we are neglecting the acceleration forces of

the microscopic motions as well as external microforces.

14
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2 BN,

Figure 1.5. 3(r) = 0Ijo1)(r) and 7(r) = 7'(r) = % (7’(1—7“)) _1 r

1.3 Mathematical models of tumor growth

In the following, we introduce the three tumor growth models whose study is the objective
of this thesis. For each case, we present the underlying biological assumptions and the
simplifications that have been made. The presentation closely follows the papers in which
these models were originally formulated and analyzed, and the corresponding reference
will be explicitly cited. These models, although different in structure and purpose,
share a common goal: to provide a reliable and mathematically sound description of
tumor evolution that can serve as a foundation for more advanced, patient-specific, and
computationally implementable approaches.

1.3.1 A nonisothermal model

In this section, we present a Caginalp-type model for nonisothermal tumor growth,
accounting for thermotherapy and the presence of a nutrient. We neglect differentiation
among tumor cells and suppose that the tumor is in its avascular phase. The PDE
system, introduced and analyzed in [CCR25], reads as

00+ Lp) — AO = u, (1.3.1a)
O — Au=U(0,p,0), (1.3.1b)
= TOp — eAp + %\I/’(go) —xo — A#b, (1.3.1c)
oo — Ao — xp) = S(0, ¢, 0), (1.3.1d)
in the parabolic cylinder @ := 2 x (0,7"), coupled with the boundary conditions
0ul =0, =0 = 0,0 =0 (1.3.2)

on ¥ : =T x (0,T), and with the initial conditions
0(0) = 6o, »(0) =0, 0c(0) =09 (1.3.3)

in 2. The subsystem (1.3.1a)—(1.3.1c) is of Caginalp type (cf. (1.2.13)), and is made of the
second-order parabolic equation (1.3.1a), ruling the evolution of the relative temperature 6
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and the (possibly) viscous Cahn-Hilliard system (1.3.1b)—(1.3.1c), governing the evolution
of the phase field variable . The parameter €, representing the thickness of the interfacial
layer, is set equal to 1 without loss of generality, since it does not affect the mathematical
analysis we are interested in. The parabolic equation (1.3.1d) prescribes the dynamics of
the nutrient concentration o that we suppose is consumed only by tumor cells. The main
novelty of this model is the fact that it is not isothermal. In fact, among the extensive
literature on phase field models for tumor growth (see the previous Section 1.2), many
biological quantities are taken into account. However, to the best of our knowledge, only
the recent contribution [Ipo22] incorporates temperature effects. In the paper [Ipo22], a
thermodynamically consistent nonisothermal diffuse interface model for tumor growth
is proposed and analyzed. The system is designed to capture the interplay between
temperature variation, nutrient transport, cell proliferation, and apoptosis, and it is
rigorously studied through an entropy balance approach, leading to the existence of weak
solutions for the corresponding initial-boundary value problem. While our approach
shares with [Ipo22] the interest in coupling phase field dynamics with thermal effects and
a tumor growth process, we address a different system and adopt a distinct analytical
strategy. In particular, beyond proving the existence of weak solutions, we also establish
higher regularity and continuous dependence on the data. Moreover, building on these
analytical results, an associated optimal control problem is currently under investigation
within the ongoing project [CCR].

Derivation of the model. The model (1.3.1)—(1.3.3) is derived following the approach
from Caginalp, as in the previous Section 1.2. The only difference is that, in this case,
we are also taking into account the presence of the nutrient, which consequently appears
in the free energy:

1 1
E0,p,0)= /Q [2|V<,0|2 + ¥(p) + §]a|2 + x0(1 —¢) — Ap| dz. (1.3.4)

The term $|Ve|?> + ¥(p) is of classical Ginzburg-Landau type, and the contribution
%]0\2 reflects the energetic cost associated with the presence of nutrients, implying that
high concentrations increase the system’s free energy. Notice that we assume that there
is no interface between nutrient-rich and nutrient-poor phases, so that the dynamics of
the nutrient is simply governed by diffusion (cf. [HZO12]). The two final addenda couple
the Cahn—Hilliard equation with the nutrient and with the temperature equations. The
nonnegative constants x and A represent, respectively, a transport coefficient (modeling
effects such as chemotaxis and active transport) and an already introduced parameter
related to the tissue’s latent heat. The nutrient equation is also obtained by a mass
balance,

oo +divlJ, =8,

where S is a phenomenologically chosen source/sink of nutrients, and the mass flux is

o0&

J, = —V((Q,gp,a)) = —Vo+ xVe.
oo

16
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Notice that, thanks to the coupling term —yoy in the free energy, the nutrient equation
(1.3.1d) contains the term div(xV), accounting for the active transport. Similarly,
writing the mass balance for ¢ as in (1.2.14), the term div(xVo) appears in the Cahn—
Hilliard equation, accounting for chemotaxis (for more details, see the [Gar+16; EGN21]).

Boundary and initial conditions. We couple the system (1.3.1) hereby obtained
with the no-flux boundary conditions (1.3.2), which reflect the assumption that the
system is effectively isolated from its surroundings, and with the initial conditions (1.3.3).

Choice of the sources. We introduce the mass and nutrient sources that we are going
to employ throughout Chapter 3. Starting from U, we assume

Ul,p,0) = (Apoc—As— Agf)h(p).

According to the literature (see [GL17]), we assume the mechanisms controlling cell
division to be suppressed in tumor cells. Thus, proliferation is limited only by the
availability of nutrients. We model it with the term \,o, where ), is a fixed proliferation
coefficient. We also suppose that tumor cells only die because of apoptosis, and we denote
with A, the constant apoptosis rate. Moreover, here we assume that 6 has cytotoxic
effects proportional to the temperature, which we incorporate through the term —Agf,
where \g is a fixed positive parameter. The function h guarantees that the phenomena
we have just described are proportional to the tumor cells available in a certain area. For
example, h may be a monotone increasing function which is 0 where {¢ = —1} and 1
where {¢ = 1}, as in Figure 1.6. On the other hand, we assume the nutrient source S to

h 1 f
_

-1 1

Figure 1.6. Possible choice for the function h
be of the form
S0, p,0) = —Acoh(e) + Ap(op — o) — Apok(h).

The first two addends are again compliant with [GL17]. The term —Acoh(y¢) models
the fact that nutrient consumption is higher where tumor cell density is higher, while
Ap(op — o) accounts for nutrient supply from the pre-existing capillaries. A novel
aspect of the model is the inclusion of the term —Apok(6), which describes the influence
of temperature on nutrient absorption—e.g., due to vasodilation effects that enhance
nutrient transport in warmer tissue regions (see, e.g., [Son+05]).
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1.3.2 A model including tissue damage and mechanical effects

In this section, we introduce a phase field model for the evolution of a young tumor,
meaning that we again suppose it is in the avascular phase and there is no differentiation
between different types of tumor cells. We will take into account the presence of a
nutrient, the mechanical behavior of the tissue, modeled as a viscoelastic material, and
the local tissue damage caused by surgery. What follows is mainly based on [Cav25]. We
are interested in the following PDE system

O — Ap=U(p,0,e(u), z), 1.3.5a

1
p=—eBp+ —V(p) + Wolp.e(u), 2), 1.3.5b

( )

( )

oo — Ao = S(p,0,2), (1.3.5¢)
kOpu — div [a(2)Ve(Omu) + W (p,e(u), 2)] = 0, (1.3.5d)
Oz — Apz 4 B(2) + m(2) + W (p,e(u), 2) 30, (1.3.5€)
~

posed in ). The Cahn-Hilliard equation given by the combination of (1.3.5a)-(1.3.5b)
describes the evolution of the order parameter . The reaction-diffusion equation (1.3.5¢)
rules the diffusion of o, that is, the concentration of the nutrient. The hyperbolic equation
(1.3.5d) describes the dynamics for the vectorial variable w, the small displacement field
of each point with respect to the reference undeformed configuration. The fixed and
positive parameter k is supposed to be small and represents the fact that tumor growth
occurs at a much larger timescale than the tissue relaxation into mechanical equilibrium.
For simplicity and without any loss of generality, later on, we will set ¢ = k = 1. Finally,
the differential inclusion (1.3.5¢) represents the evolution law for local tissue damage z.
While the influence of the nutrient dynamics and of viscoelastic effects on tumor growth
is already deeply investigated in the literature (see, e.g., [GLS21a; GKT22; GT24]),
the role of the damage is a novelty in this field, first introduced in [Cav25]. However,
the impact of the damage and viscoelasticity in phase separation processes has been
thoroughly explored in various modeling studies within the field of materials science (see,
e.g., [HK11; HK15; Hei+17] and the references cited therein).

Derivation of the model. The evolution of our system is driven by classical thermo-
dynamic principles and relies on a total energy € and a pseudopotential of dissipation P.
The total energy of our system is

8(g0,a,u,z):/E(cp,Vgo,a,E(u),atu,z,Vz) dx
Q

where the energy density E' is the sum of a generalized free energy density and the kinetic
energy density. We postulate it has the following form:

E(p,Vp,0,e(u), 0, z,Vz)

1 1 1 1 = ~
= 5IVel* + 2(0) + 5lof* + Gl0l® + ZIV2l + 5(2) + 7 () + W (e, e(w), 2).
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The term 5|Ve|? + U(p) is the classical contribution of Ginzburg-Landau type and 3|o|?

results from the presence of the nutrient. The system’s kinetic energy is given by %|8tu|2.

Regarding the damage, %|Vz[p + B(z) + 7(2) is an interaction free energy, compliant
with the one introduced in Section 1.2.4. Lastly, W is the elastic energy density. The

pseudopotential of dissipation is

P(e(Ohu), Byz) = / %a(z)s(@tu)  Ve(Ou) + %|3tz|2 dz,

Q

Pe(0u), 0,2) dz = /

Q

as in the previous Section 1.2.4. Notice that P depends also on the damage z through
the viscous coefficient a, but we use the notation P instead of a more precise P, for
brevity. Following Frémond’s and Gurtin’s approach [Fré02; Gur96], our system can
be derived starting from balance laws for the involved quantities and then imposing
constitutive assumptions so that the system satisfies the second law of thermodynamics,
which, in the case of an isothermal system like ours, is written in the form of an energy
dissipation inequality (see, e.g., [Gar+16; Hei+17] and the previous Section 1.3.2). The
Cahn—Hilliard equation of system (1.3.5a)—(1.3.5b) is derived from a mass balance law
with a certain mass source U, as in Section 1.2. Notice that here, due to the presence
of the elastic energy in the total free energy of the system, the chemical potential u,
as usual defined as its variational derivative with respect to ¢, presents an additional

addend: se
M:S;:_A¢+@T@+WVM%EWL@-

As in the previous Section 1.3.1, the nutrient equation (1.3.5¢) is obtained from a mass
balance law, choosing the mass flux as the variational derivative of & with respect to ¢,
and a mass source S. The equations (1.3.5d)—(1.3.5¢) governing the displacement and
the damage are derived as in Section 1.2.4, with the only difference that here we are
neglecting external forces in the equation for macroscopic movements.

Boundary and initial conditions. We assume the system is isolated from the exterior,
so we prescribe no-flux conditions for ¢, u, and z. Regarding o, we allow a more general
Robin condition that may also model the boundary supply of the nutrient. We assume
that u is zero at the boundary, as in the situation in which the domain is delimited by a
rigid part of the body (e.g., a bone) that prevents displacements. Namely, we couple the
previous system (1.3.5) with the following boundary conditions

Oy = Ot =0, (1.3.6a)
Oypo + a(oc —or) =0, (1.3.6b)
w=0, (1.3.6¢)
(|V2P=2Vz) -v =0, (1.3.6d)

on Y. The term or is the prescribed concentration of the nutrient at the boundary, and
« is a given non-negative constant. Notice that, if @ = 0, we gain a no-flux condition
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also for the nutrient. The system is supplemented with the initial conditions

©(0) = o, 0o(0) =00, u(0)=wug, u(0)=mwvy, 2(0)= =z, (1.3.7)
in Q.
Choice of the sources. The nonlinear source U in equation (1.3.5a) accounts for

biological mechanisms related to tumor cells’ proliferation and death. Explicitly, we make
the following choice

Apo
1+ [We(p,e(u), 2)|

U(p,o,e(u),z) = ( — A+ f>g(g0, 2), (1.3.8)
referring to [GL17; GLS21a]. As it is common, we assume that the proliferation of tumor
cells is only limited by the quantity of nutrients available, and that they die only because
of apoptosis. As in the previous section, A, and A, denote the proliferation and apoptosis
coefficients, respectively. Furthermore, we consider the presence of mechanical stress
caused by surrounding tissues as a factor that can reduce tumor growth. This is expressed
by the fact that, if the elastic stress W, grows in modulus, the proliferation term \,o
reduces. We also allow the presence of a medical treatment, modeled by the prescribed
function f, that affects proliferation. The function g guarantees that proliferation and
apoptosis occur only in the tumor tissue, as well as the effectiveness of the medical care
f. A good modeling choice is a non-negative function that vanishes in {¢ = —1}, is equal
to 1 where {¢ = 1}, and is increasing in the variable ¢ (see Figure 1.6). We also allow
the dependence of g on the damage z.

For the choice of the nutrient source S in equation (1.3.5¢), we refer to the aforementioned
literature, assuming

S(p,0,2) = =Xog(p, z) + Ac(2)(0c — 0). (1.3.9)

The term —A.0¢(¢, z) models the fact that the nutrient consumption is higher where the
tumor cell density is higher. Here, A, is a fixed consumption rate. The term A.(z)(o. — o)
is a supply term that takes into account the nutrients provided by the nearby capillaries.
Note that the capillary supply rate A, may depend on the local damage parameter z
since damage, in the sense of a lesion caused by a surgical procedure, affects the blood
vessels.

Choice of the elastic energy density. According to the classical theory of linear
elasticity (see, e.g., [Cia88]) and to the previous literature (see, e.g., [GLS21a; GKT22]
and [HK11; RR14; HK15; HR15; Hei+17]), we assume that the elastic energy density
has the following expression

W(p,e(u),z) = W(zx,p,e(u),z) = %h(z)C(az)(e(u) —Re): (e(u) —Ryp). (1.3.10)

Notice that, even if W may depend on the space variable x, with a slight abuse of notation,
we will omit this dependence in the following. Here, C is a fourth-order elasticity tensor,
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possibly depending on the point in the reference configuration €2, whose mathematical
requirements will be specified later on. We include the multiplicative, non-negative, and
possibly degenerate function h to add dependence on the damage. From the modeling
point of view, C should also depend on the phase ¢ because tumor tissue and healthy
tissue could have a different elastic response to solicitations. However, we were not able
to handle such dependence from the mathematical point of view (see Chapter 4 for a
more detailed explanation). Finally, the term R¢ is the stress-free strain (also called
eigenstrain), which is the reference strain the material would attain if the tissue were
uniform and unstressed at a phase configuration ¢. In other words, it is the strain due
to growth. As it is common, we assume that it satisfies Vegard’s law, i.e., it is given by a
linear function of ¢, where R € R¥*? is a fixed matrix. With such a choice, the partial
derivatives of W that appear in the equations of the PDE system are:

Wo(p,e(u), z) = —h(2)C(e(u) — Re) : R, (1.3.11)
We(g,eu), 2) = h(=)C(e(u) — Ry), (1.3.12)
W(p,2(w), 2) = S (2)C(e(w) — Rep) : (e(w) ~ Rep). (1.313)

1.3.3 A brain model including tissue damage and lactate metabolism

In this section, we introduce a model describing the dynamics of a brain tumor, including
lactate metabolism, viscoelastic effects of the tissues, as well as their possible damage.
The PDE system is as follows:

o — A =Ul(p,0,2,x1), (1.3.14a)
oo — Ao+ K(p,0,2) = x25(p, 2), (1.3.14Db)
—div [A(p, 2)e(dru) + B(p, z)e(u)] = f, (1.3.14c¢)
Oz — Az + [(z) +7m(2) 21— F(p,e(u)), (1.3.14d)

posed in ). The model was first introduced in [Cav+26], where well-posedness and
regularity of the solution of the related initial-boundary value problem were discussed.
Then, an associated optimal control problem was studied in [CM26]. The four nonlin-
early coupled PDEs describe the evolution of the concentrations of tumor cells ¢, the
intracellular lactate o, the “small” displacement u, and the damage parameter z. The
assigned functions y; and ys are, respectively, the concentration of a cytotoxic drug that
inhibits tumor proliferation and a lactate targeting drug.

Only a few works in the literature address analytically the coupling between tumor
dynamics and lactate diffusion (see, e.g., [Aub+05], [Clo+09], [Gui+18], [Che+21],
[Che+22]), and even fewer consider optimal control aspects (cf. [Che+24]). In particular,
the subsystem (1.3.14a)—(1.3.14b) closely resembles the one analyzed in [Che+22]. The
equation for o is based on the derivation done in [Aub+05] and in [Gui+11]. Actually,
in the first brain lactate kinetics models in the literature (cf. [Che+22], [Gui+18] and
references therein), the authors dealt with the evolution of both capillary and intracellular
lactate concentrations. However, since here we aim to include the displacement and
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damage evolution in the model, we neglect the capillary lactate concentration in order to
simplify.

Models including the effects of the stress (reducing the proliferation of the tumor) were
already introduced and studied in [GLS21a], where a Cahn—Hilliard-type dynamics for
the tumor concentration was used in place of the Fischer-KPP-type equation (1.3.14a).
Finally, a system coupling tumor growth dynamics of Cahn—Hilliard type together with
displacement and damage was first analyzed in [Cav25], which is also the object of
Chapter 4 of this thesis. The main novelty of system (1.3.14) relies on the fact that here
we include mechanics—assuming a viscoelastic behavior of biological tissues—and tissue
damage into a model specifically tailored for brain tumors. It is indeed well known that
solid stress can affect tumor growth (see e.g. [Urc+22]) and, at the same time, tumor
growth increases mechanical stress. It is worth noting that the study of mechanical
effects in tumor growth models becomes particularly relevant in the case of brain tumors
(gliomas), where the evolution is strongly influenced by the surrounding tissues (see, e.g.,
[Alf417] and references therein). Finally, following the ideas developed in [Cav25], we
consider, through equation (1.3.14d), the possible damage effects that could occur, for
example, in the case of surgery that causes lesions which, in turn, affect the proliferation
of tumor cells.

Derivation of the model. The Fischer-KPP-type equation (1.3.14a) already in-
troduced in Section 1.2.4 describes the evolution of tumor cell concentration ¢. The
reaction-diffusion equation (1.3.14b) represents the evolution of intracellular lactate pro-
duction o (see [Aub+05; Gui+11]). The evolution of the small displacement u is ruled
by the vectorial quasi-stationary balance law (1.3.14¢) (cf. Section 1.2.4 and [GLS21a;
GLS21b]). The two tensors A and B describe the elastic and viscous effects. They may
depend on the tumor and damage variables, as well as on ¢ in a non-degenerating way
(cf. assumptions (5.1.6) later on). For a more detailed discussion of this dependency,
we refer to the following Remark 5.6. The term f represents a given volume force.
Finally, the evolution of the damage parameter z is ruled by the evolution inclusion
(1.3.14d), where the maximal monotone graph /3 having bounded domain (in [0, 1]) forces
the variable z to assume the physically meaningful values in between 0 and 1, as in
the previous Section 1.3.2. The function 7 denotes a regular, possibly non-monotone
function, ¢ represents an energy threshold for initiation of damage, while F' describes the
coupling between the damage and the displacement, along with the tumor concentration.
Usually, in damage models (cf. Section 1.2.4, Section 1.3.2), the dependence of F' on
¢(u) is quadratic because it comes from the derivative of the elastic part of the energy
with respect to the damage variable z. However, here we cannot handle a quadratic
dependence and so we assume F' to be Lipschitz continuous with respect to both ¢ and
g(u) (cf. assumption (A7) later on, cf. also [KS06]).

Initial and boundary conditions. Regarding the boundary conditions, we assume
the system is isolated from the exterior, so we prescribe no-flux conditions for ¢ and
z. As for the lactate o, we allow for more general Robin conditions, with the physical

22



1.4. Outline of the thesis

constants set to 1 for simplicity. Since our model is specifically designed for brain tumors,
the domain is confined by a rigid boundary, the cranium, which prevents displacement
at the boundary. Consequently, it is a natural choice to impose homogeneous Dirichlet
boundary conditions for the displacement u. Therefore, we couple the previous system
with the following boundary conditions:

Opp = 0pz =0, (1.3.15a)
Opo =or — o, (1.3.15b)
u=0 (1.3.15¢)

on Y. Finally, we consider the following usual initial conditions:
©(0) =, 0c(0) =00, u(0)=1wug, 2(0)==z (1.3.16)

in Q.

Choice of the sources. Regarding the tumor equation (1.3.14a), we assume the source
term U to have of the following expression

Ulp,0,2,x1) = (p(o,2) — x1)p (1 - %) —g(o, 2).

Here we assume that the proliferation—modeled by the term p(o, z)p(1 — ¢/N)—is
affected by surgery-induced tissue damage and lactate concentration, which may increase
apoptosis—represented by —pg(o, z). Thus, the prescribed growth is not purely logistic,
and a loss term is included (see, e.g., [Roc+08]). The terms p(o,z) and g¢(o, z) are,
respectively, a proliferation rate and an apoptosis rate, and they may both depend on
o and z. Finally, x1 is the assigned concentration of a cytotoxic drug, which inhibits
tumor proliferation. As for equation (1.3.14b), the lactate sources are similar to those
introduced in [Aub+05] (see also [Gui+11; Lah+13; Che+22]). The term S collects the
production of lactate in cells by glycolysis, the consumption of lactate by metabolism,
and the diffusion of lactate in neighboring regions. It is affected by the presence of the
lactate targeting drug yo. The term K accounts for lactate exchanges between tumor
cells and the surroundings. We define it as

k1(p, z)o
B = -
(@7 0-7 Z) kQ((p’ Z) +0_’

where k1 is the maximum transport rate of lactate through the monocarboxylate trans-
porters, and ko is the modified Michaelis-Menten constant. We assume that ki, ko, and
S are possibly dependent on the other variables ¢ and z.

1.4 Outline of the thesis

The thesis is organized as follows. In Chapter 2, we introduce the notation used throughout
the manuscript and recall the main mathematical tools required for our proofs. The core
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of the thesis is contained in Chapters 3 to 5, where the three models presented above
are investigated from a rigorous analytical perspective, with particular attention to the
well-posedness of the corresponding initial and boundary value problems. Chapter 3 is
devoted to the nonisothermal Caginalp-type model introduced in Section 1.3.1, Chapter 4
addresses the Cahn—Hilliard-type model with damage effects presented in Section 1.3.2,
and Chapter 5 focuses on the brain tumor model discussed in Section 1.3.3. For the first
phase field system (1.3.1)—(1.3.3), we establish existence, uniqueness, and regularity of
the solutions. In the second initial-boundary value problem (1.3.5)—(1.3.7), we are able to
prove the existence of solutions, but establishing uniqueness turns out to be challenging.
Thus, after discussing the difficulties we face, we introduce a slightly modified version of
the model, for which well-posedness can be rigorously demonstrated. Although this does
not solve the original problem, it provides valuable insight and a potential direction for
further analysis. Finally, for the Fisher—-KPP brain tumor system (1.3.14)—(1.3.16), we
also consider an associated optimal control problem, analysing the existence of optimal
controls and deriving first-order necessary conditions.

The existence of weak solutions is usually proved by constructing suitable approxi-
mations of the PDE system, often via time discretization or a Faedo—Galerkin scheme,
possibly combined with a regularization of the nonlinear terms. This is followed by the
derivation of a priori estimates that ensure sufficient compactness, allowing one to pass to
the limit in the approximation parameter and recover a solution to the original problem.
Fixed-point arguments can also be employed as an alternative strategy. Under stronger
assumptions on the initial data and the assigned functions, one can further prove the
existence of strong solutions, and it might be possible to establish continuous dependence
on the data.

Once the problem is shown to be well-posed and sufficient regularity is obtained, an
associated optimal control problem can be investigated. In this context, the therapies
in the PDE system are treated as control functions, which are required to belong to a
suitable admissible set ensuring that, for each fixed control, the corresponding Cauchy
problem admits a unique solution. A first step is to prove the existence of an optimal
control, i.e., a control that minimizes a cost functional depending on both the state
variables and the control itself. This leads to a nonlinear, nonconvex minimization
problem subject to PDE constraints, typically addressed via the direct method of the
Calculus of Variations. A major subsequent objective is to derive first-order necessary
optimality conditions, usually expressed in the form of a variational inequality.
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Chapter 2

Mathematical preliminaries

2.1 Notation

For any Banach space (X, ||-||x) we employ (X', ||-||x+) for its topological dual, and (-, -) x
for the dual pairing between X’ and X. If X is an Hilbert space, we use (-,-)x for its
internal product.

Through the whole thesis,  will be an open bounded domain in R? with d = 2,3 with
boundary I' := 9Q at least Lipschitz continuous, and outward unit normal v. We set
T > 0 to be a fixed final time, and we introduce

Q=0x(0,T), Y=Ix(0,T).

We denote the Lebesgue and Sobolev spaces over ) respectively as LP(Q2) and WHP(Q).
In the special case of p = 2, we set H*(Q) := W*2(Q). We employ the notation LP(T)
for the Lebesgue spaces over I', and H9~! for the (d — 1)-dimensional Hausdorff measure.
With a slight abuse of notation, we do not always distinguish between scalar, vector, and
matrix-valued function spaces. For instance, while LP(2) typically denotes scalar-valued
functions, we also use it for vector-valued functions, which more precisely belong to
LP(Q;R™). Sometimes, for p € [1,4+00), we will identify LP(Q) with LP(0,T; LP(Q)).

For convenience, we introduce the notation
V=HY(Q), H:=L*Q).

In this context, it is common practice to identify H with its dual space H' and as a
subspace of V/ through

(w,v)y = (w,v)g
for every w € H, and v € V. This identification leads to the well-known Hilbert triplet
V << H << V' where the embeddings are dense and compact. Moreover, it leads to
the well-known interpolation inequality

1/2 1/2
ol < [loll/ ol (2.1.1)

25



Chapter 2. Mathematical preliminaries

which holds for every v € V. We introduce the (generalized) mean value of v/ € V' as

N 1 /
(V') = @(WUV

for every v € V. Obviously, it coincides with the usual mean value if v € H and, by
extension, if v € L'(Q). We employ

v, H, V!
for the closed subspace respectively of V', H, V' of elements with zero mean value, and
Vo := Hy (),

where H} () represents the set of H!(Q2) functions with zero trace at the boundary.
Additionally, we define

W= {ve H Q)| v =000}, Wo=HQ)n

which are, respectively, the subspace of H?(Q) of functions with zero normal derivative
at the boundary, and with zero trace at the boundary. In both cases, the natural norm
induced by H?(Q) is denoted by |||y . Finally, we introduce the notation

Z =Whr(Q).

The norm of the Bochner space W*?(0, T; X) is indicated as [/l w.p(x), omitting the
time interval (0,7") for the sake of brevity. If the final time differs from 7', it will be
written explicitly to avoid ambiguity. With the notation C°([0,T]; X), we mean the
space of continuous X-valued functions, while with C9 ([0, 7]; X) we mean the space of
functions in L>°(0,7; X') that are weakly continuous from [0,7] to X.

As is customary, we use C' to represent a generic constant depending only on the problem
data and whose value might change from line to line. If we want to highlight a dependence
on a certain parameter, we use it as a subscript (e.g., C; is a constant that depends on
7, Cp is a constant that depends on the initial data, etc.).

Finally, a brief remark on notational conflicts. Despite the effort to maintain consistency,
in a few minor cases, this was not possible. In some instances, the notation was adapted,
while in others it was deliberately retained to align with the classical literature or with
the published papers on which this thesis is based. In any case, such overlaps never occur
within the same chapter, ensuring that the exposition remains unambiguous.

2.2 Continuous and compact Sobolev embeddings

The Sobolev embedding theorems assert that under suitable conditions, the Sobolev spaces
WkP(Q) are embedded continuously or compactly into other function spaces. These
results depend on the dimension d, the order of differentiation k, and the integrability
exponent p. In what follows, we summarize the main results that will be used throughout
the text. For a more detailed exposition, see, e.g., [Leol7, Chapter 12].
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Theorem 2.1 (Morrey-Sobolev-Gagliardo-Nirenberg). Let Q C R? be a bounded Lips-
chitz domain, p € [1,400|, and k € N.

o Ifd > kp, then

k,p q pd
WHP(Q) — LI1(Q)) Vqe€ {p’d—kp} .

o Ifd=kp, then
WHEP(Q) < LU(Q) Vg € [p, +00).

oIf’mENanda::k—%—m>0, then

WEP(Q) — C™(Q).

Theorem 2.2 (Rellich-Kondrachov). Let @ C RY be a bounded Lipschitz domain,
p € [1,400], and k € N.

o Ifd > kp, then

d
kp(Q) L) Vv P .
WER(©) e UR) Vo€ |p 2

o Ifd=kp, then
WEP(Q) e LI(Q) Vg € [p, +00).
. If’meNandO<a<k—%—m, then

WHP(Q) s C™(Q).

In particular, the most frequent continuous and compact embeddings that we are going
to use are:

e if d =2, then
HY(Q) =< LY(Q) Vg€ [2,+00),
H?(Q) — C%(Q);
e if d = 3, then

HY(Q) — LY(Q) VYge[2,6], HY Q) == LIQ) VYqe2,6),
H?(Q) — CV2(Q).
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2.3 Basic inequalities

In our proofs, we frequently rely on a set of classical inequalities, which we list below for
the reader’s convenience.

e The Young inequality. Let a, b be two nonnegative numbers, and p, g be conjugate
Holder exponents, i.e.,

p>1

)

Then, for every n > 0,
ab < na? + CpbY,

where C), = ¢ '(pn)~9/P. In particular, taking p = ¢ = 2, it reads as
2, 1.9
ab <na”+ —b
4n

for every n > 0.

e The Holder inequality. Let 2 be a measurable set, and fi, ..., f, be measurable

functions on Q. Then, for every pi,...,pn,r € [1,4+00] such that
1 1 1
— ==
n Pn r
it holds
i faller < fallees - ([ fulloen

e The (generalized) Poincaré inequality. Let © be a bounded Lipschitz domain,
and 1 < p < +oo. Then, there exists a constant Cp (that depends only on the
domain and on p), such that

lellzr < Cp (IVellzr + llolrll g )

for every v € WHP(Q) with trace at the boundary v|r.
e The Poincaré—Wirtinger inequality. Let €2 be a Lipschitz bounded domain,

and 1 < p < 4o00. Then, there exists a constant Cpy (that depends only on the
domain and on p), such that

[v = (e < Cpw|Vol|Le
for every v € WhHP(Q).

28



2.3. Basic inequalities

2.3.1 The Gronwall Lemma

A key tool in the study of evolution equations is the Gronwall Lemma, as it allows us to
obtain a priori estimates and continuous dependence inequalities for the solutions of the
PDE system. We recall its integral version, which will be frequently used throughout the
thesis.

Lemma 2.3 (Integral Gronwall’s inequality). Let f be a continuous function over [0,T]

satisfying the inequality

t
fO <K+ [ g6)fods Ve pT)
0
for a nonnegative function g € L*(0,T), and a nonnegative constant K. Then, it holds
F(t) < Keh9®ds  wp e (0,7].

In the context of time-discrete schemes, a discrete analogue of Gronwall’s inequality is
often employed.

Lemma 2.4 (Discrete Gronwall’s inequality). Let {xy,}nen be a real sequence satisfying

n—1

l‘nSK"‘Zkak Vn eN
k=0

for a constant K and a non-negative sequence {Gp}tnen. Then, it holds
n—1
T, < Kexp (Z Gk>
k=0
for every n € N.

A proof can be found in [Cla87].

2.3.2 The Gagliardo—Nirenberg inequality

We recall the Gagliardo—Nirenberg interpolation inequality (see, e.g., [Nir59]).

Theorem 2.5 (Gagliardo-Nirenberg inequality). Let Q C R¢ be a Lipschitz bounded
domain. Given

1 1 1 1
r>q=>1, 8>d<2_r>’ :a+(1_a)<2_2>’

there exists a constant C' such as for every v € H®, the following inequality holds true:
1—
[0l < Cllol|Zallvll 7"
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In particular, we will employ it in the following special cases, also referred to as La-
dyzhenskaya’s inequalities.

Lemma 2.6. Let Q be a bounded Lipschitz domain in R%. Then, it exists a constant C
such as, for every v € V, it holds
1 1
[vlle < Cllvll vl if d=2, (2.3.1)
1 1 1 3
[vllzs < Clollgllvlly, vl < Cllollgllvll if d=3. (2.3.2)
From this result, employing the Young inequality, it is easy to obtain an inequality that
we will extensively use throughout the thesis and, thus, is worth mentioning. For every
n > 0 there exists a positive constant (), such that, for p = 3 and p = 4, the following

holds:
[0]1Z0 < 0l Vollzr + CyllvllF, (2.3.3)

for every v € V', both in dimension d =2 and d = 3.

2.3.3 The Ehrling Lemma

Another inequality we will employ is the following Ehrling’s Lemma (see [LM12, Theorem
16.4, p. 102]).

Theorem 2.7 (Ehrling). Let (Xo, ||'|lx,), (X, |-[|x) end (X1,]|-||x,) be Banach spaces
with Xo compactly embedded in X and X continuously embedded in X1. Then, for every
n > 0 there exists a Cp > 0 such that

lzllx < nllzllx, + Cyllzllx,
for every x € Xj.

In our setting, we apply it for V < LP(Q) < V' and p € [2,6), which is true in
dimension d = 2, 3.

2.4 The Aubin—Lions Lemma

A crucial result in the study of nonlinear partial differential equations is the Aubin—
Lions result, also known as the Aubin—Lions—Simon Lemma (see, e.g., [Sim86, Section
8, Corollary 4]). It gives a sufficient condition for compactness in a Bochner space
LP(0,7; X), and is a powerful instrument to show that a subsequence of approximate
solutions (in a sense that will be clarified in our proofs) strongly converges to a solution
of the initial-boundary value problem under analysis.

Lemma 2.8 (Aubin—Lions). Let Xy, X, and Xy be be three Banach spaces such that
Xy —>— X — Xj,

where X is densely and compactly embedded in X, and X is densely and continuously
embedded in X1. Then, the following compact embeddings hold:

30
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e ifpe[l,+0) and q € [1,+00],

d
{v € LP(0,T; Xo), é c Lq(O,T;Xl)} e LP(0,T; X),
e if p=+o00 and q € (1,400],
d
{v e L>(0,T; Xo), EZ e LU0, T; Xl)} < ([0, T); X).

Remark 2.9. Another key point in the study of weak solutions of certain partial
differential equations is related to the study of their continuity. For example, this allows
us to understand in which functional space the initial data must belong. A result in this
direction is given by the second point of the Aubin—Lions Lemma, but it may be too
strong to be applied. Let’s consider two Banach spaces X < X7 where, as before, the
embedding is dense and continuous. Moreover, we require that X is reflexive. A result
from [Str66], shows that, if v € L>(0,T; X) N C°([0,T); X1), it follows v € CY ([0, T]; X).
A trivial case in which it can be applied is when v belongs to

{v € L®(0,T; X), % e L0, T; Xl)} .

2.5 Maximal monotone operators

In this section, we recall some fundamental definitions and results, following closely [Bré73].
Throughout, X denotes a Hilbert space. However, most of the concepts presented here
can be extended to the more general setting where X is a Banach space (see, e.g., [Bar76],
[Bar10]).

Definition 2.10. A (multi-valued) operator A is an application from X into its power
set 2%, i.e., that assigns to every x € X a subset Ax C X. If, for every z € X, Ax
contains at most one element, A is said to be a single-valued operator. Its domain is
defined as

D(A) ={ze X | Az # 0},

and its image as

R(A) = U Az.

zeX

The operator A can be identified with its graph, that is
GA) ={(z,y) e X x X | x € D(A), y € Ax}.

Given two operators A, B, and two numbers 7,6 € R, it is natural to define their linear
combination nA 4+ dB as

(MA+0B)z = {nu+dv | u € Az, v € Bz}
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for every x € X, that has domain D(A) ND(B). Moreover, we can define the inverse A~*
of A as follows:
ye Al = zedy

Clearly, its domain is D(A~!) = R(A), and the graph of A~! is the symmetric of the
graph of A.

Definition 2.11. An operator A is said to be monotone if
(Y1 —y2,71 —22)x >0
for every x1, o € X and for every iy € Axy,ys € Axs.

Over the set of operators defined on X, we can define a partial order based on the
relation of graph inclusion, that is A C B if and only if G(A) C G(B). Among monotone
operators, this relation is also inductive, meaning that given a nonempty chain, it surely
has a maximal element. This justifies the following definition.

Definition 2.12. A monotone operator A is said to be maximal monotone if it is not
strictly included in any other monotone operator B, i.e., A C B implies that A = B.

Equivalently, an operator A is maximal monotone if it is monotone, and
(y—v,x—u)x >0 V(u,v) € G(A)

implies that (x,y) € G(A). Other useful characterizations are given by the result below
(see [Bré73, Proposition 2.2, p. 23]).

Proposition 2.13. The following statements are equivalent.

1. A is a maximal monotone operator.
ii. A is monotone and R(Id + A) = X.
iii. For all e >0, J. :== (Id +cA)~! is defined on all X, and non-expansive, i.e.,
[Jew1 — Jewa|lx < [Jv1 — 22 x
for all z1,z9 € X.

The operator J. is called the resolvent operator, since it associates with every f € X the
unique solution x € D(A) of the inclusion

x+eAx > f.

Notice that, being non-expansive, J. is obviously single-valued. Among the several crucial
properties of maximal monotone operators, first of all, we recall that, for every x € D(A),
its image Ax is a closed and convex subset of X. This implies that the operator
A% == P4, (0) = arg min||y| x Vz € D(A)
ycAx
is well defined. Here, Py, is the projection on the set Az, so A%z is the element of

minimal norm of Az. Another key result that we will use several times throughout the
thesis is the following one (see [Bré73, Proposition 2.5, p. 27]).
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Proposition 2.14. Let A be a mazimal monotone operator, and let {(zn,yn)}n C G(A)
be such that

Ty — T, Un — Y, limsup (zp,yn)x < (z,y)x.
n——4oo

Then, (IL‘, y) € g(A) and hmn—H—oo(wna yn)X = (y7 iL‘)X.

In particular, given a sequence {(zy,yn)}n C G(A) such that
Tn — T, Yn — Y,

Proposition 2.14 can be applied, leading to the fact that the limit (x,y) € G(A). Thus,
the strong-weak closure of the graph of maximal monotone operators follows.

2.5.1 The Yosida approximation

Maximal monotone operators appear in nonlinear evolution equations, and significantly
increase technical difficulties because, in general, they are multi-valued and may lack
regularity. A powerful tool to overcome these issues is their Yosida approximation that,
as we will see, is single-valued and Lipschitz continuous..

Definition 2.15. For every € > 0, the Yosida approrimation of A of regularizing
parameter € is defined as

1
Aci= _(ld—J.).

Notice that A. is a single-valued operator defined on all X. Moreover, it enjoys the
following properties (see [Bré73, Proposition 2.6, p. 28]).

Proposition 2.16. Let A be a mazimal monotone operator on X and € > 0. Then,
i. A is a maximal monotone operator.
it. Ae is Lipschitz continuous with Lipschitz constant 1/e.

iti. For every x € D(A), then
1Aeallx < [|A%|x.

Moreover, if e — 07, then

|Acz||x T |A%||x and A.z — A%z

iv. For every x ¢ D(A), if e — 07, then ||Acz| x 1T +o00.
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2.5.2 Subdifferentials of convex functions

An important class of maximal monotone operators is given by the subdifferentials of
proper, convex, and lower semicontinuous functions. Subdifferentials arise naturally in
convex analysis and play a central role in various applications, including optimization
and evolution equations. In the following, we recall their definition and review the main
properties relevant to our setting.

Definition 2.17. Let ¢ : X — (—o0, +0o0| be a proper and convex function, i.e.,
D(¢) :=={z € X | ¢(x) < +oo} #0,

and it satisfies
p(te + (1 = t)y) < tp(x) + (1 —1)o(y)
for all z,y € X, and for allt € [0,1]. The subdifferential of ¢ is the multi-valued operator
0¢ : X — 2% defined as follows
O(z) ={£ € X | d(y) = d(z) + (§,y — 2)x Vy € X}
forallxz € X.

The relevance of subdifferentials in minimization problems is quite clear, since
o(x) = Hll)I(l ¢(y) if and only if 0 € ().
ye
The main result we are interested in is the following.
Lemma 2.18. Let ¢ : X — (—o0,+0o0| be a proper, convex, and lower semicontinuous

function, which means that liminf, 4o ¢(x,) > ¢(x) if ©,, — x. Then, its subdifferential
0¢ is a mazximal monotone operator.

As we will frequently deal with operators of this form, understanding their Yosida
approximation becomes particularly important.

Definition 2.19. Let ¢ : X — (—o0,+00] be a proper, convez, and lower semicontinuous
function. For every e > 0, we define the Moreau—Yosida approximation of reqularizing
parameter € as

yeX

oute) = min { Ly~ alf + o)}

The Moreau—Yosida approximation of ¢ enjoys several good properties, which link it
with the Yosida approximation of d¢ (see [Bré73, Proposition 2.11, p. 39]).

Lemma 2.20. Let ¢ : X — (—o0,+00] be a proper, convex, and lower semicontinuous
function. Then, the following statements hold.

i. For every v € X, ¢-(z) = %H(a(b)ga:ﬂx + ¢(Jex), where (0¢). is the Yosida
approximate of 0¢.
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2.5. Maximal monotone operators

1. ¢ 1s well defined, convex, and Fréchet differentiable in X.
i1i. The Fréchet derivative of ¢. coincides with (0¢)e.
iv. For every x € X , ¢p-(x) < ¢(x), and ¢(x) + ¢(z) ase — 0T,

A meaningful example that we are going to employ throughout the thesis, is obtained
considering a proper, convex, and lower semicontinuous function ¢ : R — (—o0, +-00],
and its realization in H, defined naturally as ® : H — (—o0, +00] such that

. 1
sy | [ o0ar o € @),
400 otherwise,

for every v € H. Then, ® is proper, convex, and lower semicontinuous. Moreover, it
holds that

£ € 0®(v) if and only if £(z) € dp(v(x)) for a.e. z € Q.

Furthermore, the Moreau—Yosida approximations of parameter € of the previous functions
are linked by the following relation:

®.0) = [ o.(0)do.

In light of all these properties, with a slight abuse of notation, we will write ¢ instead
of ® and 0¢ instead of OP. For more details, the interested reader may refer to [Bré73,
Proposition 2.16, p. 47].

2.5.3 The p-Laplace operator with homogeneous Neumann condition

Let p > 2 and define

1
/ |[VolPdz ifve Z,
®,: H— [0,+0], P,(v) =< pJo

400 otherwise.

Then, it is easy to show that ®, has domain D(®,) = Z and it is proper, convex, and lower
semicontinuous on H. Hence, its subdifferential —A, := 0®,, is a maximal monotone
operator. Moreover, every v in the natural domain

D(-A)={veZ: —ApwecH, |V ?Vv-v=0o0nT},
it satisfies
/ —Appwdr = / |Vo[P~2Vo - Vw dz
Q Q
for every w € D(®,). In particular,
—Apv = —div(|Vo[P2Vo)
in the sense of distributions. Finally, the following regularity result holds (the interested

reader can refer to [Sav98, Theorem 2, Remark 3.5]).
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Lemma 2.21. For all0 <6 < %, the inclusion D(—A,) C WTOP(Q) holds. Moreover,
it exists Cs > 0 such that, for all v € WIHoP(Q),

[vollwr+s < Cs(|=Apvlla + [v]l#)-

2.6 Mathematical linear viscoelasticity

As pointed out in the Introduction, Chapters 4 and 5 are set within the framework of
linear viscoelasticity. The small displacement field u satisfies the (possibly quasi-static)
balance of linear momentum

KOpu — divT = f,
where k > 0 distinguishes between the inertial and quasi-static regimes. The stress tensor
T is assumed to take the constitutive form

T =Ce(u) + Ve(Oru),

with C and V denoting the fourth-order elastic and viscous tensors, respectively, possibly
depending on the point in the reference configuration €2. Throughout Chapters 4 and 5
we will suppose that C is symmetric and positive definite, while V is symmetric and
strictly positive definite, according to the following definition.

Definition 2.22. Let M = (mp;j) : @ — RAxdxdxd pe o fourth-order tensor. We say
that:

i. M is symmetric if
Mpiji () = Minjre(x) = Mjpni(x) (2.6.1)

for a.e. x € Q and for each index i,j,k,h=1,...,d;

it. M is strictly positive definite (or uniformly elliptic) if there exists a positive constant
C such that, for all D € R and for a.e. = € Q,

sym
M(z)D : D > C|DJ* (2.6.2)
111. M is positive definite if
M(z)D: D >0 (2.6.3)
for all D € RY5 and for a.e. x € ().

Finally, let us recall a regularity result which we are going to frequently apply in the
following.

Lemma 2.23. Let Q be a C? domain in R? and C = (cpiji) € WHo°(Q; RIX4Xdxd) pe ¢
symmetric and strictly positive definite fourth-order tensor. Then, there exist Cy,C* >0
such that

Cullullw < [|div[Ce(u)llz < C*[lulw
for every u in Wy.

For more details, cf. [MH94, Proposition 1.5, p. 318] and [Ne¢12, Lemma 3.2., p. 263].
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Chapter 3

A nonisothermal phase field tumor
growth model

The purpose of this chapter is to investigate the well-posedness and regularity of solutions
to the initial-boundary value problem (1.3.1)—(1.3.3), following closely [CCR25]. We
begin by introducing a suitable notion of weak solution and establishing its existence
through a two-step approximation procedure, which combines a regularization of the
potential with a Faedo—Galerkin discretization scheme. Under stronger assumptions
on the initial data and the prescribed functions, we then prove the existence of strong
solutions and establish their uniqueness by means of a continuous dependence result. It is
worth noting that the heat source u in equation (1.3.1a), modeling hyperthermia therapy,
can be regarded as a control function. Accordingly, this chapter can be interpreted as the
analytical study of the state system of an optimal control problem, which is the subject
of ongoing research in [CCR].

3.1 Hypotheses and main results

We consider a bounded domain Q of class C? in R¢ with d = 2,3, and we fix a final time
T > 0.

(H1) We assume that

£, A, x are positive constants, (3.1.1

7 and Ap, A4, Ag, Ao, AB, Ap are real nonnegative constants. (3.1.2)

(H2) The assigned functions u and op enjoy the regularity

u € L®(Q) with |jul|pe < M, (3.1.3)
op € L*(Q) (3.1.4)

for a nonnegative constant M.
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Chapter 3. A nonisothermal phase field tumor growth model

(H3) Regarding the nonlinearities h and K, we require that

h,k € C*Y(R), and (3.1.5)
0<h<h, 0<k<K,

for two nonnegative constants h’, k'.

(H4) We consider a potential ¥ = 3 + 7 split into the sum of a convex part and a
nonconvex perturbation. Explicitly, we suppose

B, 7 e C*(R), (3.1.7)

B is convex and nonnegative, with B(O) =0. (3.1.8)

Moreover, introducing the notation 5 = B\’ and m = 7', the following growth
conditions hold:

18(r)] < Cs(B(r) +1), (3.1.9)

|7’ (r)| < Cr (3.1.10)

for all r € R, where Cg, U are given nonnegative constants. We also point out
that

8(0) = 0. (3.1.11)

Remark 3.1. It follows that 7 has at most quadratic growth and B\ has at most
exponential growth. A meaningful example of ¥ covered by our hypotheses is the regular
quartic potential (1.2.3). Notice that the logarithmic potential (1.2.2), as well as the
double obstacle potential, is instead excluded. In particular, we are not able to guarantee
that the order parameter ¢ assumes values in the physically relevant interval [—1,1].

Remark 3.2. We observe that the assumption that B attains its minimum value 0 at 0
(see (3.1.8) and (3.1.11)) is not restrictive. Indeed, if this were not the case, one could
modify B by subtracting its tangent line at 0, so that the new function 3 remains convex
and nonnegative, and additionally attains its minimum 0 at 0. Moreover, there is no
issue in adding a linear term to 7; doing so still preserves the Lipschitz continuity of .

Definition 3.3. We define a weak solution of the PDE system (1.3.1)-(1.3.3) as a
quadruple (0, ¢, u, o) with the reqularity

0 c H (0, T;VYnC°0,T); H) N L*(0,T;V),
o HY0,T;V')nC2([0,T]; V)N L*(0,T; W),
pe L*0,T;V),
o€ HY(0,T; H)nC®([0,T); V)N L*(0,T; W),

3.1.12
3.1.13
3.1.14

(
(
(
(3.1.15

)
)
)
)
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3.1. Hypotheses and main results

such that equations (1.3.1a)—(1.3.1d) and the boundary conditions (1.3.2) are satisfied in
the following variational sense

<6t(9—|—€g0),v)v—|—/ VH-Vvdx:/ wv dz, (3.1.16a)
Q )
(Opp, v)y + / Vyp-Vodr = / (Apog — Aa — Agf)h(p)vde, (3.1.16b)
Q Q
(TOyp,v)y + / Ve Voudz
@ (3.1.16¢)
+ [ (80)+7(0) — xo Ay vda = [ o,
Q Q
(Opo,v)y +/ Vo -Vudz —X/ Ve - Vudzx
@ @ (3.1.16d)
= [ (“Acoh(e) + An(or - o) ~ Apok(©) v,
Q
a.e. in (0,T) for allv eV, and the initial data (1.3.3)
0(0) =6, ©(0) =0, 0(0) =00 (3.1.17)

a.e. in .

Remark 3.4. An equivalent definition of weak solution is obtained by integrating
in time the equalities in (3.1.16) over the interval (0,7") and choosing test functions
v € L*(0,T;V). In addition, we point out that (3.1.16¢) and (3.1.16d) can be equiv-
alently rewritten as equations that hold almost everywhere and are complemented by
homogeneous Neumann boundary conditions as in (1.3.2).

Theorem 3.5 (Existence of weak solutions). Assume that the set of hypotheses (H1)—(H4)
holds and that the initial data satisfy

6o H, o€V, Blpo)cL*(Q), ooV (3.1.18)

Then, the PDE system (1.3.1)—(1.3.3) admits at least a weak solution (6, @, u, o) with the
additional reqularity
20 € HY(0,T; H), (3.1.19)

which satisfies the estimate

101l 712 (e (nezzvy + lella (vnnzevynczovy + 11720l g (3.1.20)

+ 182y + el L2y + ol g nne (vynczory < Ch
for a constant C1 > 0 that depends on M and on the other problem data.

If we improve the regularity of the initial data, we prove that the system has a more
regular solution, according to the following result.
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Chapter 3. A nonisothermal phase field tumor growth model

Theorem 3.6 (Regularity). Assume that hypotheses (H1)-(H4) are satisfied, and that
the initial data enjoy

0o €cVNL®Q), ¢o€WNHQ), ooeV. (3.1.21)

Then, there exists a weak solution (0, ¢, u, o) with the additional reqularity

6 c H(0,T; H)NL>®(0,T; V)N L*0,T; W) N L=(Q), (3.1.22)
© € Whe(0,T; V') "N HY (0, T;V) N L>(0,T; W), (3.1.23)
p€ L0, T; V)N L*0,T; W). (3.1.24)

In particular, (6, ¢, u,0) is a strong solution, i.e., it satisfies system (1.3.1) a.e. in Q.
Moreover, there exists a constant Cy > 0 that depends on M and on the other problem
data, such that the following estimate holds

9 oo oo + ,00 / oo
101l e 1y Lo (VL2 (W)L (@) T+ l@llwee (vynm (vynLee (w) (3.1.25)

+ |l Lo (vynL2owy < Co.

Remark 3.7. We point out that (3.1.21) in particular yields (3.1.18) and 3(¢g) € L(£2).
Moreover, it is worth noting that, by standard Sobolev embedding results in dimensions
d = 2,3, the order parameter ¢ belongs to L>(Q).

The L*°-bound for the component ¢ of the solution, combined with the local Lipschitz
continuity of £, plays a crucial role in establishing a continuous dependence result, which,
in particular, ensures the uniqueness property stated in the following theorem.

Theorem 3.8 (Continuous dependence). Suppose that hypotheses (H1)-(H4) are fulfilled,
and that the initial data comply with (3.1.21). Then, for every assigned functions {u; }i=12
satisfying (3.1.3), and any pair of initial data {(6o4, P04, 00,)}i=1,2 satisfying (3.1.21), if
we denote by {(0;, i, i, i) bi=1,2 two corresponding strong solutions to (1.3.1)—(1.3.3),
the following continuous dependence inequality holds

101 — Oall oo (mynz2(v) + 01 — @2l Loe (mynL2w)

+ 172 (o1 = 2)llLev) + llon = o2l e (mnzz(v)

3.1.26
< 03(||90,1 —Bo2llm + llpos — wollm + 17/%(vo1 — ¢o2)llv ( )

+ llooq — ooz2lla + flur — U2HL2(H))

for a positive constant C3 that depends on M and on the other problem data. Consequently,
the strong solution found in Theorem 5.0 is unique.

3.2 Existence of weak solutions

The existence of weak solutions is proved through two levels of approximation. First,
we introduce an approximate problem in which § is replaced by a suitable Lipschitz
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3.2. Existence of weak solutions

continuous function .. Second, to show the existence of weak solutions of the approximate
PDE system, we employ a Faedo—Galerkin scheme. Finally, thanks to some a priori
estimates, we separately pass to the limit, first in the Faedo—Galerkin scheme, and then
as € — 0, finding a solution to the original problem. Notice that we need to introduce
B even if 8 is smooth due to the wide class of possible growth conditions that we are
allowing: without it, we would not be able to pass to the limit in the corresponding term
of the discretized system.

3.2.1 The approximate problem

For € € (0,1), we define the Moreau—Yosida approximation of 3 as

-~

Be(r) = min{;{_j\s—ﬂz—i—g(s)} Vr € R, (3.2.1)

seR

and the Yosida regularization of 5 as

Be = (B:)" (3.2.2)
They enjoy the following properties:

(i) B.isaC L(R) convex function with

~

0<B.(r)<B(r) forallr €R, (3.2.3)

(ii) B is monotone increasing and Lipschitz continuous with £:(0) = 0 and with

Lipschitz constant bounded by 7!,

(iii) they satisfy inequality (3.1.9) with the same constant Cj, i.e.,

B:-(r)| < Cs(B-(r) +1) for all 7 € R. (3.2.4)

In view of (H4), properties (i)—(ii) are well known and can be found in Proposition 2.16
and Lemma 2.20. To prove (iii), we need to introduce the resolvent operator associated
with 3, defined as

Jo(r) = (Id+eB)7L(r), (3.2.5)

i.e., J.(r) satisty J.(r) +eB(Jz(r)) = r for all » € R. It can be proved (see Lemma 2.20)
that J. = Id — €. It trivially follows that

B(J.(r)) = Te‘](’") = B.(r) forallreR. (3.2.6)

Moreover, again by Lemma 2.20, we know that
~ 8 -~
Be(r) = 5‘5&(7“”2 + B(Je(7)),
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Chapter 3. A nonisothermal phase field tumor growth model

thus Bg(r) > B (Je(r)). Putting these elements together and employing inequality (3.1.9),
we obtain

~

18-(r)| = 18] < C (14 B(r)) < Cs (14 5:(r)
so (iii) is proved.

The approximate problem is obtained from (1.3.1)—(1.3.3) replacing S with 5. and its
weak solutions are defined consequently as in Definition 3.3.

3.2.2 Existence of weak solutions for the approximate problem

As already anticipated, we prove the existence of weak solutions of the approximated
system through a Faedo—-Galerkin space discretization.

Faedo—Galerkin discretization. We introduce the nondecreasing sequence of eigenval-
ues {v;};en, of the Laplace operator with homogeneous Neumann boundary conditions
and the associated sequence of eigenvectors {e;};cn,, which is a complete orthonormal
system in H, orthogonal in V and W. Explicitly, for every j € Ny,

—Aej =e; inQ,
Opej =0 on 052,

with the additional properties

1 ifi=j
(€i,€5)=0;j = {0 it (Vei, Vej)=vidij,

for every i,j € Ny. Recall that, by standard elliptic regularity results, {e;};en, are
smooth functions. We define

V" = span{eg,...,en}

for every n € Ng. Then, {V"},¢n, is a nondecreasing sequence of subspaces, whose union
is dense in V' as well as in H. With our notation, vg = 0, ey = \Q]*I/Q, and VO is the
space of constant functions. We also introduce the projection of H onto V" as

P(v) = (v,ej)ne;
=0
for all v € H. Notice that there exists a constant C' > 0 such that
|IP"(v)||x < Clv||x forallve X, where X = H,V,W. (3.2.7)
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3.2. Existence of weak solutions

For every n € Ny, we aim at finding a quadruple (6", ¢", u™,c™) of the form
0" (z,t) = 07 (t)ej(x), ©"(x,t) =) _ @l (t)e;(x),
j=1 j=1

W t) = S i Oes(@), 0@ 1) = o (t)es(x)
j=1 j=1

such that
(0L(0™ + L"), v)y + / V" - Vudr = / wv dz, (3.2.8a)
Q Q
(O™, v)v + / Vu" - Vudr = /()\pa" — A4 — Apf")h(¢")vde, (3.2.8b)
Q Q

(O™, v)yy + / V" - Vodx + / (B=(™) + (") — xo™ — A0 ) vdx
Q Q

= / u"vder,
Q

(O™, v)y +/ Vo" - Voudx — X/ V™ - Vodx
Q Q

(3.2.8¢)

(3.2.8d)
= /Q (=Aco™n(¢™) + Aplop — o™) — Apa™K(6™)) v dz,

a.e. t € (0,T), for all v € V", and that fulfill the initial conditions
0"(0) = b, :=P"(6p), ¢"(0) =pon:=P"(vo), 0"(0) =00y :=P"(09). (3.2.9)
Notice that, owing to the properties of the projection P", the following inequalities hold

160.nller < CllOollrr,  llponllv < Cliwollv,  lloonllv < Clloollv, (3.2.10)

as well as the convergences

0o,n — 6o strongly in H, (3.2.11)
Yo,n — o strongly inV, (3.2.12)
oo,n — 09 strongly in V. (3.2.13)

Here, we neglect the dependence on ¢ in the notation (6", ", u™,0™) on purpose, for
brevity.

Local-in-time existence. We test each equation of system (3.2.8)—(3.2.9) by e; for
7 =0,...,n, obtaining the following ODE system

d
(0 +0e5) + 785 = (u,e5)m, (3.2.14a)
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d n n n
%1 Tk = ((Apa™ = A = Apd")(e"), ¢j)m, (3.2.14b)
d n n 3 TL
TP TP (Be(@") + (") ) — xof — A} = pf, (3.2.14c)
ai® 00 Ay =0 (3.2.14d)
= ((=Aco™n(¢") + Ao — Apa™k(0™)) , ;) i,
07(0) = (B, ), ™(0) = (pon,€)m,  07(0) = (G0, €5)H- (3.2.14e)

Notice that 47 is an auxiliary variable and can be removed from the system by substituting
7, whose expression is given by equation (3.2.14c), into equation (3.2.14b). Then we can
recover the expression for %Lp;’ and replace it in equation (3.2.14a). Hence, we obtain a
3n-equations first-order ODE system in the variables 0?, 5 and o for j=1,...,n with
locally Lipschitz continuous nonlinearities. Thus, the existence of H'(0,T™) solutions
follows from the Carathéodory existence theorem, for a certain 7™ < T'. The solution is
not global because the nonlinearities are not globally Lipschitz continuous. Then, we
retrieve p € L?(0,T") by equation (3.2.14c). In the following, we will derive some a
priori estimates independent of n that will allow us to extend the solution to the all
interval [0, T, and, at the same time, to recover enough compactness to pass to the limit
as n goes to infinity. Keeping in mind that our final goal is passing to the limit as ¢ — 0,
we will also be careful in tracking the dependence on €.

First a priori estimate. We integrate in time equation (3.2.8a) for a fixed v € V",
obtaining the equation

/ 0" + L™ )vdx + / V(1% 6") -Vode = / (1% u)v + / (Bo,n + lpon)vde. (3.2.15)
Q Q Q Q
Here, the notation *; denotes the convolution with respect to time, i.e.,

t ¢
1s 0" = / 0"(-,s)ds, 1lxpu:= / u(-,s)ds.
0 0

We take v = 6" in equation (3.2.15) and multiply each side of the equality by a constant
R > 0, fixed but yet to be determined. We choose v = ¢" in (3.2.8b), v = —Ay"
n (3.2.8¢), and v = ¢" in (3.2.8d). We add the resulting equalities and, after some
simplification, we obtain:

0™|? dx (1% 6™)*d / 2d / 24
R[10Pdos g [IV0soPaos 53 [ loPaos 35 [ Ve de

/\ Ap" |2dx+/5 M |Ve" |2dx+2dt/|0"|2dx+/|Va"]2d:z

- R/ (1% u)0" do + R/ (Oo,n + Lpopn)0" dz — RK/ "0 dx
Q Q Q
+ / (Apa™ — A4 — Agf")h(p")p" dx — / (") (—Ap") dz + 2/ xo"(—Ae™) dx
Q Q Q
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3.2. Existence of weak solutions

+A/0”(—A<p")d:c—/ ()\Ch(tpn)+)\Dk(9”))|0"|2daz+/ Ag(op —o™)o™ du.
Q Q Q

After applying the Holder and the Young inequalities to the right-hand side, and rear-
ranging some terms, we end up with

R/ |9”]2dx+/ |—Agp"|2dm+/Bé(go")|V<p"|2dx+/ VJ”|2d:U—|—/)\B|a”|2dx
Q

+2dt( /|V (1% 60™) |2d:n+/|g0 |2dx+7'/|V<p \de+/]0”|2dx>

= R/ (1% u+ Oon + Lo n — L") 0" da — / Aeh(e™) ™0™ dx
Q Q
4 / (AP — Ah(p")e" da + / (—r(g) + 2¢0™ + AO") (~Ag™) da
9] Q

/()\ch( ")+ Apk(8™)) |a"\2dx+/ABaBa dz
Q

1
( + = +)/]0”]2d + = /y A" dz
+C’R</ |90,n|2dx—|—/ |9007n!2d:x+/ I *tu|2dx+/ |<p”|2da:>
Q Q Q Q
+C(/ ]03]2dx+/ |a"\2dx+1>,
Q Q

where we have exploited the boundedness of h and k given by hypothesis (H2) and the
Lipschitz continuity of 7 (cf. (3.1.10)). Now we choose R = R(A) such that R > 1 + A2,
move the first two addends of the right-hand side to the left-hand side, and integrate in
time over the interval (0,t), for an arbitrary ¢ <T™ < T. Moreover, we recall that 8. is
nonnegative because (. is monotone. Thus, the corresponding integral is also nonnegative,
and we can get rid of it. After renaming the constants, we have:

t t t t
// |«9"|2dxds+// \—Acp”deder// |Van2dxds+// lo"|? dz ds
0J/Q 0JQ 0/Q 0J/Q
+/ |V (1 % 9")\2dx+/ go"\de—i—T/ |ch"]2dx+/ o™ |* dx
Q Q Q Q

< cT(l + [ (B0l + ol + Vol +lo0,P?) de
Q

T t
+ / / (11 % u* + |op|*) dzdt + // (Je™ + o™ %) d:):ds>.
0JQ 0/

Applying the Gronwall inequality leads to

16|20y + 1150 0% || Lo o,y + 19" | e 0,711y 22 0,770 (3.2.16)
26 |z nawy + " oz omavy < €
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where C' depends on the assigned data of the problem (in particular, on [[1 ¢ ul[z2()),
but not on T™ and e.

Consequences of the first a priori estimate. From estimate (3.2.16), it trivially
follows that

("M Lo 0,7m) < C- (3.2.17)

Moreover, testing equation (3.2.8b) with v = |Q|~! and estimating the right-hand side
with its H-norm, we obtain

1€0ee™ ) 20,7y < Cll(APa™ = Xa = A0 )N (@") || L2(0,1m5m) < C. (3.2.18)

Second a priori estimate. Since we are going to need it, we introduce the Neumann—
Laplace operator restricted to the space V as

R:V =V st
(Rv,w)y = / Vo-Vwdsr Ywe V.
Q
‘R is an isomorphism, and we denote its inverse by
N=R1:V V.

The operators R and A enjoy several well-known properties, which we list here for the
reader’s convenience:

W'\ Nw')y = (W, Nv')y = (VNw', VNV g for all v/, w’ € V', (3.2.19)
(w,v)H:(w—(w),v)H:/Vw-VNvdx for all w € V, v € H, (3.2.20)
Q
lvlla < HV’UHZ2HVN’UH%2 for every v € V., (3.2.21)
1d

O (0. NV (O = LN,
for a.e. t € (0,T), for all v € HY(0,T;V").

(3.2.22)

Since N is defined over the space V' but the functions we work with do not have, in
general, zero mean value, it is useful to notice that the standard norms over W, V| H,
and V' are equivalent to the following ones:

I=Awlff + ()12,

IVoll3 + (0)*)2,

lo = (o) 17+ (0)*)"/2,

lo = @)} + (0)%)!2 = (VN (0 = ()17 + (0)*) 2.

[ollw ~
ol =~

[l =

~ o~ ~~

o]y >~
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We preliminarily notice that if v € V™ and has zero mean value, then Nv € V™. Indeed,
since v belongs to H, then AN'v belongs to W and the following equality obviously holds

+oo
—ANv) = Z(‘A<NU) ej)uej = Z'YJ (N, ej)me;.
j=0 §=0

On the other hand, we have that

n

—ANv) =v = Z(v, €j)He;j.

Jj=0

Consequently, since these two expressions must coincide and «; > 0 for every j € N, we
deduce that (Nv,e;)m is equal to zero for every j > n+ 1. Thus, Nv € V™.

Now we have the instruments we need to derive the second a priori estimate. We take
the difference of equation (3.2.8b) with its mean value and test it with N (™ — (™)),
then we add the resulting relation to equation (3.2.8¢) tested with (¢™ — (¢™)). In view
of property (3.2.20), we note the cancellation of the terms involving p" as well as of the
scalar products of a mean value and of N'(¢" — (™)) or (¢ — (¢™)). Thus, we obtain

th </ VN (™ — |2dw+7/|90 - |2d$>
+/va¢”\2dx+/ﬂﬁa(s0”)(s0"—<s0”>)d$
_ /Q (Apo™ = Aa = Af™)h(")N (9" — (")) dz

- /Q (@) (" — (") d + x /Q (" — (g™ dz + A /Q 0 (" — (™).

Regarding the left-hand side, we observe that

/Q Ba(e™) (0" — (™)) da > /ﬂ Bl da — /Q Bo((e™) da,

due to the fact that 8. is the subdifferential of BE. Then, we integrate in time over the
interval (0,¢) for an arbitrary t <7 < T', and estimate the terms on the right-hand side
using the Holder and the Young inequalities, obtaining

;(/ VN (" — (4 de+¢/|¢ _ |2d:r>
// V™ |2dxds+// B:(¢") dx ds
// B-((¢ dxds—i—C// V(6" — (™) dz ds

o [ |a”12+\9”|2+|w|2+|w—<so“>|2dxds+1> I+ bt
0JQ
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where we used the boundedness of h by hypothesis (H2), and the fact that 7 is Lipschitz
continuous by hypothesis (H4). To handle I, we recall that S. < 3, where § is continuous
by hypothesis (H4), and that, by (3.2.17), (¢™) is uniformly bounded. Therefore, it
follows that I; < C'. We use the Poincaré inequality to treat Iy, taking into account
that N (¢"™ — (¢™)) has zero mean value. Finally, I3 can be uniformly bounded thanks to
(3.2.16) and (3.2.17). Thus, we have

/Q\VN(w" !2dx+r/ ™ — y2dx+// |V \Zda:ds—i—// Be(¢™) dz ds
<C </0t/9 VA (" — (™) dadt + 1)

from which, through the Gronwall Lemma, we obtain
18 (™)l 1 (x (0,0my) < C. (3.2.23)

Consequences of the second a priori estimate. From (3.2.23), recalling the BE
growth property (3.2.4), it trivially follows that

Hﬂe(%pn)HLl(Qx(o,Tn)) < Cp(1+ ng(@n)HLl(Qx(o,Tn))) <C. (3.2.24)

Consequently, taking v = |©2|~! in equation (3.2.8¢), recalling that (9;¢") is estimated
from (3.2.18) and thanks to the other estimates from (3.2.16), we deduce that

"M zro,my < C- (3.2.25)
Third a priori estimate. We take v = (A/£)0" in equation (3.2.8a), v = u™ in (3.2.8b),

v = 0" in (3.2.8¢), and v = 9yo™ in (3.2.8d). We sum the resulting equalities, noting a
cancellation, and integrate in time over (0,¢) for an arbitrary t <T"™ < T, obtaining:

A 1 ~
/ \9”|2da:+/ \V@"\de—i-/ﬁg(go")dx
2t Jo 2 Ja Q
1 A [t !
—l—/ |Va”2dx+// ]V@”\deds—i-// (V™| dz ds
2 Ja t JoJa 0/
t t
—i-T// \Btgon\deds—i—// 0,0™|* dx ds
0/Q 0/o
= [ |Onol"dr+ 5 |V80n,0| de + ﬁe(s%,o)dff
20 Jo 2

1
2/|Van0| dx—i—/ T(pno) —T(@") da + g//w”dxds

// (Apc™ —Aa — Agf™")h(p )u"dxds—l—// xo" 0" dx ds

// Acoh(e™)Oo" dxds—i—// Ag(op —0™)0wo™ dx ds
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3.2. Existence of weak solutions

t t
—// )\Da"k(H”)atU”dxds—i—// X(—Ap™)Opo" dx ds.
0/0 0/

We aim to bound from above the right-hand side of this equality. First, we deal with the
terms related to the initial data of the Galerkin discretized system. To do so, we recall
that since they are projections of the original initial data, their H and V norms can be
estimated with a constant independent of n. We notice that 7 has at most quadratic
growth thanks to hypothesis (H4). Moreover, the Moreau—Yosida approximation Eg
satisfies

~ ~ 1 1
Be(r) < B:(0) + B(0)r + %7‘2 < %7‘2 for every r € R, (3.2.26)

because of the definitions (3.2.1), (3.2.2) and the related property (ii) (cf. also (H4)), so
here, just in order to bound the term

/Q B (o) de,

we obtain an estimate which is not independent of e. Most of the other terms on the
right-hand side can be estimated simply through the Holder and the Young inequalities,
and the first a priori estimate (3.2.16), leading to

A 1 ~
/ ]0”]2dx+/ |ch"]2dx+/5s(<ﬂn)dm
20 Jq 2 Jo Q
1 n|2 A ! n|2 ! n|2
+ = [ |[Vo"|?dz + — VO™ |“dzds + |Vu"|*dzds
2 Ja t JoJa 0/
t t
+T// ]8t¢”]2dxds+// 0;0™|? da: ds
0/Q 0/Q
A [T A [T
gco,s+c/(\<p"\2+1)dx+// yu\2dxds+// 07 |% dz ds
0 2t JoJo 2t JoJo
t t
—|—// (APJ”—)\A—/\EG")h(ap")u"dxds+// xo"Op" d ds (3.2.27)
0JQ 0/Q
1 t t
—I—// lﬁtan\2dxds+0// o™ + |oB)? + | — Ap™|? dz ds
4 JoJa 0/a
1 t
Sco,e+C+// |0;0™ > dz ds
4 JoJa
t t
—I—// (Apa"—)\A—/\EH")h(gon)u"dxds+// xo" 0" da ds
0/0 0/9
1 t
= 0075‘1’0"‘// |8ta”]2dxds+l4+l5.
4 JoJa

At this point, we focus on the terms Iy and I5. To treat Iy, we employ the Holder
inequality and the fact that 0"/ e (0, 7n;f) is uniformly bounded by (3.2.16). Then, we
use the Poincaré, the Holder, the Young inequalities and the previous estimates (3.2.16),
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(3.2.25). We have:

t t
Iy < C/O (lo™ e + 10"l + D[] ds < C/O (O™ e + )" 1 ds
t t
SC/ (\|9"||H+1)HVM”IIHds+C/ (16" + 1)[{"™) ds (3.2.28)
0 0
1 ! n|2 ¢ n n||2
<3 ; Ve g ds +C+C ; [ )10 (177 ds.

We handle the term I5 integrating by parts with respect to time and then through the
Hoélder and Young inequalities. Explicitly, we have

t
I5——// X@m”(p"dxds—i—/xango”dx—/XJmoLpn,odx
0Ja Q Q
1 t t
// \atan\zdxds+c<// \cp”|2d:):ds+/ \U"|2+|<p"]2dx+1> (3.2.29)
4 JoJa 0Ja Q

1 t
// |0;0™ > dxds + C,
4 JoJo

where in the last inequality we used the first a priori estimate (3.2.16). We return to
(3.2.27), and make use of (3.2.28) and (3.2.29). Rearranging some terms and renaming
the constants, we end up with

/|0"[2dx+/ ]V@”]de—l—/gg((p”)dm—i—/ |Vo™|? da
Q Q Q Q
¢ ¢
+// |V9”]2dxds+// Vu"|? da ds da
0/Q 0/Q
t t
+T// latgon\deds—i—// 0;0™|? da: ds
0/0 0/Q

t
<CotCHC / (™) 116713 ds.
0

IN

IN

Thanks to the Gronwall inequality and the fact that ||[{1")||£1(o rn) is uniformly bounded
from (3.2.25), we deduce

10" Loo (0,77 i1y L2 (0,7m5v) + 10" oo 0,773
+ 1720 | o,y + 1B (™) oo 0.7 11 (0) (3.2.30)

+ IVu™ | 20,071y + 0" | 10,77 F)A Lo (0,777 < Ce-

Consequences of the third a priori estimate. Owing to estimate (3.2.30) and
exploiting the growth property (3.2.4), it is straightforward to infer that

HBE(‘PH)HLOO(O,T”;Ll(Q)) < C.. (3.2.31)
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3.2. Existence of weak solutions

Thus, proceeding as before and choosing v = |2]~! in equation (3.2.8¢), by comparing
the terms we have that

™" M 220,77y < Cs (3.2.32)
thanks to (3.2.30). Then, by the Poincaré inequality, it follows that
™ 20,750y < C. (3.2.33)
Next, we want to show that
10ep™ | L2 0,77y < C. (3.2.34)

To do so, we consider an element v € V' and proceed as follows
|<6t<Pn»U>V| = |<at90napn(v)>V|
= ‘—/ Vu'" -V [P"(v)] dox + / (Apa"™ —Aa — Ag0™)h(p™)P"(v) dz
Q Q

<CUVEla + o™l + 10" + 1) [[P™(v)]lv
<CUVE lla + o™ + 10" + 1) [[vllv,

(3.2.35)

where, besides the usual calculations, we exploit the fact that 0;¢" satisfies equation
(3.2.8b) and that, even though v does not belong to the space V" of test functions, its
projection does. From this inequality, we find that

Tﬂ/
e ooy = | 0"
TTL
< [ (V" + I + 1071 + 1) dt < C..
o (3.2.34) follows. Proceeding similarly, it is easy to prove that
H8t0n||L2(O7T";V’) S CE' (3236)

Finally, we take v = —Ac™ in equation (3.2.8d) and integrate in time, obtaining

H—Aan”%?(o,w JH) dt
" "
:—/ O (—Ac™ )dxdt—l—x/ / —Ap")(—Ac")dxdt

rm
/ / (CAo™h(™) + Ap (o5 — 0™) — Apo™K(6™)) (—Ac™) dz dt
<C(|lo" 1 o,0m;my + =8¢ | 20,0011y + 0Bl 2200771 ) =A™ 220,771
< Ce|l=Ac™|| 20,77 1)

where we used the Holder inequality and the previously proved estimates (3.2.16) and
(3.2.30). Thus, ||=Ac™||r2(0,77;m) is uniformly bounded and, by elliptic regularity, we
have that

H0'n||L2(07Tn;W) < C.. (3.2.37)
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Chapter 3. A nonisothermal phase field tumor growth model

Global-in-time existence. Let T < T denote the maximal existence time of the
local-in-time solution (6™, ¢™, u™,o™). Suppose, by contradiction, that T" < T. Thanks
to the uniform (in n) a priori estimates established earlier and standard embedding
results, by continuity the solution is defined at time T and satisfies the requirement on
the initial values (cf. (3.2.10) and (3.1.18))

16" (Tl + ™ (T llv + ™ (T) v < C.

Therefore, we can take the solution at ¢ =T as a new initial datum for the system of
differential equations and extend the solution beyond 7" by continuity. This leads to a
contradiction, since it implies that T is not maximal. We conclude that T = T..

Passage to the limit as n — oco. In the previous steps, we proved that the solution of
the Faedo—Galerkin discretized system satisfies the following bound

10" | e (vrynzoe (myn2 vy + 19" |51 (vyaLes (vynpz(w)
+ e z2vy + o™ N (mnynpee (vynczowy < Ce.
Thus, from standard compactness results (i.e., Banach—Alaoglu and Aubin—Lions theo-
rems), we deduce that there exists a quadruple (0., ¢., e, 0c) satisfying the regularity of

Definition 3.3 such that, for n — +o0, along a nonrelabelled subsequence, the following
convergences hold:

0" — 0. weakly-x  in HY(0,T;V')NL>®(0,T; H)N L*(0,T;V),  (3.2.38)
strongly in L2(0,T; H), (3.2.39)
a.e. in Q, (3.2.40)
©" = . weakly-x  in H'(0,T; V)N L>®(0,T;V)NL*0,T; W),  (3.2.41)
strongly in C°([0,T); H) N L*(0,T;V), (3.2.42)
a.e. in Q, (3.2.43)
"t — pe  weakly in L2(0,T;V), (3.2.44)
o = 0. weakly-+  in H'(0,T; H) N L®(0,T;V) N L*0,T; W), (3.2.45)
strongly in C°([0,T); H) N L*(0,T;V), (3.2.46)
a.e. in Q. (3.2.47)

We integrate in time the equations (3.2.8a)—(3.2.8d) over the interval (0,T"), after choosing
as a test function P"*(v) € L(0,T; V™) for a generic fixed v € L?(0,T; V). We recall that

P"(v) — v strongly in L*(0,T;V). (3.2.48)

All the linear terms pass to the limit thanks to the weak convergences (3.2.38), (3.2.41),
(3.2.44), (3.2.45), and to the strong convergence (3.2.48). Let’s discuss only the nonlinear
ones. In the mass source term in equation (3.2.8b), we have that

()\pa'n — /\A — )\EH”)h(gpn) — ()\p()’a — )\A — /\E(gg)h(tpg)
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3.2. Existence of weak solutions

weakly in L2(0,T; H). In fact, the term between brackets strongly converges in L?(0,T; H)
and a.e. in Q; besides, h is continuous and bounded by hypothesis (H3) and ¢™ — ¢
a.e. in Q. Thus, we have weak convergence in L?(0,7T; H) by uniform boundedness, and
a.e. convergence, with identification of the limit (see, e.g., [Lio69, Lemme 1.3, p. 12]).
Regarding equation (3.2.8¢), we notice that 5. + 7 is Lipschitz continuous. Thus, the
strong convergence (3.2.42) is enough to pass to the limit. Finally, the term

—Aco"h(e") — Apa"K(0") —  —Aco:h(p:) — Apok(b:)

weakly in L2(0,T; H), because, as we similarly did before, h and K are continuous
and bounded by hypothesis (H3) and o™, 8" converges a.e. in @ by (3.2.43), (3.2.40).
To conclude the proof, we only need to justify the fact that 6., ¢., and o. satisfy
the initial conditions. On one hand, we observe that, along a subsequence, 6™ — 6.,
©" — e, and o™ — o, strongly in CY([0,7]; V') at least. Thus, §7(0) — 0(0), ¢™(0) —
¢:(0), and 0™(0) — 0.(0) strongly in V’. On the other hand, 6™(0) = P"(6y) — 0o,
©"(0) = P™(¢0) — o, and 0"(0) = P™(0g) — o9 strongly in H by (3.2.11)—(3.2.13). By
uniqueness of the limit, we have

0:(0) = 6o, ¢e(0) =0, 0:(0) = 0.

3.2.3 A priori estimate uniform in ¢

Notice that the first and the second a priori estimates and their consequences on the
Galerkin level are already independent of ¢, so they pass to the limit as n — +oo by
lower semicontinuity, and are satisfied by (6., e, pte, 0c). The e-dependence starts to
appear in the third a priori estimate, and then, starting from it, it spreads out. Thus, we
need to re-perform it, focusing on the problematic term, which now becomes

/ B(pe(0)) da
Q

Taking into account that 8. can be bounded by B (see inequality (3.2.3)), and that E (o)
is integrable by assumption (3.1.18), this integral is estimated as follows

/Q B(2(0)) do = /Q B (o) do < /Q Blgo) d < +oo,

independently from ¢. Thus, also the third a priori estimate and its consequences hold
with a constant independent of €. By summarizing, we have that

10=[ 2 (vrynree (mrynz2 vy + 1@ llmr (viynne (vynzeow) (3.2.49)

+ 17 20 gy + el 2ovy + lloell g nynnes (vynrzovy < C

for some constant C' depending on M and on the problem data, but independent of e.
Now we can derive an additional estimate, proceeding by comparison in the version
of (3.1.16¢) written for S, (in place of 3) and (0e, ¢e, tte, 0c). In fact, in view of the
regularity of the solution, we can write the equivalent equation

TO P — Ape + 66(906) + W(SDE) —x0: — A0 = e a.e. in @ (3'2'50)
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Chapter 3. A nonisothermal phase field tumor growth model

and then compare the terms in the light of (3.2.49). Hence, we can recover a uniform
estimate for [B.(p.), namely

1B (@)l L2y < C- (3.2.51)

3.2.4 Passage to the limit as ¢ — 0

From estimates (3.2.49), (3.2.51) and standard compactness results, there exists a quadru-
ple (0, ¢, i, o) satisfying the regularity properties in Definition 3.3 such that, as € — 0,
along a nonrelabelled subsequence, the same convergences we had in (3.2.38)—(3.2.47)
hold, with the additional

Be(pe) = Bly)  weakly  in L*(0,T; H). (3.2.52)

In fact, since B:(¢) is uniformly bounded in L?(0, T; H) it converges, along a subsequence,
to a certain & € L?(0,T; H). Moreover, we know that ¢. — ¢ strongly in L?(0,T; H).
Thus, we may identify £ with 3(¢) because of the strong-weak closeness of the graph of
the maximal monotone operator 3 (see Proposition 2.14). This is enough to pass to the
limit in the approximate system, showing that the limit (6, ¢, u, o) is a weak solution to
the PDE system (1.3.1)—(1.3.3). Moreover, (0, ¢, i1, o) satisfies estimate (3.1.20).

3.3 Regularity

This section contains the proof of Theorem 3.6. To establish the existence of a more
regular solution to our problem, we start again from the Faedo—Galerkin discretized
system, taking advantage of the additional assumptions stated in (3.1.21). Then, we
perform additional estimates and consequently obtain a limiting solution with the desired
regularity.

Additional regularity of the discrete solution. We aim to check that
Ot € H*(0,T;V™), up"e HY0,T;V"). (3.3.1)

We consider a fixed index j = 0,...,n. As already noticed, pj is a silent variable in the
discrete Cahn-Hilliard equation (3.2.14b)—(3.2.14c), and can be removed by substituting
w7y, whose expression in given by equation (3.2.14c), into equation (3.2.14b). This way,
we obtain:

d n n n n n
(L4 77) 395 = (Apa™ = Xa = Apf™)h(e"), ¢)) 7/
— 2 (Be(@™) + ("), €)1 X507 + Avy;05

(3.3.2)

Looking at the right-hand side, we already know that —’yjzap;-‘ + xvj07 + Avy;07 belongs
to the space H'(0,T). To conclude, since e; € W < L>(Q), we only need to check that
(Apo™ = Aa = Ap0™")h(¢") =5 (Be(¢") + m(¢™)) € H'(0,T; L1(Q)),
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3.3. Regularity

which is straightforward since h, B¢, and 7 are Lipschitz continuous, and ¢”, 8™, and "
belong at least to H'(0,T; H). Thus, 3 has the desired time-regularity and, consequently,
©" satisfies (3.3.1). By comparison in equation (3.2.14c), it follows that u} € HY(0,T),
o0 (3.3.1) is verified.

Fourth a priori estimate. First of all, we make an observation. In what follows, we
will make use of the a priori estimates derived in the proof of Theorem 3.5. Recall that,
at the Galerkin level, the first two estimates are uniform with respect to both n and ¢,
whereas the third one is uniform only in n. This is due to the fact that we were unable
to bound the term

/an(@n,o) dz

uniformly in €. However, due to the stronger hypothesis on g, now we can do it. Since
o belongs to the space W N H3(Q), it holds that (cf. (3.2.7))

w = [|1P"(o)llw < Clleollw, (3.3.3)

lv = [[P"(Apo)llv < CllApollv < Clleollwnrs ) (3.3.4)

||<Pn,0 ’

||A90n,0

Thus, by the embedding W — L*°(€2), it turns out that ||y ol fe(q) < C for a constant
C that does not depend neither on n nor . By the property in (3.2.3), we infer that

/Bs(san,o)dx < / Blgno)dz < C,
Q Q

since B is continuous from hypothesis (H4). This implies that, from now on, all the
estimates previously derived are uniform with respect to both n and €. We point out
another bound: in view of (3.2.5) and (3.2.6), it is not difficult to check that

[1B=(en0)llv <C (3.3.5)

since VB:(0n.0) = B'(Je(0n.0))JL(#n.0)Vono aein Q, B is of class C! and J is Lipschitz
continuous with J.(0) = 0 and Lipschitz constant less than or equal to 1. Thanks to the
bounds obtained in the third a priori estimate (see (3.2.30)), we note that (3.2.18) can
be improved to

@™ leoory < ClOPO™ = Aa = AN peqany < C. (33.6)

Consequently, by testing equation (3.2.8c) with v = |Q|~! and making use of the estimates
(3.2.30) and (3.2.31), we deduce that

K™ oo,y < 7lBe™)llcoo,ry)

+ sup C (18" )1y + le™ ) £r @) + 1)

t€[0,7) (3.3.7)

+ sup C ([lo" ()l ) + 110" )21y < C.
te[0,T]
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We now test equation (3.2.8a) with v = 9;0", equation (3.2.8b) with v = 9,u", and the
time-differentiated form of equation (3.2.8c) with v = 9;¢™. Summing up the resulting
equalities and noting a cancellation, we obtain

/]8t9"\2da:+ /\V@”Pd + = /yw 2 da
2dt/\71/26g0 \de—i-/ |V (0" \de—l-/ﬂ ™) |9"|? da
_ / w0 das + / (0 — A)Oy0" Dy + / (Apo™ — Ay — ApfM) ()" da
Q Q Q

/w'(cp")|8tg0”|2dx+x/8t0”8t<,0”d:1:.
Q Q

Now, since (. is monotone and Lipschitz continuous, its derivative /. is nonnegative,
and the corresponding term on the left-hand side can be neglected Then, using Young’s
inequality and the hypothesis (H4) according to which 7 is bounded, we arrive at

/|80”]2dx+ /]V9”|2d 41 /|w 2 da
1/2 2
+33 Lo da:+/|V8tg0 )2 do
gc/u dm+/ 8t9”|2d:c+0/ 00" |2 da
Q 2 Ja Q
e / 00" 2 da + / (Apo™ — s — Ap0™)h(p™) A" da.
Q Q

Integrating in time over the interval (0,¢) for t < T yields

1(/ ]V&”\de—i-/ Vu”]2d$+/ |Tl/28t<p"]2dx>
2\ Ja Q Q
1 ! n|2 ! ny |2
+ - |0,0™|° dx ds + |V (0wp™)|” da ds
2 JoJa 0/0

1 n n
< 5 (I60all? + 1V"©) 1% + I 200" (0) I )

t t
—i—C’// quxds—i-C// |8t<p"|2d:vds—|—0/\6ta”|2d:v
0/0 0/0 Q

t
+ // (Apa™ —Aa — Apb™)h(¢™)ow" dz ds
0/Q

(3.3.8)

t
::Do’n+0//u2dl'd8+11—|—12+[3.
0JQ

Concerning the terms on the last line, we observe that the constant Dy, accounts for the
contribution from the initial data. Our goal is to show that Dy, is bounded independently
of n. To this end, we recall that from (3.3.6) and (3.3.7) it follows that

[{0ee™) (O)] + [(w")(0)] < C. (3.3.9)
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Next, we consider equations (3.2.8b) and (3.2.8¢c) at the initial time. We subtract the
mean value from (3.2.8b) and test the resulting equation with N (9™ (0) — (9:™)(0)).
Then, we test (3.2.8¢) with (9;¢™(0) — (0:¢™)(0)) and add the two resulting expressions.
By property (3.2.20), we observe that the terms involving p™(0) cancel out, as do all scalar
products between mean values and either N (9p¢™(0) — (9p¢™)(0)) or (9™ (0) — (9 ™) (0)).
Performing an integration by parts, we obtain

/Q TN (015" (0) — (0™ (0))[2 e + 7 /Q i6(0) — (Brp™)(0)
= (Apoon — A — AB0o.n)N(won), N (9™ (0) — (0r0™)(0)))v
- /Q(_AQOOJL + BE(‘PO,n) + 7['(%00,71) - XUO,n - Ae[),n)(aﬂpn(o) - <8t90n>(0)) dx.

The last term can be rewritten, again using (3.2.20), as

- /Q v(_ASOO,n + Be((PO,n) + 7T(‘PO,n) — X00,n — AHO,n) : VN(atSOn(O) - <8t(,0n>(0)) dx.

Then, by applying the Poincaré and Young inequalities, we conclude that

3 | IVN@"0) = @ 0D do + 7 [ 0007(0) = @) O de < €, (3310)
thanks to (3.3.3)-(3.3.5) and the bounds on the initial data, which are under control due
to the regularity assumptions og € V and 0y € V' (cf. (3.1.21) and (3.2.7)). We point out
that (3.3.10) and (3.3.9) yield in particular that ||9;¢™(0)||?, < C, due to the equivalence
of norms.

Finally, we take v = p"(0) — (u™)(0) in equation (3.2.8b) at the initial time. By carefully
handling the terms and using the Poincaré and Young inequalities once more, we easily
deduce that ||[Vu"(0)||% < C, and hence, we ultimately obtain

1
Do = 5 (I60all} + IVH" O + 720" O) ) <€ (33.11)
as desired.
The next step consists in estimating from above the last three terms on the right-hand side
of (3.3.8). We deal with I; with Ehrling’s Lemma applied to the spaces V << H < V'
and use estimates (3.2.34) and (3.2.18), as follows:

t t t
h=C [ [1oerasds <c [ o - @) ds+C [ 0P as
0/ 0 0

IN

1 t t t
3 [ 19 @ s 0 [owt - @nias ¢ [ lownPas 3312

IN

1 t
1 [ Iv@enas+c.
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Chapter 3. A nonisothermal phase field tumor growth model

Moreover, we have that

I = C/ |0re" 2 dz < C
by (3.2.30). We handle I3 by integrating by parts
// (ApOro™ — Apd0™)h(™)u" dz ds
- // (Apa"™ — A4 — A0 (™) 0" " d ds
0/a (3.3.13)
+ / (Apa"™ — A4 — Ag0™")h(p"™)p" dz
Q
- / (Apoon — Aa — AEbon)N(won)n” (0)doe =: I3y + I32 + 133 + I3 4,
Q

and then analyzing one by one its addends. The first one can be handled by Young’s
inequality, and estimates (3.2.30), (3.2.33):

t
I31 < C//(|8tan] + 100" |)|p" | dx ds
0/Q

I t t
s// |8t9"\2dxds+0<// ]8t0”|2dxd3+// ]u”|2dxds> (3.3.14)
4 JoJo 0o 0/Jo
1 ! n|2
< - |0,6™| dxds + C.
4 JoJa

Regarding the second one, we employ the Holder inequality, estimates (3.2.30), (3.2.33),
and the Young inequality, obtaining:

t
B <C [ [ (a4 16"+ Dlore"] || drds
0J/Q
t
<C [l + 16"l + D0 Lo 130 s

t t t
<C [0 ds+C [ Il ds <€ [ 106" g ds+ C.

To conclude, we add and subtract to 0;p™ its mean value. Then, we apply Ehrling’s
lemma to the compact embeddings V << L4(Q2) < V', similarly to what we did
n (3.3.12). We deduce that

t 1 t
I3y < C/O 0" 2y s + C < 4/0 V@™ ds +C. (33.15)

We turn our attention to I3 3. Exploiting the Holder and Poincaré inequalities, and
estimates (3.2.30) and (3.3.7), we find

I33 < C/Q(!ff” +10" + D]p"|dz < C ([0 + 16"z + 1) 1" =

1 (3.3.16)
< Cllp"l < CIVu"a + CuM| < LIVH" 7 + C.
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3.3. Regularity

Finally, recalling (3.3.11) and (3.3.9), it is easy to conclude that I34 < C.
Now, going back to (3.3.8) and collecting all the intermediate estimates, upon rearranging
the terms and adjusting the constants, we infer that

/yva”|2dx+/ |w"y2dx+/ |720,0"? dar
Q Q Q

. . (3.3.17)
+// ]8t9”|2dxds+// IV (8¢™))? dzds < C,
0/ 0/

whence

1™ 11 (e (v) + 0™ | vrynzee vy + 1720 lwres () + |07 [ oy < €. (3.3.18)

Consequences of the fourth a priori estimate. Taking v = —Ap" in (3.2.8¢), which
is admissible in our Faedo—Galerkin scheme, and exploiting integration by parts and
monotonicity of S., it is straightforward to deduce that

/Q | = Ag"Pda < |1 — 10" — (") + x0" + A0,

with the right-hand side that is uniformly bounded in L*°(0,7T) due to (3.3.18). Then,
from (3.3.18) and elliptic regularity (see, e.g., [DL92], [Lio61]) it follows that

™| Lo wry < C. (3.3.19)

A similar procedure can be applied to (3.2.8a) with the choice v = —A#", in order to
infer that
10" 2wy < C. (3.3.20)

On the other hand, arguing as in (3.2.35) we find out that
10ee™ v < C(IVE*lla + o™l + 16"z + 1),

which leads to the estimate

™ ooy < C. (3.3.21)
Moreover, if the choose v = —Ap"™ in equation (3.2.8b), we deduce that

I=Ap" [z < C 0" + lo™ |z +110"m +1) <C
and (3.3.18) and standard elliptic regularity results ensure that
Il < C. (3.3.22)

Passages to the limit. In the light of (3.3.18)—(3.3.22), we can conclude that the limit

(02, e, e, 0-) we found in the proof of the existence theorem as n — oo, enjoying the
convergences (3.2.38)—(3.2.47), satisfies the additional estimate

6 . + (v .
10e |zt (nynzoe (vynL2wy + l@ellwroe (viynm (v)nzee(w) (3.3.23)

+ HTUQ%HW“’O(H) + ||M5”L°°(V)WL2(W) =C
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Chapter 3. A nonisothermal phase field tumor growth model

which passes to the limit because it is independent of €. Note that, by the Sobolev
embedding W — L>(€2), (3.3.23) entails as well that [[¢c|| =) < C. Moreover, by
comparison in the equation (3.2.50) we find that

[18e (@)l oo (1) < C. (3.3.24)
Passing to the limit as € — 0, all the estimates are preserved and therefore satisfied by
the limit (6, ¢, p, o). Note that 5.(¢:) = B(¢) weakly-* in L>°(0,T; H) due to (3.3.24).
Finally, we observe that, since the right-hand side in the equation (cf. (1.3.1a) and (3.1.3))

00 — A0 =u — Lo
lies in L2(0,T; L5(f2)), and 6y belongs to L>(£2), then it turns out that

10| Loy < C

by maximal parabolic regularity (see [LSU68, Chapter III, Theorem 7.1, p. 181]). This
concludes the proof of Theorem 3.6.
3.4 Continuous dependence
In order to prove Theorem 3.8, we consider two pairs {(6;, ¢, fti, 04) }i=1,2 of strong

solutions corresponding to the initial data {(6o,©04,00)}i=1,2 and to the assigned
functions {u;}i=1,2. For convenience, in the following, we will employ the shorter notation

0 := 01 — 0o, © = P1— P2, W= — e, o =01 — 09,
0o == 0p1 — 002, o= 01— o2, O0:=001— 002, U:=1uU]— U

Moreover, we recall the notation 3 + m = ¥’ that we are going to use from now on. First
of all, we observe that (0, ¢, u, o) satisfies

0+ Lo — A(1%0) =0y + Lo + (1 % u), (3.4.1a)
e — Ap = (Apa — Apd)h(p1) + (Apo2 — Aa — Apb2)(h(p1) — h(v2)),  (3.4.1b)
TOrp — Ap + W' (1) — ¥'(p2) — xo — A = p, (3.4.1c)

o — Ao — xp) + Apo = — Acoh(p1) — Acoz(h(p1) — h(p2)) (3.4.1d)
— Apok(01) — Apoa(k(01) — k(62)), o
a.e. in ). This system is obtained straightforwardly by taking the difference of the systems
(in the strong form) satisfied by {(6;, i, i, 0i) }i=1,2, and integrating the temperature
equation in time. We multiply (3.4.1a) by R, where R is a positive (big) constant yet
to be determined, (3.4.1b) by ¢, (3.4.1c) by —Ap, and (3.4.1d) by 0. We sum all these
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3.4. Continuous dependence

equalities and integrate over (2, finding

2qp 4 24 (1 2 / 2 /1/2 2
R [ Pdo+ 55 [ IV@no)Pdo+ 53 [ leldos 5 [ r/vpR da

+/\—A4p\2dx+/ |0\2dx+/\V0]2dx+)\B/ |o|? da
Q

:R/(00+€<,00)9d1:+R/(1*tu)de
Q Q

- RE/ 4,00da:+/()\p0 — Ag0)h(p1)pde
@ @ (3.4.2)

+ /Q(/\paz —Aa — Apb2)(h(p1) — h(p2))pde

— / (U (1) — W' (p2))(—Agp) dx + 2x/ o(—Ayp)dx + A/ O(—Ap)dx
Q Q Q

+ /Q [~Acoh(e1) — Acoa(h(pr) — h(gs))] o da

T /Q [~Apok(B1) = Apoa(k(8:) — K(6))] o da.

Then, recalling assumptions (H3), (H4), and the regularity estimate (3.1.25), we exploit
the following facts:

e h and k are bounded and Lipschitz continuous;

e 05 is bounded in L (Q);

e 0y is bounded in L2(0,T; W), and it holds that o2l oo (@) < Cllozllw a.e. in (0,7T);
e U’ is locally Lipschitz continuous, and ¢1, p2 are bounded in L™ (Q).

Using Young’s inequality and the bounds above, the right-hand side of (3.4.2) can be
estimated by

R
5 [tz or (160l + ol + [ [P aos [ oPa)
Q Q Q

1
+/ |9|2d:r—|—0(/ |a|2dx—|—/ |90|2d33> +o(1+|02||w)/ o[? do

2 Ja @ @ @ (3.4.3)

1
+8X2/ |a|2dx+2A2/ |0|2d:c+/ | — Ap|?da
Q Q 2 Ja
+C [ JoP do+ Clloalw [ 1o + o do + Clloalw [ 1Bl
Q Q Q
Let us briefly comment on the fact that, at this stage, the constants C' used above depend

on the norms of the solutions {(6;, @i, ti, 0;) }i=1,2 through estimate (3.1.25). However, as
a consequence of the proof we are currently carrying out, we will establish the uniqueness
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Chapter 3. A nonisothermal phase field tumor growth model

of the solution. This implies that any solution must coincide with the one constructed in
Theorems 3.5 and 3.6. Therefore, it satisfies the a priori estimates derived therein, which
ensure that the norm of each component of the solution can be bounded by a constant
depending only on the data of the problem—such as the final time 7', the domain €2, the
constant R, the initial data... As a result, the same conclusion applies to the constants
C appearing above. Most of the terms in the previous expression (3.4.3) do not need any
further treatment because, after time integration, we are going to apply the Gronwall
Lemma. Only the last one requires some additional calculations. By the Young inequality,
we find

1
CHagHW/ |0||o|dx < = /|0|2dx+C||02HW/ |o|? da. (3.4.4)

Now we collect the contibutions (3.4.2)-(3.4.4), fix R > % + 1+ 2A2 (cf. the coefficients
of the terms with 6 on the right-hand side), then move to the left-hand side the terms in
6 and —Ap, and integrate in time over (0,t), obtaining:

/|V(1*t«9)|2da:+/ |g02dx+/ 171/2v¢|2da:+/ o) dz
Q
// |9\2dxds+// |—Ag02dxds—i—// |a"]2d:zds+// (Vo™ |? dx ds

<0Mwm+mmm+#ﬂw%m+mwm+//1wm%mw

+C’/ (1+H02HW)/ |<p|2dxds+0/ (1—1—H02H%V)/ |a|2dxds].
0 Q 0 Q

Hence, since the function ¢ — 1+ ||o2||%, is bounded in L*(0,T), by the Gronwall Lemma
we infer that

101172 ey + IV (1 O 170 11y + 1211700 (2r)nr2 )
+ 1720l oo vy + o1 oo 2rynz2 ) (3.4.5)
< C (16013 + llpolls + 1720015 + ool + 11 51 ul3a(ar) ) -

Finally, we want to improve this result for the temperature variable . To do so, we
consider the equation satisfied by 6 a.e. in @), which is the following (cf. (1.3.1a))

040 + L) — AG = .

We multiply it by 6 4+ ¢ and integrate over Q x (0,t), finding

1 t
/ |9+€gp|2d$+// V0% dx ds
2 Jo 0Ja
1 t t
:/|90+€<p0|2d:v—|—// u(@—I—Egp)dsvds—E// Vo -Vedzds.
2 Ja 0Ja 0Ja
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3.4. Continuous dependence

We apply the Young inequality and the previously proved inequality (3.4.5) to treat the
terms on the right-hand side, leading to

1 1 [t
/|9+£¢|2dx+// V0| dz ds
2 Ja 2 JoJa

t
< c(ueon%{ T lleoll +/O/Q fuf? derds

t t
+// |0|2+|<,0|2d:cd3+// Vg0|2dxds>
0/Q 0J/Q
T
§C(HOOH%J‘F||<P0H12L1+71/2||V<P0||%1+||0'0H%{+ /0 / |u|2d:cds).

Then, we end up with
10 + Lol ooy + VO] L2 (3.46)
< € (60l + lleolld + /2ol + ool + llula(zr) a

and the continuous dependence inequality (3.1.26) follows easily from estimates (3.4.5)—

(3.4.6). Therefore, Theorem 3.8 is completely proved.
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Chapter 4

A phase field tumor growth model
with damage and mechanical
effects

The first purpose of this chapter is to prove the existence of weak solutions to the
initial-boundary value problem (1.3.5)—(1.3.7). To do so, we follow [Cav25], introducing
an appropriate time-discretised and regularised version of the system. Then, we show that
the discrete problem is well-posed and that its solution satisfies some a priori estimates.
Finally, employing compactness results, we pass to the limit as the time-step tends to 0
and prove that the limit we find solves the original PDE system. The main mathematical
challenges that we face are the following.

e The presence of the mass source in the Cahn-Hilliard equation (1.3.5a)—(1.3.5b),
which implies that there is no mass conservation, i.e., the mean value of ¢ is not
constant. This is expected from the modelling point of view; however, it requires
handling the term

/ U(p,0,e(u),z)udr
Q

in the energy estimate (see the proof of Proposition 4.16).

e The nonlinear coupling between the single equations. In particular, in the damage
equation (1.3.5¢), the term

Wl (), 2) = SH()C(e(w) ~ Rep) : (c(as) ~ Re)
is quadratic in e(u). In order to pass to the limit in this term from the discrete
to the continuous problem, we have to perform a suitable regularity estimate for
the displacement u to obtain strong convergence for €(u). This estimate, in turn,
requires a L>°(0,7T; Z) uniform bound for the damage z, with p > d: although
the p-Laplacian operator in (1.3.5¢) is a nonlinear operator which complicates the
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Chapter 4. A phase field tumor growth model with damage and mechanical effects

analysis, it has a fundamental regularising role. For the same reason, since we do not
have uniform estimates for ¢ in equally strong spaces, we cannot allow a dependence
of the elasticity tensor on the phase. In the literature (see, e.g., [Hei+17]) this issue
has been addressed by considering the p-Laplacian regularisation —A,p instead of
—Ap in equation (1.3.5b). However, we will not follow this strategy here.

e The damage equation is highly nonlinear due to the presence of —A,z and the
subdifferential 8 = 95(z).

The second purpose of this chapter is to discuss a continuous dependence result and
uniqueness, which are not addressed in [Cav25] and remain open problems. Notice
that the p—Laplacian operator in the damage equation seems to affect the possibility of
gaining uniqueness due to its degenerate character. As already pointed out in [RR14] for a
similar equation, this difficulty may be overcome by replacing the degenerate p-Laplacian
operator — div(|Vz|P~2Vz) with the non-degenerate one — div((1+ |Vz|2)%v,z) or with
the fractional s-Laplacian (see, e.g., [RR14, p. 1282] for a definition). We follow the
first strategy in Section 4.4, where we introduce a modified system which we prove to be
well-posed. Even though it does not solve the original problem, this could be a first step
in that direction.

4.1 Hypotheses

Let d = 2,3 denote the space dimension and Q a bounded C?-domain in R9.
(A1) Regarding the nonlinear sources U and S defined in (1.3.8) and (1.3.9), we consider

Ap, Aa, A non-negative constants, ( )
g € C°(R?), non-negative and bounded, ( )
feL>®0,T;H), (4.1.3)
A. € C°(R), non-negative and bounded, ( )

(4.1.5)

0. € L*(Q), non-negative.

(A2) Regarding the smooth potential ¥ € C!(R), we suppose that the following growth
conditions hold

U(r) > Cifr? = Ca, (4.1.6)
W' (r)| < C3¥(r) + Cy

for some fixed positive constants C1, Cy, C3, C4 and for every r € R.
Moreover, we assume that there exists a convex-concave splitting ¥ = ¥ + ¥ such
that

T, 0 € CHR), (4.1.8)
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U is convex and its derivative satisfies ¥U'(0) = 0, (4.1.9)
U is concave, (4.1.10)
U’ is Lipschitz continuous. (4.1.11)

Remark 4.1. We point out that requiring the nonconvex part of the decomposition to
be concave is not restrictive. In fact, for every U,V € CY(R) such that ¥ = + ¥, where
U satisfies (4.1.9) and U’ satisfies (4.1.11) with a Lipschitz constant L, we can consider

vy = (w0 + £2) + (%0 - £7)

for every r € R, which is compliant to (4.1.8)—(4.1.11).

Remark 4.2. Note that hypothesis (A2) is compatible with the classical choice (1.2.3).
However, it does not allow us to consider singular potential, such as of logarithm type
(1.2.2). This means that we cannot guarantee that ¢ takes values in the physically
relevant interval [—1,1].

(A3) We assume that the fourth-order elasticity tensor C in (1.3.10) belongs to the space
C1(Q; RIxdxdxd) and is

Lipschitz continuous and bounded, (4.1.12)
symmetric (i.e., it satisfies (2.6.1)), (4.1.13)
strongly elliptic (i.e., it satisfies (2.6.2)). (4.1.14)

Regarding the fourth-order viscous tensor V, we suppose that it is of the form
V=uwC (4.1.15)
for a positive constant w.

Remark 4.3. It is worth pointing out that the viscosity tensor is usually assumed to
be only symmetric and positively defined. The stronger assumption (4.1.15) is made in
order to prove the desired regularity for the displacement uw. Without it, our argument
does not apply anymore (see the proof of Proposition 4.13 below).

(A4) We require that the scalar function h in (1.3.10) is of class C?(R) and that

h and h’ are Lipschitz continuous, (4.1.16)
h is bounded with 0 < h < h*. (4.1.17)

We postulate that the viscosity coefficient a is C'(R) and that it satisfies

a is Lipschitz continuous, (4.1.18)
a is bounded with 0 < a, < a < a”. (4.1.19)
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(A5) We assume that the constant p that occurs in the p-Laplacian —A,, in the damage
equation (1.3.5¢) satisfies
p>d (4.1.20)

where d is the space dimension.

(A6) We consider a function 7 € C*(R) with derivative 7 := 7’ that satisfies

7 is Lipschitz continuous. (4.1.21)

(A7) Let 3 : R — [0,400] be a function

proper, convex and lower semicontinuous (4.1.22)

~

with int(D(3)) # 0, (4.1.23)
and denote by = 83 : R = R its subdifferential.

Remark 4.4. Note that hypothesis (A7) is quite general, and is compatible with a large
class of potentials. As pointed out in Chapter 1, the simplest example is the following

. {0 if r € [0,1],

r) =1 r) =
Alr) = fo(r) +o00 otherwise.
(A8) Regarding the boundary conditions (1.3.6b) for the nutrient, we assume that
or € L>®(X) and or > 0, (4.1.24)

a>0. (4.1.25)

(A9) Regarding the initial conditions (1.3.7), we assume that
o €V, U(po) € L'(Q), (
o0 € H, 0 <09 < M =max{|oc||p=(q) llor|lre()} (4.1.27
ug € Wy, vo € Vo, (
20 € D(=A,), Blz) € LY(). (

4.2 Existence of weak solutions

Definition 4.5. We say that a quintuple (¢, u, o, u, z) is a weak solution to the PDE
system (1.3.5)—(1.3.7) if it has the regularity

o e L20,T;W)NL>®0,T;V)NHY0,T; V'), peL*0,T;V),
oc L*0,T;V)nHY0,T; V"),
w € HY(0,T; Wy) nWhe°(0,T; Vo) N H*(0,T; H),
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2€ L®(0,T; Z)NHY0,T; H), —Apz € L*(0,T; H)
and there exists a subgradient
€€ L*0,T; H) with £ € B(2) a.e. in Q,

such that the following equations are satisfied a.e. in (0,T)

@re.Ov + [ Vi Vedo = [ Ulpoe(u),2)¢ds, (421a)
Q Q

[ucdo= [ 9o-edor [ Wioicdst [ Wolpew)2)cds,  (1210)
Q Q Q Q

(O, C)v + [ Vo -V(dz + a/ (0 —op)CdHI? —/ S(p,0,2)¢dx, (4.2.1¢)

Q r Q

/ Opu - wdx +/ [a(2)Ve(Omu) + We(p,e(u), 2)] : e(w)dz =0, (4.2.1d)

Q Q

/@zpdx—k/ |V2[P~2Vz - Vpdx

/§pdx—|—/ pdx+/W v,e(u),z)pdz =0

forallC eV, weVyand p € Z. Moreover, we require that the quintuple complies with
the initial conditions, i.e.,

(4.2.1e)

SO(O) = $0, U(O) =00, U(O) = Uy, 815“’(0) = Vo, Z(O) = 20 a.e. in ).

Remark 4.6. Notice that, with the regularity we demand, requiring (4.2.1b) is equivalent
to asking that equation (1.3.5b) is satisfied in L?(0,T; H) and the boundary condition
Ove = 0 in (1.3.6) is satisfied in the sense of the traces. The same also holds for the
damage equation. Similarly, equation (4.2.1d) is equivalent to asking that
Opu — d' (2)Ve(Ou)Vz — a(z) div [Ve(dpu))

— hW(2)C (e(pu) — Ryp) Vz — h(z) div [Ce(dyu) — CRp] = 0
is satisfied in L?(0,T; H) and that the boundary condition w = 0 in (1.3.6) holds in the
sense of the traces.

Remark 4.7. Note that, by standard embedding results (see [Str66] and [LM12]),
w e L®0,T;V)nC®(o,T]; V") —  C%([0,T); V),

o€ L*0,T;V)n HY0,T; V') — C°0,T); H),
we HY(0,T; W) — [0, T); Wo),
dru € L0, T; Vo) N CO([0,T); H) < Cp([0,T]; Vo),
2 € L>®(0,T;Z)nC%0,T; H) — C2([0,T]; 2),

so ¢(0) makes sense in V, ¢(0) in H, u(0) in Wy, dyu(0) in Vp and 2z(0) in Z. This
justifies the initial data regularities that we prescribed.
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Theorem 4.8. Let hypotheses (A1)—(A9) be satisfied. Then, there exists a weak solution
to system (1.3.5)—(1.3.7) in the sense of Definition 4.5 with the additional property that

0<o0< M ae inQ.

Remark 4.9. It is not difficult to prove that if (¢, i, o, u, ) is a weak solution to the
PDE system (1.3.5)—(1.3.7), then ¢ enjoys the maximal regularity

o € L0, T;W). (4.2.2)

Here, we show (4.2.2) by following the approach from [GLS21b, Remark 2.3, p. 1562].
As pointed out in Remark 4.6, due to the regularity and boundary conditions fulfilled by
¢, equation (1.3.5b) is satisfied in H a.e. in (0,7T). Explicitly, it holds

/ uC dz = / [(—Ag) + V() + W (g, e(u), )] Cda
Q Q

for every ¢ € H, a.e. in (0,T). Taking ( = —Ay as a test function, we have

I-Agly = /Q Vi Vede - /Q V() (~Ag) da — /Q W oo, e(u), =) (—Ap) da
= Il + I2 + I37

where we have integrated by parts in the first term on the right-hand side and employed
homogeneous Neumann boundary conditions. To handle I;, we simply use the Holder
inequality. Regarding I3, we write W as the sum of its convex and concave parts. Then,
proceeding formally, we observe that

/ V' (0)(~Ag) d = / B(0)| Vel de > 0
Q Q

since ¥ is convex. Notice that this is not rigorous because ¥ is only C', but this inequality
can be proved employing the Yosida—Moreau approximation of ¥, as we will do in detail
in the proof of Proposition 4.16. Thus, we have

b= [ (o) + #()(-Ae)do < - [ #(2)IVelds < Tl
Q Q

because ' is Lipschitz continuous according to hypothesis (A2). Finally, we turn our
attention to I3. Applying the Holder and the Young inequalities leads to

1 1
Iy < Wl e(w), 2) [l =Delln < SlIIWe(p,e(w), 27 + 5 - A¢llF-
Then, the term related to W, can be treated as follows:
W, (,e(u), 2)l[7 = /Q [h(2)C(e(u) = Ry) : RIP da < C (|le(w)|1F + llelF)
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4.3. Proof of Theorem 4.8

recalling that h is bounded by hypothesis (A4). Putting these estimates together, we
obtain

1
SlI=2ellE < C(IVullal Vel + 1l + lle(@)liz) < CIVaullr +1),
where the last inequality holds because
0 e L®0,T;V), uecWh®0,T;Vp).

Taking the square of both sides and integrating in time, we end up with
|=2¢lam < € (IVAIZm +1) < C,

since u € L?(0,T;V). Thus, (4.2.2) follows from standard elliptic regularity.

4.3 Proof of Theorem 4.8

To prove the existence theorem, we will introduce a semi-implicit Euler scheme that is a
time-discrete and regularised version of our system.

4.3.1 Time discretisation
Let 7 be a positive and small real number. We consider a partition of [0, 7] with nodes

g JhT ifR=0, K,
T\ T ifk=K,,

where K is the ceiling integer part of T'/7, i.e., is the greatest integer such that (K, —1)
is strictly smaller than 7. We also introduce the notation:

T (=1 ) ifk=2,...,K,.

With a slight abuse of terminology, we refer to the partition as uniform and to 7 as
its time step, even though the last interval may have a smaller length than 7. We
approximate f, o. and or with their local means, i.e., we define

k k k
1 [t 1 [t 1 [t
fr=- fds, Opr = — ocds, or 7= — ords,
t t

T tl;—l T 1:—1
forevery k=1,..., K.
Remark 4.10. It is obvious that, since f € L>(0,T; H), 0. € L*(Q), and or € L*>(X),
then f* ¢ H, 027. € L>(Q), and 0113’7_ € L>(T") with

L < oo cmys N0kl < lloelle@)s ot e < llorllpes), — (4.3.1)

for every k =1,..., K,;. In addition, 0 < afﬁ, 011377 <M.
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Chapter 4. A phase field tumor growth model with damage and mechanical effects

For every sequence of scalar or vector-valued functions {wy } defined over Q, we adopt
the notation:
W — 2W_1 + Wi_9

2
) Drkw: 2 9

W — Wk—1
D, pw = AL

T ’ T

for every k for which it makes sense. We introduce the time-discrete approximation of
our problem, which is posed in :

D; o — A,uf =Uy — 17D pp, (4.3.2a)
P = = Ak + (@) + U (DF ) + Wk e(ul ™), 287 + 7D pp,  (4.3.2b)
D; o — Aalﬁ = S, (4.3.2¢)
D2, u — div [a(zf)Vz—:(Dﬂku) FWe(F, e(uh), 25 = o, (4.3.2d)
Drgz = Dpzf + Br(2f) + m(27 )
e k k—1y _k o~ k k—1y k-1 (4.3.2¢)
+ W3,z(§07-7 E(’LLT )7 ZT) + WB,Z(CPT? E(ur )7 Zr ) =0.
Here, for brevity, we employed the following notation for the source terms:
Uy, = ( )‘Paf A\, + fk>g(<pk_1 Zk—l)
b a Y 9
L4 [Wo(oF ! e(ufh), 2870 T
Sk = —Aeoglh 1, A1) A(AT) ok, — b,
System (4.3.2) is coupled with the boundary conditions on I':
Dk =o,uF =0, (4.3.3a)
dyoy + ook —of ) =0, (4.3.3b)
uf =0, (4.3.3¢c)
(IV2KP=2v2F) v = 0. (4.3.3d)

For every 7 > 0 we employ a recursive procedure that, starting from the initial values

W2 =y, o2i=09, ud=wuy, 20 =z, (4.3.4)
gives (oF, uk, of uF zF) for every k = 1,..., K, that satisfies the previous system
(4.3.2)—(4.3.3) in a proper sense that will be specified in Proposition 4.13. Notice that,

due to the presence of 7(D,xu) = ¥ — pf~1 in the discrete Cahn-Hilliard equation

4.3.2a), at the step k = 1 the term u appears. So, we define
Hr

p3 = 0.

Similarly, to give a meaning to the term D%ku in the displacement equation (4.3.2d) at

the step k = 1, we introduce
-1

Ur

= up — TV,
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4.3. Proof of Theorem 4.8

where ug and vg are, respectively, the initial displacement and the initial velocity
prescribed in (1.3.7). Moreover, we will sometimes denote the time-discrete velocity at
the time-step k as

vlﬁ =D, ju.

Before stating the well-posedness result for the approximate system, let us comment
briefly on our discretisation scheme.

e Regarding the discrete Cahn—Hilliard equation (4.3.2a)—(4.3.2b), we added the
regularising terms —7D; pu = pE=t — pk and TD: o = ©F — k=1 respectively
to (4.3.2a) and (4.3.2b). As will be shown in the proof of Proposition 4.13, the
contribution —7D; ;u allows us to rewrite the equations (4.3.2a)-(4.3.2b) in an
equivalent abstract form for which the existence of a solution is automatically
guaranteed. This formulation is obtained thanks to the term (I — A)u* that
appears in equation (4.3.2a). Thus, we can apply the inverse of (I — A) that, as we
will see, has some good properties, obtain ¥ and substitute it in equation (4.3.2h).
On the other hand, thanks to —7D, ¢, the term ¢ appears in equation (4.3.2b).
It guarantees some coercivity and ensures uniqueness of the solution. Notice that
both terms D jp and D, ;¢ are multiplied by 7, so they are expected to vanish as
7 — 0. The second choice we made is to evaluate ¥ at ¢¥ and ¥ at pf~1. This is
quite common and, again, motivated by some solvability issues. The main idea is to
exploit the monotonicity of U’ to prove existence and the fact that U’ is Lipschitz
continuous to control the H-norm of this perturbative term.

We employed a convex-concave splitting for W with respect to its third variable
o 1.
Ws(p,e(u), 2) = Sh(2)C(e(u) = Re) : (e(u) = Ry),
- 1~
Walp,e(u), 2) = Sh(2)C(e(u) — Ry) = (e(u) — Ry),

which, in turn, relies on a convex-concave splitting for h, given by

H(2) = h(2) + 5 (sup W'm\) 2 ) = (sup m//(@\) 2

zeR 2 \zer

We observe that j, is convex, }, is concave, and h = | + h. Consequently, W3 is
convex, W3 is concave, and W = W3 + W3. It is worth pointing out that, since
h' is Lipschitz by hypothesis (A4), the same holds for /' and &’ and, since h > 0,
also j, > 0. However, h and h are not bounded. Notice that we did not need
to introduce a convex-concave decomposition for W with respect to its first and
second variables because it is already convex with respect to ¢ and e(u). This
splitting, as well as the careful choice between implicit and explicit arguments for
the derivatives of W, will have a key role in carrying out the discrete energy a priori
estimate in Proposition 4.16, where we will employ the following trivial result, the
proof of which is just a simple application of convex and concave inequalities.
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Chapter 4. A phase field tumor growth model with damage and mechanical effects

Lemma 4.11. Let F': R — R be a differentiable function that admits a convez-concave
decomposition F = F + [ with differentiable F and F. Then,

(F'(z) + F'(y))(x —y) = F(z) - F(y)
for every x,y € R.

e Finally, we replaced B with its Moreau—Yosida approximation BT defined by

N 1 N
Br(2) = Iggﬁ{%\y—zlz—}-ﬁ(y)} Vz € R,

and, consequently, the maximal monotone operator § in the damage equation with
B = (B\T)’ . Note that we set the regularisation parameter equal to the time step 7
so that we will pass to the limit simultaneously in the Yosida regularisation and in
the time discretisation as 7 — 0.

Remark 4.12. We recall that ET € C(R) is still convex and that 3, is non-decreasing
and Lipschitz continuous with Lipschitz constant bounded by 7! (see Proposition 2.16
and Lemma 2.20). Moreover, since /3 is non-negative, /3, is non-negative. Finally, it is
obvious by the definition of Moreau-Yosida approximation that 3(z) < B(z) for every
z e R.

Proposition 4.13. Let hypotheses (A1)—(A9) be satisfied. Then, for every k =1... K.,
there exists a unique weak solution

(F, puk, ok b 2By e W x W x V x Wy x D(-4,)

to system (4.3.2)—(4.3.3) in the sense that it satisfies the boundary conditions (4.3.3) in
the sense of traces, equations (4.3.2a), (4.3.2b), (4.3.2d), and (4.3.2¢) hold a.e. in S,
and equation (4.3.2¢) plus boundary condition (4.3.3b) hold in the weak sense

/ anaCdm%—/ Vok. vgdx+a/(a’; —of)CdH = / Si¢ dx
Q Q T Q

forallC V.

Proof. Nutrient equation. First of all, we can rewrite the system

Doso - Ak = <Aokg(h A H AL, - k) e
ook + afok — all‘iﬁ) =0 onT o
in the more convenient form
—Agk k—d in
o + ko = m (4.3.6)
dor+a(of —op,)=0 onT,
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where
k—1
T Ac(zF 1ok (4.3.7)

T c,T

ag

1 _ _ —
=t Aeg(@h™ 271 + A(2E7D), di =

are known terms in L*°(2) and H respectively, with ¢, > 0 a.e. in Q. The variational
formulation of the problem is the following:

Find a o € V such that V{ € V
/ Vok . V(¢de + a/ ok ¢dHit —l—/ crok¢dr = / dipCdx + / ok _¢dHL.
Q r Q Q r

Using Lax—Milgram theorem, one can show that there exists a unique weak solution
k
oreV.

Cahn—Hilliard equation. We consider the problem:

D: o — Apk = Uy — D7 in
= = Ak + 0 (05) + B (D5 ) + W e(uh™), 287 ) + 7D g in @ (4.3.8)
Opk =0,uk =0 onI.

The first equation in (4.3.8) can be reformulated in the equivalent form

1 1
(I =A) ' 4y = (I —A)! (Uk AN w’i‘l) : (4.3.9)
T T

observing that I — A : D(—A) C H — H (with Neumann homogeneous boundary
condition) is a bijective operator, so v := (I — A)~!: H — H is injective. Moreover,
—A :D(-A) C H — H is a linear single-valued maximal monotone operator and, as a
consequence, 7 is a linear, single-valued, monotone, and contractive operator defined on
all H. Substituting u in the second equation of (4.3.8) and recalling the expression of
W, from (1.3.11), we obtain:

L@k~ Ak T () + (h(ETCR R4 1) b
= (T s L) W) e s R
For brevity, we introduce the known functions
Ji =" (Uk o iw’ﬁ_l) — W (o) @ R Ce(upTh) R,

e = h(zF"HCR: R+ 1.

We notice that jr € H and that [ is bounded from above, since h and C are bounded by
hypotheses (A4) and (A3) respectively, and satisfies [, > 1, because h is non-negative
and C is strongly elliptic by hypotheses (A4) and (A3). To find a solution for

1 . .
—(p7) = Ay + W (97) + Ik = i, (4.3.10)
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Chapter 4. A phase field tumor growth model with damage and mechanical effects

we introduce W, the Moreau—Yosida approximation of ¥ with regularisation parameter
6 > 0. We define the operator

1 o
B, ==~y +Us+1]: H— H.
k T
We can reformulate the regularised system in the abstract form:
(B = D) (#5) = G- (4.3.11)

The operator —A is maximal monotone. Bﬁ ;. is monotone (because it is the sum of
monotone operators) and hemicontinuous (because it is continuous). Finally, it is easy
to show that Bf x — A is coercive. So, we can apply [Bar76, Corollary 1.3, p. 48], and

conclude that B‘TS  — A is maximal monotone and that its range is equal to H. This leads
to the fact that it exists a

s €D(B2,—A)=HND(-A) =W

that satisfies (4.3.11). Note that, obviously, ¢s also depends on k and 7, but at this level,
they are fixed, so we omit this dependence to avoid overloading the notation. Now it
only remains to pass to the limit for 6 — 0 and show that the limit satisfies (4.3.10). We
need some a priori estimates.

First a priori estimate. We test (4.3.11) with s:

1 o .
/Q ( 7(905)305+\V905!2+\113(<P6)<P6+lk90§> de — /Q s da.

p
Using the fact that v is monotone with v(0) = 0, that ¥} is monotone with
U5(0) =0 and I > 1, we have
lesly < Cligsl el
from which we get ||¢s||v < C|jkllz = Cr, where C; does not depend on 4.

Second a priori estimate. We test (4.3.11) with —Ays + Uj(ps) and, since I, is
uniformly bounded from above and « is a contraction, by the first a priori estimate
we get:

o 1 .
I=A¢s + Ws(es) i < ll=—7(ws) = leps + il < Cr-
On the other hand, we have

A5 + B (08) |3 = /Q |~ Ags?de + /Q W) (05)[2 de + 2 /Q Ay W(ps) da

— /Q |~ Agsl?dr + /ﬂ B (00) ? da 4 2 /Q B (08) [ Veps|? da
> || =Aps||3 + 1T5(06) 13

because, recalling that \flg is Lipschitz and non-decreasing, \Tlg >0 a.e.
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From the first and the second a priori estimates, we get that ||¢s||w + || ¥5(¢s)l|xr < Cr,
so there exist a go’ﬁ € W and a p’ﬁ € H such that, along a non-relabelled subsequence,
05 — ©F in W, g5 — ¢F in H and \TJ%(@;) — pF in H. Furthermore, because of these
convergences,

1im/ W5(s) %dxz/pﬁw'ﬁdw-
0—0 Jo Q

So, thanks to Proposition 2.14, we have that p* = ¥'(©F). Pointing out that v(ps) —
v(¢F) in H since 7 is a contraction, we can pass to the weak limit in (4.3.10) and deduce
that

Y(eF) — Ak + 0/ (o) + ek = i

in H. Additionally, we remark that d,¢" = 0 on T in the sense of because 0,,ps = 0 for
every ¢ and the normal trace operator is linear and continuous over H?((2).
Finally, we define ;¥ as in the second equation of system (4.3.8) and claim that it belongs
to the range of (I — A)71, ie.,

DI-A)=W

by comparison in (4.3.9). It remains to prove that the solution (¥, u*) is unique. We
take two solutions and the components ¢; and @9 solving (4.3.10). They satisfy

((e1) = v(p2)) — Alpr — p2) + W' (1) — U'(p2) + le(p1 — p2) =0
in H. Testing this equation with ¢; — (2, we have
/Q (V1) — 7(02)) (o1 — o) i + /Q V(o1 — @) da

+ /Q(\T"(tm) — U (p2))(p1 — p2) dz + /Q li(p1 — p2)? da = 0.

Since v and ¥’ are monotone, the first and third addends are non-negative. Moreover,
given that I > 1, we get

/<¢1 — ¢2)*dz +/ V(1 — ¢2)|*da <0,
Q Q

from which ¢; = @9 follows. Consequently, also the components ;1 and ps must coincide
from (4.3.9).

Damage differential equation. We want to find a weak solution of

Drgz = Dpzf + Br(zf) + m(25 )

X TL,(Z‘;]?) + El(quf_l)c[g(uk—l) _ ’R,QOI;] . [5(uk_l) _ R(Pﬁ] -0 in £ (4.3.12)

T T

2
(|V2EP2V2E) . v =0 onT
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using a minimizing procedure. So we introduce the functional 7, : Z — R defined as
follows:

1 1 1 N
Fri(2) ::2/ |z|2dx—/zf_1zdx+/ \Vz|pdx+/ﬁ7(z) dz
T Jao T Jo P Ja Q

s [z [ Mol - R k) - Rt da

?L/(Z’;_l)c k1Y _ Rk - k1Y _ Rokl2d
+ [ R - Rl k™) - Rz
and we use the direct method of the Calculus of Variations. We consider a minimizing
sequence {z;}; and prove that it admits a subsequence that converges to a minimizer for
Frk- We will need coercivity and weakly lower semicontinuity of F; .

Coercivity. Recalling that B\T and }, are nonnegative, 7 and ' are Lipschitz,
2=l ¢ Z < L™ since p is strictly bigger than d, and C is bounded and strongly
elliptic, we obtain:

1 1
Foplz) 2 / |z|2dyc—C’/ |z|dx+/ |Vz|pd:n—0/ e(uh1) — R [2]2| da.
271 Jo Q P Jo Q

Using the Young inequality and e(uf~1) — ReF € V — L4(Q), the previous
inequality becomes:

Frp(z) > C’/ |z|2da:+C’/ |V2|P dx — C.
Q Q

Weak lower semicontinuity. All terms are convex and continuous in the strong
topology and, therefore, weakly lower semicontinuous (see [Bréll, Corollary 3.9, p.
61]).

We note that it exists C' € R such that infz 7, < C, so we can suppose without loss of
generality that F, ;(z;) < C for every j. Thanks to coercivity, it trivially follows that
{zj}; is bounded in Z. Thus, there exists a subsequence that we do not relabel and a
2F € Z such that zj = z’j in Z. From weakly lower semicontinuity, we get that:

./_"7-71{(2’7]?) < lim inf f-,-’k(zj) = inf Fr 1,
Jj—+oo Z

’ﬁ is a minimizer for F; ;. To conclude, we observe that F,; is Fréchet differentiable,

so the minimum z* satisfies the following associated Euler-Lagrange equation

1 1
Oz/szdx—/zflwdx
T Ja T JO

+/ \Vz’ﬂp_QVz’ﬁ-dex—i—/ﬂT(z’ﬁ)wdx—F/w(zf_l)wdm (4.3.13)
Q Q Q

SO z

Yok 1 k—1
+ / h(ZTHQh Cr ) efeutt) - R : [o(ut™) — Rikwda
Q
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for every w € Z. By comparison in (4.3.13), since

k_ Jk—1 Y1k L k—1
Zr TZT + 67’(2) + ﬂ_(zf—l) + h (ZT) +2h (ZT )

belongs to H, it follows that also —A,zF = —div(|VzE[P~2V2F) belongs to H. This
means that 2¥ € D(—A,). Now we prove that the solution is unique. If we suppose to
have two solutions to (4.3.12) 21 and 2z, both of them are minimizers of F, j and satisfy
(4.3.13). If we consider the difference between the two equations and we take w = 21 — 2o
as a test function, we obtain:

1
0=— / (21 — z0)? dz + / (IV21[P72V 2 — |V2o P72V 22) - V(21 — 29) da
Q Q

Cle(ut™) = Rk : [e(ub™) - Rl

T T

T

+ / W) W) () )ele(ub) - R« e(ab ) — Rk da
Q 2

+ [ (Brlen) = el (21 = ) o 2 1 =l
Q

where the last inequality follows from the fact that —A,, 3, and i/ are monotone
operators, so the related terms are non-negative. Thus, it turns out that z; = 2.

Displacement equation. First of all, we rewrite the system

D2 u — div [a(zF)Ve(D; pu) + h(zF)C(e(uf) — ReF)] =0 in Q
Y ’ (4.3.14)
u;’ =0 on I
as
—kdiv [Tre(u®)] +uf =t, inQ (43.15)
u; =0 on I
where we have introduced the following known terms:
T = 1a(zX)V + 12h(2F)C = (rwa(2F) + 2h(2F))C = 0(2F)cC, (4.3.16)
ty = 2ur "t —uF 2 —div [T2h(zlﬁ)<p§CR + Ta(zf)Vs(ulﬁ_l)] . (4.3.17)

Since T is bounded and coercive and tg is in H, it is easy to prove using Lax—Milgram
theorem that system (4.3.15) has a (unique) weak solution u* € Vj. It remains to be
proved that u* € Wy, and it can be done exactly as in [HR15, Lemma 4.1, p. 4596], using
a bootstrap argument. Notice that this is the spot where we need to require V = wC.
O

Given a sequence of scalar or vector-valued functions {wlﬁ}fzfo defined over €2, we introduce
the piecewise constant interpolations w,,w. and the piecewise linear interpolation w;
over the time interval [0, 7] as

=t
N T T

w, () =k, w(t):
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for every t € I*. With this new notation, the time-discretised and regularised system
(4.3.2) can be written as

ApTr
<1 + Welp, e(ur), 2zl
i, = — A, + 0@ + ¥(p) - h(z,)(Ew,) — RF,) : CR+ (7, — ), (43.19D)
Oor — AT = =A0-9(@ s 27) + Ae(2,)(@c;r — O7), (4.3.19¢)
O, — div [a(Z,)Ve(D,) + h(Z;)C(e(ur) — Rp,)] =0, (4.3.19d)
e — MgZr + Br(2) + 7(2,)

o - 4.3.19¢
4 W(E(UT) - Rp,) : Cle(u,) — Rp,) = 0. | |

Bupr — AT, = ot T Jalipnze) = (5 ). (43190

4.3.2 A priori estimates for the time-discrete system

In the following, we will need the boundedness of the nutrient variable 0];7, SO we prove a
comparison principle.

Lemma 4.14. The function o® satisfies 0 < o® < M for every k =0,..., K,.

Proof. Knowing that 0% = o satisfies this property by hypothesis (A9), we proceed by
induction on k, so we suppose that 0 < 07’?_1 < M and we prove that the same holds for
. We recall that 0 < o¥ 01’377 < M and that, using the notation introduced in (4.3.7),

C, T

ck 2 1/7 and dj > 0. We also recall that, given a function F', its positive and negative
parts are defined as

F.(z) == max{F(z),0}, F_(x) == max{—F(x),0},
and that, if F' € V, the following relations hold
R L N L[
Q Q (4.3.20)
/ VF-VFydx = |VF.|%, / VF.-VF_dr=—|VF_||%.
Q

Testing (4.3.2¢) with —(o%)_, we obtain

/va ]dx—/a(af—01]377)((7];)_de_1—/ckaf(af)_d:r
r Q

- /Q dy.(0%)_ da.

Using (4.3.20), it holds
1
—e) -l < IV1e) -l + IVer(on) -1l + [Valor) -1z
/ di(o?)_dz — / 0401137T(Jf), dHet <o,
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so ||(e®)_||% = 0 (or, equivalently, o > 0 a.e. in Q).
In the same way, we test (4.3.2c) with (6% — M), , obtaining

[ 9ok Vit~ My)ds + [ alok— of ok - 2y ant!
Q r
+/ crof (o — M), do = / dp(ck — M), du,
Q Q
that can be rewritten as
L1tk =2 ae + [ alwh = a0, @i = [ atoh, — (ot - ). aret
r r
+/ crl(o® — M) 2 de + / (exM — di)(o% — M), dz = 0.
Q Q
Noticing that

1 _ _
M —dy = (M — 05 )+ A(E (M — of,) + AMo(eh ™ 257 2 0,
and recalling that ¢y > 1/7, from the previous inequality it follows that ||(c¥ — M), %
is equal to 0, so 0¥ < M a.e. in Q.
O
Remark 4.15. From Lemma 4.14 and (4.3.1) it follows that:
Apok

U
o (1 + W e(ur ™), 287
|Ukller < C for a positlve C independent of 7 and k,

- —|—fk> ("1, 2F=1) belongs to H with

o Sp = —AoFg(ph=t 2= 4 AL(2F 1) (0F . — 0F) is in L°°(Q) with || Sk L~ < C for

) 27 c,T T
a positive C' mdependent of 7 and k.

Proposition 4.16. The time-discrete solution to the problem (4.3.19) constructed from
Proposition 4.13 satisfies the following a priori estimates uniformly in 7 :

1@l e ynzzawy + le, vy < C, (4.3.21)
e, — o llr2an < C, (4.3.22)

10epr || L2(vry < C, (4.3.23)

I @)l 2y + 119 (@) L2y < €, (4.3.24)
1Bl 2oy + e N2y < C, (4.3.25)
15| Lo (mynr2(vy + o7 | oo (mynze vy < € (4.3.26)
10t || L2(vry < C, (4.3.27)

18] oo (W) + 1erll oo (i) < C, (4.3.28)

sl (vynmr (wy) < O (4.3.29)
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107 || oo )ALz (W) + 127l Lo vy < C, (4.3.30)

o7l Los (vynm () < C, (4.3.31)

HzT||L°°(Z)OL2(W1+5@(Q)) + HET||Loo(Z)nL2(W1+5,p(Q)) <, (4.3.32)
127 | oo ()2 w1 +0m@)ynm (i) < €, (4.3.33)

=82zl L2y + 1= Bpzr |2y < C, (4.3.34)

HBT(zT)HLz<H) <C, (4.3.35)

where 6 € (0,1/p).

Notice that in equations (4.3.21) and (4.3.30) the estimates for the retarded piecewise
constant interpolants hold in weaker spaces because they are equal to the initial data in
[0, 7] and the initial data are less regular than the corresponding discrete solutions at the
stepk=1,..., K.

Proof. Energy estimate. Testing (4.3.2a) with 7u¥, we obtain:

T/DT,kgoufdx—f—T/ \Vu’ﬁ|2dx:T/ Ukuﬁdx—T/(ulj—uﬁl),uljdx.
Q Q Q Q

Using the Young inequality to handle the last term, we have:

-
P [ Dapitarer [vitPar s ] [ a7 [ aea
Q Q 2 Ja
T/Ukj,bf_d.iﬂ.
Q

Testing (4.3.2b) with —(pk — F=1),

(4.3.36)

—T/Qu’iDT,ksoder/Vw?-V(so — i) de
b [ [ + ]k - de
Q
+AW,w(wﬁ,E(uﬁ_l),Zf_l)(wﬁ—@'ﬁ‘l)dwr/ﬂ!<p’i—s0'ﬁ_1\2dw=0-

Employing the Young inequality for the second term and Lemma 4.11 for ¥ = ¥ + W, we
get

—7 [ 1 Dopdo+ g [ VR — 3 [ VP
—i—/\Il(ng)da:—/\I/(q)’TC D dx (4.3.37)
Q Q
+ [ Wl o) A e+ [ ok - P <0,
Q
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Testing (4.3.2c) with 7¢* and applying the Young inequality for the first term, we obtain:

1 1
/ ya’:de—/ ]Jf_l\de—i-T/ \vanydx+T/a|anyde-1
T

(4.3.38)
<7‘/Sk0'kdl‘—|—7'/()é0'r7_0' AL,
r

Testing (4.3.2d) with u* — u*~! = 7v* we get:

/(v’TC — oY) ofde + 7‘/ a(zF)Ve(vF) : e(v?) dz
Q Q
b [ Wl ), ) s eluh) (w1 do =
Q

Exploiting the Young inequality for the first term, the fact that a, < a and that V is
uniformly elliptic for the second term, we have:

1 1
2/ |vlj|2dm—2/ |vlj_1|2daz+C’T/ le(v®))? dz
Q Q Q

(4.3.39)
+/ We(F, e(uf), 27) : (e(uf) — e(ui™)) da < 0.
Q

Finally, we test (4.3.2¢) with z¥ — 2#=1 obtaining:
/\kaz\ dx—i—/ |V2E P2V 2k v (k- A1) da
+ [ Bt = ok [ n(h )k - A da
Q

+ / (17508, (™), ) 4 s 2 (o, et ™), 27 (2 — b da = 0,
Q

Employing the Young inequality for the second term, the convexity of ET for the third,
and moving the term with 7 to the right-hand side, we get:

1 1
r [ Dnepass s [ vk [ [wbpa
Q P Ja P Ja
+ [ Betyde - [ Bt
Q Q

b [ Wb ™). 28) (bt ), )] 6 - ) o
< —/ m(ZF (k- Y de = —7'/ (2D, .z dx.
Q Q
Now we notice that, since W is convex with respect to its first and second variables, and
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since we can apply Lemma 4.11 to W = W3 + W3, we have:
Wolor,e(uy ), 28 ) (er = @F 1) 2 Wier,e(uf ), 271 = Wkt e(uf ), 27,
W (), 1)« (ela) — (1) > W ), 28) — Wk, el 1), 2,
(75,2 (8, 2 (k1) 25) + W (0, e(ub ™), 57| (26 = 2571)

> W(pFe(uy™), 27) = W(eh,e(up™), 277).

So, by summing the three above inequalities, we obtain that the left-hand side is greater

than or equal to
k k k k— k— k—
W e(uf), z7) = W(gh He(uf ™), 287 1).

Adding (4.3.36), (4.3.37), (4.3.38), (4.3.39), (4.3.40) and employing the previous inequal-
ity regarding W, we infer that:

/\MTIle‘— /Iuk "Pde+ 5 /IW)“dw— /IW’“ "2 da
+/\I/(<p7)dx—/\l'( 1) g + /|a |2dm—f o512 d
Q Q
1
—|—f/ |k da /\'vk Y12de + = /|Vz |pdx—f/ |V P da
2 Jo p
+ [ Bk [ B et [ Wik e(ub). Har
Q Q
f/W(cp’jfl,e(u’j’) )dl’+7'|:/ |V k| d:rJr/ Tidx
Q
—|—/ |Vaf|2dx+/a|af\2d7-ld71+0/ |€(fv’j)|2dx+/ |D77k22dx}
Q r Q Q
ST[/ Ukuljdx—F/Skofdx—l—/aallﬁ,Tofd’Hd_l—/ﬂ'(zf_l)DT,kzdx}
Q Q r Q
ST[/Uku’ﬁdx—i—C—&—/ |7r(zf_1)|DT,kz|dx},
Q Q
where the latter inequality follows from the fact that Si, o and 01’377 are bounded in

L*>°(€2) uniformly with respect to k& and 7. Then, by the Holder, Poincaré~Wirtinger,
and Young inequalities, recalling that ||Ug|| g < C, we have

1
/ Ui i e < Ul sl < © (Il — ()l + 1902151
N ) (4.3.42)
< (VK + 19R1G4)) < [ (9447 o+ Cy LGl

where (1*) denotes the mean value of ¥ and 7 is a small positive constant yet to be
defined. Testing (4.3.2b) with 1 and dividing by |©|, we obtain

1 1 o ~ _ _
(15) = = / phde = — / T (0F) + W' (b ™) + Wl e(ui™), 2571 + 7Ds pp da,
12| Jo 19 Ja
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Adding and subtracting ¥’(¢%) and R¢*~1, employing growth assumption (4.1.7) of ¥,
the Lipschitz continuity of U’, and the boundedness of h, we have

[{up)| < |Q|/|\Ij OF) + (D5 + Ch(zrYle(ur™) = R%| + 7| Dr pp| da
<o [ W]+ 38 - ¥ )] ao
@ (4.3.43)
b B~ R 4 WRGE - Rk 4 7|Dr el da
Q

<C [ W)+ hE el ) - R+ 7IDrsl o
Q

Using the Young inequality twice and the strong ellipticity of C from hypothesis (A3),
from the above inequality, we obtain

b < C /Q W(k) + h(EDe(ub ) — RE1 2 de + 7 / 0IDripl? + Gy da
<C [ W)+ Wik el ) do vy [ ek - P de G
Q Q

where 7 is the same small, positive constant introduced before. So, substituting in
(4.3.42), we deduce that

/Ukﬂﬁdﬂﬁﬁc/ W) + W (e e(ul™), 267 da
Q Q

(4.3.44)
n/ \Vu'ilzdw+77/ Tk — TP dx + Oy,
Q Q

Moreover, recalling that, by hypothesis (A6), 7 is Lipschitz continuous, using the Holder
inequality and the Young inequality with a small constant i yet to be defined, we get

| mGE DD el do < € [ (57 4 DIDra] ds
Q Q

< Oz e + DIIDrgzller < nllDrgezllE + Cp(ll21E +1) (4.3.45)

k—1
< nll Dol + Cn(ZTnDT,izn%q ; 1),
=1

where we have also used the fact that zF=1 = 2o + Zfz_ll 7D,z if k> 2 and 281 = z if
k = 1. Finally, using inequalities (4.3.44) and (4.3.45) in (4.3.41), moving to the left-hand
side the terms with 7 (fixing 7 small enough) and summing from k£ = 1 to j, we obtain

. 1 . 1 .
/ mf|2dx+ / Vel 2 da + / Wl do+ / o2 da + / vl ? da
Q Q Q

Vz”’d:r—l— BTZJ do + Wgo, u] .20 dx
p T T
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J
1 1
#30|r(5 [Ivuan g [k P acs [ vabPar @)
— L \2Ja 2 Ja 0

1
—i—/a\af]Qde_l—i-C’/ \6(v’ﬁ)\2dx+/ ]DT’kzIde>]
r Q 2 Jo

J
<C+C) [T</ ‘I’(soﬁ)dchr/ W (it e(uf™), 2871 da
k=1 Q Q

k—1
+Z7’/ |Dm-z|2dx>],
i=1 79

where C does not depend on the initial data, while
1 ) 1 ) 1 ) 1
Co== [ [Veol"dz+ | Y(po)dx+ = [ |oo|*dx+ = [ |vo|*dz+ - [ |VzPdx
2 Ja Q 2 Jo 2 Jo P Ja
—i—/ﬂ@(zo) dz + /Q W (o, e(up), 20) dz
<C [H%!Zv +[looll; + llvoll + luoll¥ + 120l + /Q ¥ (o) dz + /Q B(z0) dw] :

Here we used the fact that B (20) < B (z0) a.e. that comes directly from the definition of
Br (see Lemma 2.20) and the following inequality regarding the elastic energy

/QW(SDO"E(UO),zo)dx:/QWo)

<cn /Q (o) — Repol? dz < C(lluol? + 0o).

C(e(ug) — Ryo) : (e(ug) — Repp) dx

Applying the discrete Gronwall inequality stated in Lemma 2.4 to (4.3.46) leads to the
boundedness of the left-hand side, from which we have

leZllv + 19 (@Dl ) + lotllm + vl]lm

K- t}ﬁ
IVl + 13D+ el + 3 | [ (19481 L

k=1
+ 772 (e = NI+ IVl + eIl + HDr,sz%{> ds] <C
and, as a consequence, (4.3.22) and (4.3.26).

Consequences of the energy estimate. From the equality

. Itk
2 =20+ E /k_1 D; pzds,
k=17tr
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and (4.3.47), we have ||2Z||z < C. By the Poincaré Wirtinger inequality,
edll2 < C (1928 ey + 1)) < C. (43.48)

Here we used |]VZ¥HLp(Q) < C by (4.3.47) and we controlled the mean value of 2/ with
its bounded H norm. We can also gain a mean value estimate for y*. Combining the first
line from (4.3.43) with (4.3.47), we immediately obtain |(u*)| < C. As a consequence,
exploiting the Poincaré—Wirtinger inequality, it follows that

il < Mk = (e + CHpl) < C (IVpdllm +1)

and, thanks to (4.3.47), we get (4.3.25). Notice that here we also employ p_ =0 in [0, 7]
to obtain the estimate for p_. Finally, by comparison in (4.3.19a) and (4.3.19¢), we have
(4.3.23) and (4.3.27).

Higher order estimate for the displacement. We test equation (4.3.2d) with
—7div [Ve(v¥)], obtaining

B /Q(vf_ — k1) - div [Va(v’i)} dz + T/Q
—{—T/Qdiv [a(z’;)w(vi)} - div [Ve(vi)} dx

= T/ﬂdiv [h(zf)CRgplﬁ} -div {Ve(vf)} dz.

div [h(z’ﬁ)Ca(uﬁ)] - div [Ve(vﬁ)] dz

Developing the obvious calculations in the second and third terms on the left-hand side
and moving some terms to the right-hand side, we have

—/Q(vf — " 1) div [V&(vﬁ)}dx + T/Qa(z’ﬁ) div [V&‘(Ui)} -div [V&(vﬁ)}dx
— /Q (1 (Hce(ub) k) div [ve(wh)]de — + /Q
— T/Q (a’(zf)Va(’uﬁ)sz) -div [Va(’vﬁ)}dx + T/Qdiv [h(zlﬁ)CRgoﬂ -div [Va(vlﬁ)} dz.

h(zF) div [Cs(uf)] -div [Vs(v'ﬁ)}d:r

Concerning the first term on the left-hand side, recall that for every k it holds u* = 0 on
I" and, consequently, v’j =0 on I'. Thus, it can be estimated as follows:

- /Q('vlﬁ — o) div [Ve('vlﬁ)} dz :/Q [s(vlﬁ) - 5(1)];*1)] : [Ve(vf)] dz

(4.3.49)
L k) Ve(vk x—l (1) Ve(wF N da
>/Qe<v7>.v<7>d 2/Q<T>.V<T>d,

=2

where the inequality holds because V is symmetric and positive-definite, so the associated
quadratic form is convex. For the second left-hand term, since a is bounded from below
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by a strictly positive constant by hypothesis (A4), using Lemma 2.23 (and the fact that
v® =0 on I'), we obtain
7'/ (a(z]ﬁ) div {V&(’Ulﬁ)]) - div [V&(’vlﬁ)] dz
Q
) (4.3.50)
> CL*T/ ’div {Ve(vlj)] ’ dz > Cur|[vf |3,
Q

The first term on the right-hand side can be estimated as follows:

‘ - T/Q (h’(zf)Ce(u’ﬁ)Vz’ﬁ) - div [Vs(v’ﬁ)} dx

< Ctlle(uh)lpa) IV 25 || oo I div[Ve(wh)] | a,

thanks to Holder inequality. Here ¢ is chosen to satisfy % + % + % =1 and, since p > d
and d = 2 or d = 3, it is easy to check that ¢ € [2,6). So, because of the embedding
V — L1(Q), Lemma 2.23, the energy estimate (4.3.47) and the Young inequality, it
follows:

. / (W ()eeubyvt) -div [Ve(wh)] de| < Cyrlludlfh +nrllebly.  (13.50)
Q

where n > 0 is small and yet to be chosen.
Regarding the second term on the right-hand side, since h is bounded, we deduce that

‘ — 7‘/Q <h(zf) div [Ce(uﬁ)D - div [Vs(v’ﬁ)} dx
< Or|div[Ce(ud)]||ulldivVe(@)]|a < Crllur|w v ]w

k k
< 7Cylluzlfy +nrlvFll

(4.3.52)

We handle the third term on the right-hand side using the fact that a is Lipschitz
continuous by hypothesis (A4), the Holder inequality, previous estimates, the Young
inequality, the embedding V' < L9(Q2), and Ehrling’s Lemma stated in Theorem 2.7,
obtaining

‘ - T/ [a/(zf)VE(v’j)sz] - div [Ve(vlﬁ)] dz
Q
< C7lle) | oy I V27 ooy ldivVe ()]

< Ol llvrllw < Colle@) L) +nllvF ]y

(4.3.53)

< nrllobiffy + (0rlvE Iy + Coorlivbly) <+ 7ok Iy + Cpor

where 7,6 > 0 are small and yet to be chosen.
Finally, we turn our attention to the last term on the right-hand side. After noticing that

div [h(=E)CRE| = CR (W (R)pkV2E + h(=) Wik ) + h(2E)¢h div(CR),
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we use the Holder and the Young inequalities and the previous estimates. We get

T / div [h(zf)CRgpﬂ - div [vg(v’:)} da
Q
< Cr (16t o@ I V2l o) + 1965l + Ikl ) divIVews)]

< Crllvflw < arllvply + Cyr.

(4.3.54)

Combining (4.3.49)—(4.3.54) and fixing 1 and 6 small enough lead to
1 1 Ci
5 | 208 Vehydo = o [ o) Ve do it < On(L+ ki)
Q Q

So, summing for k£ = 1 to j and recalling that V is coercive by hypothesis (A3), we get
J J
k k k
le@D)IF + D 7llvklfy < Co+C D 7lluflffy

k=1 k=1
J k
=Co+C> 7 [Zﬂyvi\\%v] ,

k=1 =1

7 k
. co+czflzfuv5n%v+ ol

k=1 =1

where the last equality holds, changing the constant Cy. So, applying the discrete
Gronwall inequality stated in Lemma 2.4 leads to

j
le(@)IE + Tl < C.
k=1

Since we already know that ||v¥| gz < C thanks to (4.3.46), (4.3.30) follows. Moreover,
recalling the trivial identity

k
ub = uy + Z ol
=1
also (4.3.28) holds true. Finally, by equation (4.3.19d), we can write d,v, as
Ov, = div [h(Z;)Ce(m,)] — div [A(Z;)CRP,| + div [a(Z)Ve(D,)]

and deduce, by comparison, that d;v, is uniformly bounded in L?(0,T; H). Indeed, h, a,
C and V are bounded and Lipschitz continuous. The term ||VZ; || o (£r(q)) is uniformly
bounded thanks to (4.3.47). Moreover,

le(@r)|lpoo(vy + 18-l Loc vy + €@l L2y < C

thanks to estimates (4.3.28), (4.3.47), (4.3.30), and V' < L%(Q)) were ¢ is the Holder
conjugate of 1%' So, estimate (4.3.31) follows. Since dyu, = v,, (4.3.28) and (4.3.30)
imply (4.3.29).
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Higher order estimate for the order parameter. Equation (4.3.19b) can be rewritten
as

V(@) - A, =7, — V(¢ ) + h(z,)Cle(n,) = RP,) : R — (7, — @)

The right-hand side belongs to L?(0,T; H) because ¥’ is Lipschitz continuous by hypoth-
esis (A2), h and C are bounded by hypotheses (A4) and (A3). More specifically, the

following estimate holds:

19 %2) = A llz2any <l e + C (I, lza(ny +1)
+C (el + 18- li2n) + 17, = ¢l < C.

On the other hand, we have that
19" (@,) = AB 172y
= 1@y + |-y + 2 | /Q AP (7 deds  (43.55)
> 1 @) 2 + 1= A% 22y

from which estimate (4.3.24) follows. Observe that the inequality in (4.3.55) holds
because U’ is an increasing continuous function and, therefore, a maximal monotone
graph. More explicitly, if we consider its Yosida approximation \flg , we have

// A¢T\I,§ 907' d$d8—// \I’(S ()OT ‘v¢7'|2dxd8207

because \TJ% is monotone and Lipschitz continuous, so \ng exists a.e. and it is non-negative.
Moreover, W5(@,) — W'(p,) strongly in L?(0,T; H) as § — 07 (see Proposition 2.16).
So, passing to the limit in the previous expression, we deduce what we claimed. Taking
into account (4.3.47), we deduce that (4.3.21) holds. Notice that the asymmetry between
¥, and p_ in estimate (4.3.21) is a consequence of the fact that ¢ = g in [0, 7] and g
belongs to V', not to W.

More estimates for the damage. From (4.3.19¢), we have

A+ By (30) = 0 — () - N e oo ) R [e(u,) - R

in L2(0,T; H). More specifically, we know that

=897 + Br(z) 2
< 0uzellzaqany + € Iz i + 1+ le(wn) agaay + 1812 aca)

<C (uatzTnLQ(H) 2z + N ey + 17 oy +1) < €,
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making use of the previous estimates, hypothesis (A6) according to which 7 is Lipschitz

continuous, the fact that / and } are continuous, the uniform boundedness of ||Z- || 1o () +
12| (@) from (4.3.48), and the embedding Z < C°(2). On the other hand,

H_APZT + BT(ZT)”%?(H)

t
= =82 gy + 18- () B + 2 /0 /Q Az Br(2) e ds

t
= Az 2y + 1187 ) 2y + 2 /0 /Q B.(2,)|VZ, P da ds
> |~ ApZl ey + 18- )2

where the inequality stands because /3. is monotone and Lipschitz continuous (so it is
a.e. differentiable with positive derivative). Thus, we have proved (4.3.34) and (4.3.35),
employing the fact that zy € D(—A,) by hypothesis (A9). Finally, to conclude estimate
(4.3.32), we make use of the inequality stated in Lemma 2.21, from which

Zrllwresn + 2 llwivsr < Cs ([[=2pZr |l + | =Apzr |l + 7]l + 127 [|#)

for any ¢ € (0,1/p). Thanks to (4.3.48) that we have already proved, we get (4.3.32).
Combining (4.3.32) with the energy estimate (4.3.47), we obtain (4.3.33).
O

4.3.3 Compactness assertions

Lemma 4.17. There exists a quintuple (p, u, o, u, z) that satisfy the reqularity of
Theorem /.8 such that, for a non-relabelled subsequence, we have

Or = @ weakly-+ in L°°(0,T; V)N H*(0,T;V"), (4.3.56)

strongly —in C°([0,T); L™(2)), (4.3.57)
D= P weakly-+ in L°°(0,T; V)N L*(0,T; W), (4.3.58)
Prp. P strongly  in L"(0,T;L"(Q)) and a.e. in Q, (4.3.59)
V(@) = V(p) weakly  in L*(0,T;H), (4.3.60)
V'(p )= T'(p)  strongly in L*(0,T; H), (4.3.61)
Hoyft = p weakly in L*(0,T;V), (4.3.62)
or =0 weakly-+ in L°°(0,T; H) N L*(0,T; V)N H'(0,T;V"), (4.3.63)

strongly —in L*(0,T; L™(Q)) and a.e. in Q, (4.3.64)
G0 weakly-+ in L°°(0,T; H) N L*(0,T; V), (4.3.65)
Ur — U weakly-x —in W0, T; Vo) N H(0, T; Wy), (4.3.66)

strongly in C°([0,T]; X), (4.3.67)
Uy, u, —u weakly-+ in L>°(0,T; Wy), (4.3.68)

strongly  in L*°(0,T; X), (4.3.69)
v, = weakly-+ in L°°(0,T; Vo) N H*(0,T; H), (4.3.70)
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v, — Ou weakly-+ in L>°(0,T; Vo) N L*(0,T; W), (4.3.71)
P weakly-+ in L>°(0,T; Z) N L2(0,T; WoP(Q)) N HY(0,T; H), (4.3.72)

strongly in L°(0,T;Z) and a.e. in Q, (4.3.73)
Zrr 2, = 2 weakly-+ in L>=(0,T; Z) N L*(0,T; W'oP(Q)), (4.3.74)

strongly in L°(0,T;Z) and a.e. in Q, (4.3.75)
—ApZr — —Apz  weakly in L*(0,T; H), (4.3.76)
Br(Z,) — € weakly — in L*(0,T; H) with £ € B(z), (4.3.77)

for any r € [1,6), s € [1,400), d € (0,1/p), and X such that Wy —— X — H.

Proof. Most of the convergences are obvious from Proposition 4.16 and standard com-
pactness results (Banach—Alaoglu theorem and Aubin—Lions theorem); this way, we
immediately obtain (4.3.58), (4.3.56)—(4.3.57), (4.3.62)—(4.3.68), (4.3.71)—(4.3.74). In the
following, we will prove the other ones, focusing on the case d = 3, which is the most
challenging due to weaker embeddings and interpolation inequalities available. The case
d = 2 can be treated in a similar but easier way. Notice that it is easy to identify the
limit of a piecewise constant interpolant and its retarded function. For example, let’s
prove that 1 and 7, converge to the same limit. From (4.3.25), we know that Bo— W
and Ji, — v weakly in L?(0,T;V) < L?(0,T; H). Moreover, we recall that, by definition,

Ar(t)=p (t+7) for a.e. t € (0,7 — 7). (4.3.78)

Take a test function p € C°(Q2 x (0,77)). Since it has compact support, there exists a
€ > 0 such that supp(p) € Q x (¢,T — €) and we can assume 27 < e. By a simple change
of variables, taking (4.3.78) into account, we have

t T—e T+71—¢€
// npdzdt :/ / p (z,t+7)p(x,t)dedt :/ / wu (x,8)p(x,s —7)dxds
0/Q € o " e+T1 Q "

t t
://u (w,s)p(x,s—r)d$ds—>// pp dax ds.
0o " 0/0

Here we used the fact that p(-,- — 7) is still a test function with compact support in
(e+7,T+7—¢) C (0,7 —7) and then we passed to the limit because we have the product
of a weakly convergent sequence and a strongly convergent one in L?(0,T; H). On the
other hand, we also know that

t t
// ,quda;dt—>// vpdx dt.
0/Q 0/Q

Thus, by uniqueness of the limit and the Fundamental Lemma of the Calculus of Variations,
we conclude that p = v. In the following, we will discuss the less straightforward limits
of the statement. To prove (4.3.59), we initially show that P, P strongly in
L?(0,T; H). Rewriting the piecewise linear interpolant ¢, as

7t — . (t)

t—1p—1

I r T
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for every t € I¥, then

lor =, =3 [ [ (F22) @l - g, 0 ava
k=1""7

<%, = ¢ 720 < 7C =0,

where the last inequality is due to (4.3.22). On the other hand, by (4.3.57), ¢, goes
to ¢ strongly in L(0,T; H), so also p, — pin L?(0,T; H) and, using again (4.3.22),
the same holds for .. We can also deduce that, along a non-relabelled subsequence,
b0 —pae inQ. Since || |zsrs(q)): 18-[lLs(rs()) < C, as ensured by (4.3.21) and
by the embedding L>(0,T;V) < L*(0,T; L5(f)), and given that 7, — p pointwise
a.e., it follows that @, — ¢ in L"(0,T5 L"(£2)) for every r € [1,6), so (4.3.59) holds.
From (4.3.24), W' (@,)|l12(a) < C; moreover, ¥ is continuous and @, — ¢ a.e., so
U'(7,) — ¥'(p) a.e. in Q. Hence, we have also (4.3.60). By (4.3.59) and the Lipschitz
continuity of U’, we get (4.3.61). In order to prove (4.3.69), we start by noticing that for
every t € I¥

[mw—mwzm@+““*ﬂym&

g T
from which, using (4.3.30) and Wy — X, it follows that
HUT - QTHX < HETHLZ(X)Tl/Z < CT1/2 0.

Since we already know that u, — w strongly in L°°(0,7"; X') by (4.3.67), this inequality
leads to (4.3.69). Finally, we prove the convergences regarding the damage. From Aubin—
Lions compactness result, L2(0, T; W't5P(Q)) N HY(0,T; H) < L*(0,T; Z) so, using
(4.3.33) and (4.3.32), along a subsequence z, — z strongly in L?(0,T;Z). Since z, is
bounded in L*°(0,T; Z), we obtain (4.3.73). As we have already observed before, for
every t € IF it holds

tp —t
nt) = 5 (t) — / D2 ds
Ik

and, as a consequence,

|2r = Zell ooy < 1002 |2y 7/ < CTY2 = 0.
Hence, we deduce that, along a subsequence, z; —Z, — 0 a.e. in (). Since we know that

27 = Zrll (@) < Cllzrllzoe(z) + 122l (2) < C,
we obtain that z; —Z; — 0 strongly in L*(0,T; L®) for every s € [0, +00). It trivially
follows that 2, —z, — 0 strongly in L*(0,7T'; L!) for every s, t € [0, +00). Now we want

to prove that a subsequence converges strongly in L2(0,7T; Z). To reach our purpose,
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Chapter 4. A phase field tumor growth model with damage and mechanical effects

we employ the following inequality of Gagliardo—Nirenberg type for fractional Sobolev
spaces (see [BM18, Theorem 1, p. 1356] for further details)

lzr =271z < Clizr = Z: 9wy 12 — Zr i tess

with 6 = §/(1+0). Taking the square of this inequality, integrating over the time interval
(0,T), and using the Holder inequality leads to

—_ 2(1—-0
/ Iz —Z 3 dt < C / 2 — 212 HzT—zTHvédet

1/q
0
<c[/ s — 2,12 dt} [/ o — 2 P40 gy

where ¢ =1/0 = (14 9)/6 and ¢ = q/(1 —q) =1/(1 — 0) (so that 260¢' = 2(1 — 0)q = 2).
Hence, we have

_ —_ 2 — 2
l2r = Zrll22z) < Cllzr = 27 gy 12 = Zrl Eelpran < Cllzr = 22|70 iy = O-

This strong convergence, combined with the boundedness of z; —Z; in L>°(0,T; Z) (that
we have from (4.3.32)), gives us |z; — Z7||s(z) — 0 for every s € [0, +00). Since we
already know (4.3.73), we have (4.3.75). Because of (4.3.34), it exists a w € L*(0,T; H)
such that, along a non-relabeled subsequence, —A,z, — w in L?*(0,T; H). Then, recalling
that Z, — 2z strongly in L?(0,7; H) and that the operator —A, : H — H is maximal
monotone so it is strong-weak closed (see Proposition 2.14), we may identify w = —A,z,
which proves (4.3.76). Finally, from (4.3.35), we deduce that it exits a ¢ € L2(0,T; H)
such that B8,(Z,) — ¢ in L?(0,T; H). Since /3 is maximal monotone, 3, is its Yosida
approximation and z, — z strongly in L?(0,T; H), using [Bar76, Proposition 1.1, p. 42],
we deduce that £ € 5(z) so (4.3.77) holds.

O

4.3.4 Passage to the limit in the discrete system

Now we have all the instruments necessary to prove our main result, Theorem 4.8. We
want to exploit the compactness result Lemma 4.17, proving that the limit we found is a
weak solution to our problem in the sense of Definition 4.5.

Cahn—Hilliard equation. In (4.3.19a), we can easily pass to the weak limit in the terms

on the left-hand side and in the second term on the right-hand side using convergence
(4.3.56) and (4.3.62). Given a function ¢ € L*(0,T;V), we want to prove that

// (1+|W pUT( ).z ))‘a+fr>9(%07727)Cdtdx

- /O/Q <1 + ‘W,s(:;i‘:(u), I g + f>g(g0, 2)¢ dt da.
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4.3. Proof of Theorem 4.8

First, we note that ¢ (resp. z., €(u,)) converges to ¢ (resp. z, e(u)) a.e. in @ because of
(4.3. 59) (resp. (4.3. 70) (4.3.69)). Since g and W are continuous, g(¢_,z,) — g(p, 2) and
Welp . e(ur), z;) = We(p,e(u), 2) ae. in Q. Moreover, g is bounded and 1+ [W .| > 1.
Finally, we recall that &, — o weakly in L?(0,T; H) from (4.3.65), and f, — f strongly
in L2(0,T; H), so the above convergence holds. In (4.3.19b), exploiting convergences
(4.3.62), (4.3.58), (4.3.60), and (4.3.61), we can immediately pass to the weak limit in all
the terms except in W, (%,,e(w,), 2,). However, for every p € L?(0,T; H), we have

// —Rp,):CRpdxdt — — // Ry) : CRpdxdt,

because e(u,) — Rp, — e(u) — R weakly in L2(0,T; H) (from (4.3.68) and (4.3.58))
and CRhA(z,)p — CRh(z)p strongly in L?(0,T; H). This last convergence holds true
since C is bounded, h is continuous and bounded, z, — z a.e. in Q) from (4.3.75), so we
can apply the Dominated Convergence Theorem.

Nutrient equation. Rewriting explicitly (4.3.19¢), it holds

t t T
/(ataT,QthJr// VUT-VCdl’dt—l—C&//(O’T—UFﬂ—)Cd’Hd_l dt
Q 0JI

// Acorg(p,,27) + Aelz )(Ew—a)} ¢dedt

for every ¢ € L?(0,T;V). As we have already pointed out, g(fT,gT)C — g(p, 2)¢ strongly
in L2(0,T; H) and in the same way one can prove that A.(z,)¢ — A.(2)( strongly in
L2(0,T; H). So,

// A7g(p, 2r) + Ael2;) (e, —ET)}Cd:z:dt
” /(f/Q [=Aeog(p, 2) + Ac(2)(0c — 0)] ( dw dt

because we also know that &, — o weakly in L?(0,7T; H) thanks to (4.3.65). Regarding
the term with the boundary integral, we recall that the trace operator H' — Hp is linear
and continuous. Thus, the weak convergence o, — or, — 0 — or in L?(0,T;V), that
we have from (4.3.65) and by construction of ot ;, leads to the weak convergences of
the traces in L2(0,T; L?(T")). All the other terms converge using (4.3.63) and (4.3.65).
Finally, 0 < 0 < M because o, satisfies this property and, thanks to (4.3.64), we have
pointwise convergence a.e. in Q).
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Displacement equation. For every p € L?(0,T; H), the following equality holds:

// O, - pdxdt—// (z:)C —Rp,.|VZ; - pdxdt

_/O/Q h(zT)div(Ce(uT)—CRgoT)~pd:1:dt—/Ot/ga/(zT)VdvT)VzT-pdxdt
_ /Ot/Q a(z,) div (Ve(B,)) - pdadt = 0.

Thanks to (4.3.70), we can pass to the weak limit in the first term. For the other,
more complicated addends, we proceed explicitly. Regarding the second term, we want
to prove that

// W' (z;)Ce(u,) — Rp,] VZz, - pdxdt—>// h'(2)Ce(u) — Re] Vz - pdadt.

As we have already exploited, z, — z a.e. in @ and A’ is continuous, so h'(z;) —
W (z) a.e. in Q. Moreover, from (4.3.32) we know that [|Z;|[1(g) < C so, since h' is
continuous, ||/ (Z7)|| gy < C. From (4.3.75), choosing s = p, we get that Vz, — Vz
in LP(O T; LP(Q)) Hence ' (ET)VET p — W' (2)Vz - p strongly in L(0,T; Lq(Q)) with
qg= p+2 then it is easy to verify that ¢’ € [2,6) if
d=3and ¢ € [2,+0) if d = 2. From the boundedness of C, (4.3.58) and (4.3.68), w
have that C [e(@,) — R@,] — Cle(u) — Ry] weakly in L (0,T; L7 (Q)), so the desired
convergence follows. To prove that

// (zr) div (Ce(u,) — CRp,) pdxdt—>// z)div (Ce(u) — CRyp) - pdxdt,

we observe that h is continuous and bounded and Z, — z a.e., so, thanks to the Dominated
Convergence Theorem, h(z,)p — h(z)p in L?(0,T; H). Moreover, by (4.3.68), (4.3.58),
and since C is bounded and Lipschitz, div (Ce(uw;) — CRp,) — div (Ce(u) — CRy) weakly
in L2(0,T; H). Now we take into consideration the fourth term, and we are going to

show that
// (Z;)Ve(v,;)VZ, - pdxdt—)// v)Vz - pdxdt.

Since o’ is continuous and Z, — z a.e. by (4.3.75), d/(Z;) — d/(z) a.e. in Q. Ex-
ploiting the boundedness of a’ (which follows from the fact that a is Lipschitz), by
the Dominated Convergence Theorem a’(Z,)p — d/(2)p strongly in L?(0,7T; H). More-
over, by (4.3.71) and (4.3.58), £(T,) = &(dyu) weakly- in L>(0,T; H) N L*(0,T;V) —
L#/d(0, T; L2P/(°=2)(Q)), where the embedding holds true because of the Gagliardo—
Nirenberg inequality. More precisely, we apply Theorem 2.5 with

2d 1 d—-2
'I"€<2,d_2>, q—2, 8—1, O[—d(r—2d>
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4.4. Continuous dependence for a modified system

Finally, from (4.3.75) with s = 2p/(p — d), we get VZ, — Vz strongly in the space
L#/w=4) (0, T; L?(Q)). So, we have concluded, because

L S 1 =1 L N
2 2p/d 2p/(p—d) 2 2p/(p—2) p

Lastly, we aim to show that

// a(z;)div (Ve(v;)) pdxdt%// z)div (Ve(v)) - pda dt.

Continuity and boundedness of a, convergences a.e. of Z, from (4.3.75), and the Dom-
inated Convergence Theorem lead to a(z;)p — a(z)p strongly in L?*(0,T; H). From
(4.3.71) we have that B, — dyu weakly in L?(0,T; W) and from hypothesis (A4) V is
bounded and Lipschitz continuous. Thus, the last term of the displacement equation
passes to the limit.

Damage equation. We discuss only the least immediate term. Consider a test function
p € L?(0,T; H). We will prove that

// W(s(uT) —Rp,):Cle(u,) — Ry, )pdxdt
0/0

//Q h/2 —Re) : C(e(u) — Ryp)pdxdt.

Since Z,, z. — z a.e. in Q, i, b’ are continuous, and i/ + 4’ = I/, we have R G +h' () —
Ty &1 ) ) ) ) 2

W(z)
2

follows that ||}/ (Z.)|| L=(@Q ) 17/ (z:) || Lo (@) < C. Using the Dominated Convergence Theo-

rem, we deduce that (ZT)HL (2 )p — h/gz)p strongly in L?(0,T; H). From (4.3.69), choos-
ing X = W4(Q), and from (4.3.59), choosing r = 4, we get that e(w,)—RP, — e(u)—Ryp
strongly in L*(0,T; L*(2)). Since C is bounded, we have the desired convergence.

a.e. in Q. Moreover, ||Zr |z (), l|lz-]|Lo(@) are uniformly bounded by (4.3.32). It

4.4 Continuous dependence for a modified system

Continuous dependence and uniqueness are not addressed in [Cav25] and remain open
problems. The main difficulty to overcome is the p-Laplace operator’s degeneracy. To
clarify the core of the issue, we proceed as is commonly done when proving continuous
dependence. We take the differences of the equations in system (1.3.5), written for two
solutions (p;, ti, oi, ;, zi)i:1’2, and we focus on the resulting damage equation, choosing
z =21 — %3 as a test function. Recalling that —A, and 8 are monotone operators, we
infer
0< 0<

1d 2 2 —_—N—
thH HH + [[Vzl\ Vz1 — |Vze| VZ2] Vzder+ | (&4 —&)zdx
Q Q

_ / (n(z21) — m(z2)) 2 da — / (W o(or (1), 21) — Ws (0, e(uan), 22)) 2 .
Q Q
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Chapter 4. A phase field tumor growth model with damage and mechanical effects

Thus, on the left-hand side, we lack a Vz term which, present in a suitable norm, would
allow us to absorb similar addends coming from the other equations and, in the end, to
apply the Gronwall inequality. To bypass this difficulty, in the literature it is sometimes
considered a modified damage equation (1.3.5¢), in which the p-Laplacian is replaced by
another nondegenerate operator (see [RR14]). Following this approach, in this section,
we consider the PDE system

O — Ap=U(p,0,e(u), 2), (4.4.1a)
p=—Ap+ V() +W,(p e(u),2), (4.4.1b)
oo — Ao = S(p,0,2), (4.4.1¢)
Onu — div [a(2)Ve(Oru) + W (p,e(u), 2)] = 0, (4.4.1d)
Oz —div(d(-,Vz)) + B(2) + m(2) + W (p,e(u), z) 3 0, (4.4.1e)

coupled with the boundary conditions
81/()0 - 81/M - 07 (4.4.2&)
Oypo + a(o —or) =0, (4.4.2b)
u =0, (4.4.2c)
d(-,Vz)-v =0, (4.4.2d)

and the initial conditions

©(0) =¢o, 0c(0) =09, u(0)=wug, hu(0)=wv, 2(0)==z. (4.4.3)

As already pointed out, the only difference with respect to (1.3.5)—(1.3.7) is the presence
of the operator Bz := —div(d(:, Vz)) in place of —A,z in equation (4.4.1e) and, as a
consequence, the modified boundary condition (4.4.2d). All the sources, the constants,
and assigned functions remain the same, and we assume that hypotheses (A1)—(A4),
(A6)—(A9) hold with only one obvious change, which is requiring

20 € D(B) (4.4.4)

instead of zg € D(—A,). Hypothesis (A5) is replaced by the following set of assumptions,
where we properly introduce B.

(B1) Let ¢: Q x R — [0, 4+00) be a Carathéodory function, i.e.,

z — ¢(z,¢) is Lebesgue-measurable for all ¢ € RY, (4.4.5)
¢ — ¢(z,() is continuous for a.e. x € Q. (4.4.6)

We assume that for a.e. z € Q the function ¢(z,-) : R — [0, +00)
belongs to C'(R?), (4.4.7)

is convex with ¢(x,0) = 0.
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4.4. Continuous dependence for a modified system

We introduce the notation d := V¢ and require that the following growth conditions
hold for certain constants Cs, Cg, Cr, and a.e. z € , for all ¢ € R?

¢(z,¢) > C5[¢|P — C, (4.4.9)
(2, ¢)| < Cr(1+[¢PP7) (4.4.10)

and for an exponent p that satisfies

p>d. (4.4.11)

We define @ : H — [0, +00] as follows
/¢(m,Vz(x))dx #(-,Vz) € L1(Q),
O(z) = Q
+00 otherwise.
Then, thanks to hypothesis (B1), we claim that

® is proper, lower semi-continuous, and convex, (4.4.12)
with domain D(®) = Z. (4.4.13)

As a consequence, its subdifferential B := 09 is a (single-valued) maximal monotone
operator with domain

D(B) ={z € Z: —div(d(-,Vz)) € H, d(-,Vz)-v =0}
= {z €Z: Jad(z, V2(2)) - Vw(z)do +OO}. (4.4.14)

sup
weZ\{0} el e

For every z € D(B) it acts as follows
/ Bzwdx = / d(z,Vz(x)) - Vw(z)dz Yw e Z.
Q Q

Thus, we have that
Bz = —div(d(-, Vz))

in the sense of distributions.

Remark 4.18. The prototypical example of B is the classical p-Laplace operator with
homogeneous Neumann boundary conditions. To obtain it, we set

1
¢ .Z‘,C = —|¢|P
(@, Q) plCl
and, consequently, d,(z,() = |[¢[P72¢. This way we have
—Apz = Bz = —div (|Vz[P7?V2) .
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Chapter 4. A phase field tumor growth model with damage and mechanical effects

Another example is the so-called non-degenerate p-Laplace operator, again with homoge-
neous Neumann boundary conditions. It is defined starting from

r
2

1
nd
b (,¢) = ~(1+[¢?)
p
and d"(z,¢) = (1+[¢[2)"> ¢. We obtain
—A;dz =Bz = —div <(1 + \Vz|2)p772Vz> .
It is easy to check that both operators satisfy hypothesis (B1).

(B2) We suppose that ¢ is Lipschitz continuous with respect to x and more precisely
that there exists a non-negative constant L such that

[¢(2,C) — ¢y, O < Llz — y|(1 +[¢) (4.4.15)
for all z,y € Q and for all ¢ € R?. We require that ¢ satisfies the p-coercivity
condition

(d(z,¢) —d(z,n)) - (¢ =n) = Csl¢ —nl (4.4.16)

for a positive constant Cg and for every z € Q, ¢,n € R%

Remark 4.19. Once again, this hypothesis is fulfilled by the p-Laplace operator and
by the non-degenerate p-Laplace operator. Even though it will not be necessary for the
existence result, it guarantees more regularity for the solution. In fact, if the operator
B satisfies hypotheses (B1)-(B2), then D(B) C WtoP(Q) for all 0 < § < ]%. Moreover,

there exists a Cs > 0 such that, for all v € WHoP(Q),
[vllwr+s < Cs(|=Apvlla + [lv]l#)- (4.4.17)
See [Sav98, Theorem 2, Remark 3.5]) for further details.

Assuming all the hypotheses enlisted above, the following existence result holds.

Theorem 4.20 (Existence). Let hypotheses (A1)-(A4), (A6)-(A9) and (B1) be satisfied.
Then, there exists a weak solution to the PDE system (4.4.1)—(4.4.3), i.e., a quintuple
(¢, 1, o, w, z) with the following reqularity
o e L20,T;W)NL>®0,T;V)NHY0,T; V'), peL*0,T;V),
o€ L*0,T;V)nHY0,T; V"),
we HY0,T; Wo) nWhe(0,T; Vo) N H?(0,T; H),
2z € L®(0,T;Z)NHY(0,T; H)

which complies with the initial conditions

©(0) = o, 0c(0) =00, u(0)=wuy, u(0)=1vy, 2(0)=2 a.e inQ,
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and satisfies the following equations a.e. in (0,T"), and for all( €V, w e Vy and p € Z
@up Qv+ [ Ve Vedo = [ Ulooe(u),2)¢do, (4.4.18a)
Q Q
/ p¢ dzr = / Ve -V{dz + / U (p)¢dr + / W, (p,e(u), z)¢ de, (4.4.18b)
Q Q Q Q

(00, Qv +/QVU -V({dz + a/F(a — or)¢dH! —/QS(cp, o,z)¢ dz, (4.4.18c)

/ Opu - wdx + / [a(2)Ve(Oru) + W (p,e(u), 2)] : e(w)dx =0, (4.4.18d)
Q Q
/8t2pdx+/ d(-,Vz)-Vpdz
@ @ (4.4.18¢)
+/ Epda —|—/ 7(z)pdx —|—/ W .(p,e(u), z)pdz =0,
Q Q Q
where
€€ L*(0,T; H) with € € B(2) a.e. in Q.
Moreover,
0<o< M ae inQ.
Finally, if hypothesis (B2) holds, then
z e L*0,T; Witor) (4.4.19)

for all0 < < 1/p.

The proof is omitted as it is analogous to the one in [Cav25], besides the obvious
modifications. The only difference is the use of the more general operator B instead of
—A,. In particular, the p-Laplace operator enjoys the additional hypothesis (B2), thus
(1.3.5d) can be rewritten as

Opu — d' (2)Ve(0u) V2 — a(z) div [Ve(dpu))
— hW(2)C (e(pu) — Ryp) Vz — h(z) div [Ce(dyu) — CRyp] = 0

and is satisfied pointwise a.e. in ). This is no longer true in the more general case we
are considering, where z does not belong to W+%?(Q) and equation (4.2.1d) is satisfied
in a weaker sense.

To derive the continuous dependence property we aim for, it is necessary to introduce
more restrictive assumptions.

(C1) We require that ¢(x,-) € C2(R?\ {0}) for every z €  and that it complies with
the convexity requirement

DZ¢(x,C)n -1 = Cs(1 + [¢)P~2[n]? (4.4.20)

for a positive constant Cg, for all z € 2, ¢ € R?\ {0} and n € R?.
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Chapter 4. A phase field tumor growth model with damage and mechanical effects

Remark 4.21. As done in [Kne05, Lemma A.1, p. 149], it can be easily proved that
hypothesis (C1) implies the existence of a positive constant Cg such that

(d(2,¢) — d(z,m)) - (¢ — 1) > Co1+ || + ) ~2I¢ — n? (1.4.21)
for every x € Q and for every ¢,n € R%

Remark 4.22. Notice that hypothesis (C1) is satisfied by the non-degenerative p-
Laplacian but not by the p-Laplacian. In fact, the latter operator satisfies the weaker
inequality

Dgp(w, Q) - 1 = Csl P2l
and consequently

(dp(@,¢) = dp(w,m)) - (€ = 1) = Co(I¢] + [n)P~*|¢ —nf”

which will not be enough to prove uniqueness (see also Remark 4.24).

(C2) We assume that

¢ is Lipschitz continuous, (4.4.22)
A, is Lipschitz continuous, (4.4.23)

(C3) We ask that the convex part of the potential ¥ satisfies the following growth
condition

W'(s) = W'(r)| < CO+[s]* + [r[*)]s — 7] (4.4.24)

for a certain constant C' and for all s,r € R.

Notice that, since the derivative of the concave part of W is Lipschitz continuous by
hypothesis (A2), the very same inequality with a different constant holds also for ¥’

(C4) We require that the elastic coefficient satisfies
h' is Lipschitz continuous, (4.4.25)

and that viscous coeflicient
a is constant. (4.4.26)

In the following, when we use this hypothesis, we will incorporate the constant a into the
viscosity tensor V), to simplify the notation.

Theorem 4.23 (Continuous dependence). Let hypotheses (Al)-(A4), (A6)-(A9), (B1),
and (C1)—(C4) be satisfied. Then, for every pair { (i, tti, i, Wi, 2;i) ti=1,2 of weak solutions
to (4.4.1)(4.4.3) corresponding to the initial data {(¢o., 00, U0,i, V0,i; 20,i) }i=1,2 and to
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4.4. Continuous dependence for a modified system

the assigned functions {(fi,0ci, or:)}i=12, the following continuous dependence inequality
holds
1 — w2l oo (vrynrevy + [l — p2llL2vry + llor — o2l Lo (mrynr2 (v

2
+ [lur — wellwroo(mynm vy + 121 = 22llLoe (mynz2ovy + V21 — VZ2H% LP(9))
< C<||800,1 —wo2llv: +lloo1 — do2llm + lwox — wozllv + [[vor — voz2llu
+ 201 = 202l + s = Follzan + loes = ocall 2 + llova = oralzamy )

for a positive constant C' that depends on T, and on ||¢;|| g6y, Mi, [|e(wi)ll Lo (L5 (0));
lzill Lo (@) |1 fill Loo(rry for @ = 1,2. In particular, the solution of (4.4.1) coupled with the
boundary conditions (4.4.2) and the initial conditions (4.4.3) is unique.

Remark 4.24. As it will be pointed out throughout the proof, hypothesis (C1) is a
crucial assumption because it guarantees that inequality (4.4.21) holds. The fact that
the p-Laplace operator does not satisfy it is the reason why we are not able to prove
uniqueness in this case.

4.4.1 Proof of the continuous dependence theorem

Consider two pairs {(v;, pi, 0i, s, ;) }i=1,2 of weak solution corresponding to the assigned
functions {(fu Oc,iy O'F,i)}i:LQ and to the initial data {(SO[)’Z', 00,i, U0,i, VO,i) ZO,i)}i:l,Z- For
the sake of brevity, in the following, we will use the shorter notation

Y= Y1 P2, 0 =01 —02, U= uy — ug, Z =21 — 29,
$o = Po,1 — P02, 00 = 00,1 002, Uo = Uo1 — U2, Vo= Vo1~ Vo2,
20 =201~ 202, [f=/ - fo, Oc = 0c1 = 0c2, OT =01~ 0r2

Moreover, we introduce

ch,z = W (907,7 ( ) Zi); Wez —W (gpf“ (uz> Zz) W = Wz(@iag(ui)azi)a

) )Gy 32

gi = g(i, 2i), )= U (p;), Aci = Ac(z),

)

W,g@ = VV,@,I - WL,D,Q-; We = We,l - We 25 W,z = Wz 1— I/V,z,27

The derivation of the following estimates takes inspiration from [GLS21a, Theorem 4]
for the Cahn—Hilliard and nutrient equations, and from [RR14, Theorem 3| for the
displacement and damage equations, suitably adapted to our setting.
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Chapter 4. A phase field tumor growth model with damage and mechanical effects

Cahn—Hilliard equation. In the following, it will be useful to write the equation in a
more abstract setting. For this reason, we introduce the Riesz isomorphism A : V — V’
classically defined as follows:

(Au,v)yy = (u,v)y = / Vu-Vv+uvde
Q

for all u,v € V. We recall that the restriction of A to W is itself an isomorphism from
W onto H given by
Aw = —Aw +w

for all w € W. We report here, for the reader’s convenience, some of the properties
enjoyed by the operator A:

(P1) <AU7A_1U*>V = (v, u)y forallu e V, v* € V',
(P2) [[A= ||y < ||v*||y- for all v* € V',

1d

(P3) 5&”1}*(75)”%/, = (9*(t), A~ v*(t))y for all v* € H'(0,T; V') and for a.e. t € (0,T).

In particular, property (P2), together with the continuous embedding V' < L7(Q) for an
exponent g € [2,6], yields the straightforward inequality

A~ 0| Loy < Clv*|lvr Yor e V7, (4.4.27)

which will be frequently used in the following. Our aim is to make 4 appear in the
Cahn—Hilliard equation in place of the Laplace operator. With this end, we add the term
u to both sides of equation (4.4.1a) and ¢ to both sides of equation (4.4.1b). Moreover,
to simplify the notation, we introduce the shifted potential

L,

F(p) = V() = 597

and the related term
-/ -/
F =F'(p1) = Fl(p2) =¥ — .
Notice that F' as well as its convex and concave parts enjoy the same properties (A2),

(C3) of W. Writing the equations (4.4.18a)—(4.4.18b) for ¢1, p1 and @2, pz with the
modifications we have discussed and taking their difference, we obtain

A
O + Gy = [ et + [ (0 a ki Jacas
© 4.4.28
+/ ( 20 +f>92Cdx+/ el = Wea Ap02g2( dz ( i
o \1+ W, o L+ W) A+ [Weal) ™ ’
/qux+<Aso,<>v+/F’<dx
¢ ¢ (4.4.28b)

— [ el ~ Rer) s Redo + [ E2Clew) ~ Ryl R,

Q
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4.4. Continuous dependence for a modified system

for any ¢ € V. Notice that we have also rewritten the differences between the mass
sources in equation (4.4.28a), as well as W , in (4.4.28b), adding and subtracting some
addends. We test equation (4.4.28a) with A~'y and resort to property (P3) and (P1).
We test equation (4.4.28b) with ¢ and exploit the definition of A. Then we sum what
we got and notice that the terms (Au, A1)y and (u, )y cancel out. We obtain:

1d , B
sl + el + [ Flodo = [ patpda
Q Q

Apo1 a1 / ( Apo > 4
(=22 o+ a)gA ede + [ (2 ) A o da
/Q(1+!W,g,1| f1>g © o \TH o] [)g2A ¢

/ (Weal = [Wen
+
o L+ [Wei)(1+[Weal)

+/Q}2LC[5(U1) — R ] :Rgpdx%—/ﬂ

(4.4.29)

)\p0292A—1¢ dz

h
?2(3[5(11) —Ry| : Rpdzx
=N+ 1Io+ I3+ 14+ I5 + Is.

First, we observe that we can estimate from below the F' term on the left-hand side
by exploiting the convex-concave splitting for ¥, the monotonicity of W', and the fact
that W’ is Lipschitz continuous. Then, we use the interpolation inequality (2.1.1) and
the Young inequality with a small constant 1 yet to be chosen. We end up with:

/ Fods = / (' (1) — W (2)) 0l + / (' (1) — ¥(02) — P)pda
Q Q Q

= /(@/(901) —U(p2) = p)pde > —Cllell (4.4.30)
Q

—Clieliviielv: > =nliellf — Cyllell-

The next step is estimating from above all the terms on the right-hand side of the
equality (4.4.29). First, we rewrite I; thanks to equation (4.4.28b) with A1y as a
test function. We exploit property (P1), the growth condition (C3), the fact that h is

Lipschitz continuous and bounded, and the boundedness of C and R. Then, we use the
interpolation inequality (2.1.1) and the Holder inequality, leading to:

v

S h
hi= (Ao Ay + [ [F Aeleu) R R - Pe(u) - R R| A

Q

< lleliE +C/Q (L4 lon|* + l2l*) ol + [2] (le(un)] + | a]) + le(w)|] A7 o] da

< lellvliglv: +C (1+ lerliisay + llealibsg ) Iellzo A~ el oy
+ Clzlla (leCen) oy + lenlls) 1A @l + Clle(@) A ol .

Recalling inequality (4.4.27), and that o1, ¢2,e(u1) € L*(0,T; V), we employ the Young
inequality choosing 7 as the small parameter introduced above. We have:

L <Clellv + lzlla + le(@llm) ellv

(4.4.31)
< llel} + Cullellir +C (1217 + lle(w)li?) -
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Chapter 4. A phase field tumor growth model with damage and mechanical effects

Next, we turn our attention to Is. Keeping in mind that o1 € L*>®(Q), f1 € L>(0,T; H),
and that g is Lipschitz continuous, we first apply the Holder and the Young inequalities,
and then the interpolation inequalities (2.3.3), (4.4.27). We infer

bscAa+MMm+wwmwa

<O+ fillpeeny (Iellzs@) + 2l @) 1A @lls @
< C (llellv + lzllzaey) llellve < n (el + 1V2017) + Cp (el + llzl17) -

(4.4.32)

The term I3 can be handled by g boundedness, Holder’s and Young’s inequalities, yielding
to

Is < C (ol + 1 lm) 1A ella < C (lollm + I1fllm) el

(4.4.33)
< C (llolff + 11 +llel?) -
Regarding I, we notice that
[Weal = [Weall < [Wez —Wea| =] = hCle(ur) — Re1] — haoCle(u) — Ry|

< ([l + e + ()] + I¢l),

where the last inequality follows from the boundedness of C, R and h. Consequently,
since o9 and go are bounded, proceeding as before, we have

I < Clizllm (le(ua)llzoq) + lletllzs)) 4™ ellzs @)
+C (le(u)lla + llellm) A elln
< C(lzlle + lle(llm + lellm) lelv (4.4.34)
< C(lelld + 207 + lleCw)liz + lleli7)
< C (llell} + 207 + lle(@)liz) +nlleli + Callely-

Regarding I5, we exploit the fact that h is Lipschitz continuous and the boundedness of
the tensors C,R. As before, we have

QSCAMWWM+MMMM

4.4.35
< 2l (le(wn)llzey + il o) Il 2oy (4.4.35)
< Cllzlmllelly < Cyllzllz +nlloll-
Similarly, we estimate the last addend Ig as follows:
I§C/<€u+) dz < C (|le(w) | + 2
0 <€ [ (letwl+lel)lelds < C (el + el s

< Clle()llF +nllelly + Collely
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Going back to (4.4.29), owing to (4.4.30)—(4.4.36), we infer that
ld, o 2 2 2 2 2
2l + el < n(llell? + 19203 ) + Gy (Il + 1120%)

+C (lloll + le(u)ll + 1£117)

for a certain renamed constant 7, small and yet to be chosen. Recall that C),, depends
also on ||U1HLoo(W1,6(Q))7 ”leLOO(H), and ||g01HLoo(L6(Q)) with ¢ = 1, 2.

(4.4.37)

Nutrient equation. Taking the difference of (4.4.18c) written for o1 and o2 with a test
function ¢ € V', we obtain:

(010, Q)v + / Vo - V(¢dr + a/(o —or)¢dH!
Q I
= / [7)\00'1§ - )\0092 + KC(O-C,l - 01) + AQQ(O'C B U)] Cdﬁ?
Q

Choosing o as the test function, we get

1d

iaHaH% + HVO’”%{ + aHJH%Q(F) —/Q [—)\calﬁ—i—Kc(aql —o01)+ Acgac] odx

—/(Acgg+Ac72)02 dx—i—/apad?-[d_l.
0 r

We recall that o1, g2, Ac2 are bounded, and that, by hypothesis (C2), the functions g and
A, are Lipschitz continuous. Employing this information and the Young and the Holder
inequalities, we obtain

1d
2dt
<o ([ el +lel+lololas + [ P as+ [lorlolant)
Q 0 .
[0
< © (Il + 2l + ol + o3 + lorl2aqey ) + Sl 220y

o)l + Vo7 +alolzam

We handle the term ||¢||% with the interpolation inequality (2.1.1) and then we employ
the Young inequality. Moreover, we move to the left-hand side the term multiplied by
a/2 and then we get rid of it, since it is nonnegative. We infer that

d
SllollE + 1Vollz

(4.4.38)
<nllelly + Colleliy +C (HZH% +lloellF + llollF + HUrH%z(r)> -

Displacement equation. We take the difference of (4.4.18d) written for w; and wus
with a test function w € V{; and we rewrite the term W76. We get:

/ opu - wdr + / [Vs(@tu) + (hCle(u1) — Rep1] + hoCle(u) — Ry)) } ce(w)dz = 0.
Q Q
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Choosing w = 0yu and recalling that V is strongly elliptic from hypothesis (A3) leads to

thHatuHH + Cy|le(Opu) ||3tUHH +/ Ve(Opu) : e(Oyu) dx

I3 <
2
dt (4.4.39)

- / (ACle(ur) — Reon] + haCle(u) — Ryl) : () de
Q
We aim to bound the right-hand side. By (C4), h is Lipschitz continuous and bounded,
and, by (A3), the tensors V,C are bounded. The Holder inequality leads to

1d|
2dt

< C/QIZI(IE(Ul)I+|901|)|€(3tU)|+(|€(U)|+\s0|)|5(8tU)|dév

< Cll2llws () (le(w)llzs@) + llerllzs@) + le(@)la + lella] lle(@mw)| -

Recalling that e(uy), 1 € L=(0,T; L%(Q)), employing inequalities (2.3.3) and (2.1.1),
and the Young inequality, we have
1d
2dt at
< C (lzllzs) + le(@)llm + lllli) (@)l m

< nlle(@eu) I3 + Cy (112135 + ()3 + el )

<0 ([le@u)lE + IV21H + lel¥) + Co (=117 + lellf + lle(w)li?) .
where 7 is the already introduced small constant yet to be fixed.

|Ovu||F + Cvlle(Bru) |7

1Oul|7; + Cylle(Ou) |7

(4.4.40)

Damage equation. Writing equation (4.4.18¢) for z; and 29 and taking their difference,
we obtain

/8tz,0d:v—|—/(d(-,Vzl)—d(-,Vzg))-Vpdx+/£pdx+/Wpdx—l—/W,zpdx:O
Q Q Q Q Q

for any p € Z. Then we choose p = z. We employ the fact that § is monotone, hence the
term with & is nonnegative. Moreover, from the pivotal inequality (4.4.21), we deduce

/ (d(-V21) — d(-, Vzp)) - Vzda > 09/(1+ V1| + Vo)) V22 da
Q Q
> &% / Va2de + 2 / 1+ |V 2V de > L2z + £ V212,
2 Jq 2 Jq 2 2

Finally, we rewrite W , by adding and subtracting some addends. Combining these
elements, we obtain

S ety + LUV + LUV
E/
< - / Tzdx —/ 56[6(’(1/1) —Re1] : [e(ur) — Repi)z de (4.4.41)
Q Q

h/
= [ Rlew) ~ Rl [etwn) ~ Ron + () — Repalade = Iy + Iy + .
Q
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Since 7 is Lipschitz continuous by hypothesis (A6), we have
|I7| < C|lz|%. (4.4.42)

Regarding the term Ig, we exploit the fact that h’ is Lipschitz continuous by (C4), and
the boundedness of the tensors V,C by hypothesis (A3). Applying the Holder inequality
and the Young inequalities leads to

L <C /Q 12l (Je(wn)? + o1 ) || da

4.4.43
< Clzllm (le()lZsq) + letlZs ) 2] zoey (4.4.43)

< Clellullzllv < nll V2l + CyllzliE,

where, as always, n is a small positive constant. Concerning the last addend Iy, we
recall that zo € L>(0,T; Z) — L>®(Q). As a consequence, since h' is continuous, k), is
bounded. Proceeding as before, we obtain

[Io| < C/ﬂ(\é(ﬂ)! +lol) (le(ur)| + 1] + [e(u2)| + |pal) [2] dz

< C(lle(w)lla + llellm)
X (H€(U1)”L6(Q) + le1llsy + lle(u2)ll o) + HSO2HL6(Q)) 121l L3 () (4.4.44)

< C (@)l + Il + 121350
< (el + IV=13) + Cy (Il + 121%) + Clle()l3-
Using (4.4.42)—(4.4.44) in (4.4.41), we deduce

d
S+ V213 + IV 2120
< n (el +1921%) + Cy (lelR + 121%) + Clle()-

(4.4.45)

Conclusion. We sum inequalities (4.4.37), (4.4.38), (4.4.40), (4.4.45) and move the
remaining terms multiplied by n to the left-hand side, choosing 77 small enough. Then,
observing that

le(w)l7 < C (HE(Uo)H?{ +/O le(Dew) |17 d8> :

we obtain

d
5 (16l + o+ ol -+ 11413

T llelfy + ol + (@)} + 19213 + 192112, g
2 2 2 ! 2
< C(HSDHV/ T llol% + 1213 + /0 le(@rw)|l3 ds
+lloeld + lorlZa + lluoll + ||f||%1),
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where the constant C' depends on the quantities || f1[|roc(my)s |22l (Q)s 1®ill oo (o))
lle(wi)l| oo (z8 () for i = 1,2. Integrating in time for ¢ € (0,7) we have

lllf + lloll; + 0wz + 1217

+ [ (1l + 1% + (@) By + 191+ 1921 )

< C(H@oll%// +llooll + lwoll¥ + llwoll?; + ll2oll7; + lloclZaary + lorll7z ()

T t
1By + [ [Hsor%, e N ECI ds] dt),

where C now depends also on T. By the Gronwall inequality, we get
ol oo (viynrzevy + ol oo (mnynr2 vy + lwllw o (mynm (v
2
12l ez vy + IV 2080 oy

(4.4.46)
< C(Hs@on + [loolla + lluollv + llvollg + 20l

+ lloellam + lovll 2ay + 1 lLz2)-

To conclude the proof, we only need to derive the estimate for p. To this end, we proceed
by comparison in equation (4.4.28b). With calculations similar to the ones we have
already performed and exploiting estimates (4.4.46), we obtain the following:

=
lillv < 1Al + [ v
1 - 1
+ SlIRCI(u) = Repr] : Rllvr + 5 1haCle(w) — Rl : Ry
< llplly + IF v + Cllzl(=(w)| + 1)l + Cll=ll + Clela

-/
< Cllellv + IF v + Izllv + lullv)-

It only remains to bound the F' term. By the embedding L%/ >(Q) — V', the growth
hypothesis (C3), and the Holder inequality with exponents 5/4 and 5, we get

6/5 6/5 -/
IF IV < 1 13 / F 5 dr < C / (1+ 1217 + 92 21/7) || da o
24/5 24/5 6/5 6/5 o
< C(+ lerllTdmy + lealtem) el g, < Cleld.

Thus, we infer that

el 2oy < C (lellpzvy + 2l 2o + llwllzon) -

By the already proven estimate (4.4.46), the proof is concluded.
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Chapter 5

Optimal control for a brain tumor
growth model with damage

In this chapter, we investigate the nonlinear PDE system (1.3.14)—(1.3.16), hereafter
referred to as the state system. For each pair of fixed controls x = (x1, x2), representing a
combination of chemotherapeutic and lactate-targeting drugs, the first question concerns
the well-posedness of the associated initial-boundary value problem. As we will show in
Section 5.1, the answer is affirmative. In particular, existence is established by combining
a suitable maximum principle with Moser-type estimates to prove the boundedness of ¢
and o, together with a fixed-point argument, a time discretization of the displacement
equation (1.3.14c), and a Moreau—Yosida approximation of the convex part of the potential
W. The main mathematical challenges arise from the nonlinear coupling of the equations
and, in particular, from the dependence of the elasticity and viscosity matrices in (1.3.14c¢)
on ¢ and z. Strengthening the assumptions on the initial data and assigned functions,
it is possible to prove more regularity and thus a continuous dependence result. Once
well-posedness has been established, it is then natural to introduce the following cost
functional:

T((,0,u,2),%) =" lp = paliaq) + 2o (T) - pallh +a /Q o(T)da

+ *IIG —0Ql72q) + *IIG(T) — oalli

047 ) (5.0.1)
4‘*H\/ HL2 7||Z—ZQHL2(Q)
v | z(T)dx+7nxuiz<@
The non-negative constants aj, ..., ag are weights that cannot simultaneously vanish,

while ¢g, pa, 09, 0q, 2g are target functions. More explicitly, the term g (resp. o,
2q) is a desired evolution for the tumor (resp. the lactate, the damage), while ¢q (resp.
0q) is a desired final configuration of the tumor (resp. concentration of the lactate). The
third and eighth addends measure the size of the tumor and the magnitude of the damage
at the end of the treatment. Since the presence of high mechanical stress, especially in
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certain areas of the brain, can compromise its functionality, we are interested in keeping
it low. The sixth term serves this purpose, and v may be, for instance, the indicator
function of a subdomain of €2 where the stress is intended to remain low. Finally, the
last addend is a L2-regularization for the controls. We are interested in studying the
minimizers of the cost functional (5.0.1) subject to the PDE system (1.3.14)—(1.3.16) and
constrained to a suitable admissible control set. We define it as Uyq = L{;d X Z/{gd with

U;d = {Xl € L2(O,T, V) mLOO(Q) : ”XlHLQ(V) S Cad, Xl S X1 S Yl a.e.},
Uy = {x2 € L¥(Q) : x, < X2 <X a0},

where Cyq > 0 is a fixed constant and x,, X1, X,» X2 € L>(Q) are given nonnegative
threshold functions such that U,q is nonempty. The admissible control set Uy,q is a subset
of

U=U"xU* = [L*(0,T;V) N L®(Q)] x L™(Q)
equipped with its natural norm that we denote with ||-||z.

Remark 5.1. Notice that U,q is a nonempty, closed, and convex subset of /. Moreover,
there exists a positive constant R such that

Usa CUR ={x €U : |Ix|lu < R}
Thus, the optimal control problem we are interested in can be stated as

Minimize the cost functional J ((p, 0, u, z),x) subject to the control constraint
X € Ugq and to the state system (1.3.14)—(1.3.16)

which is a nonlinear and nonconvex minimisation problem subject to PDE constraints, and
will be treated through the direct method of the Calculus of Variations (see Section 5.2).
Then, a major objective is to derive first-order necessary optimality conditions, expressed
in the form of a variational inequality. This is achieved by proving the differentiability
of the control-to-state operator, which, in turn, requires linearizing the state system,
and then introducing the so-called adjoint system. Even though numerical aspects are
beyond the scope of this thesis, recall that the necessary conditions for optimality are
the starting point for finding a numerical approximation of the optimal controls through
gradient-descent-like methods. Among the huge literature regarding optimal control for
tumor growth models (see, e.g., [BAD15], [Col+21], [GL16], [GLR18], [EK19], [Sig20],
and the references cited therein) we would like to recall [Che+24], where the authors deal
with a brain tumor-specific model. The resulting PDE system couples three parabolic
equations, one for the tumor cell density, and the other two for the intracellular lactate
concentration and the capillary lactate concentration, respectively. Another perspective
related to the present work is the one from [GLS21b], in which the authors consider a
phase field model of Cahn—Hilliard type taking into account the presence of a nutrient
(such as oxygen or glucose) and mechanical effects.
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5.1 Analytic results regarding the state system

In this section, we begin by listing the basic assumptions that will be used through-
out the chapter and by introducing the notion of weak solution for the state system
(1.3.14)—(1.3.16). Then, we prove that weak solutions do exist. Under strengthened
hypotheses, we subsequently derive additional regularity and prove the continuous depen-
dence of solutions on the given data (in particular, on the control). All of these results
together yield the well-posedness of the system, which constitutes the essential starting
point for the analysis of the associated control problem.

5.1.1 Hypotheses

‘We now introduce a set of basic structural assumptions that will remain in force throughout
the chapter.

(A1) We suppose that

p, g : R? = R are continuous functions, (5.1.1)
0<p<p", 0<g<yg, (5.1.2)

where p*, g* are positive constants, and that

N is a positive constant. (5.1.3)

(A2) We assume that
k1, ko, S : R? — R are continuous and (5.1.4)
OSklfkf, O<k2*§k2§k;, OSSSS*, (5.1.5)

where kY, ko, k5, S* denote fixed positive constants.

(A3) We require that A = (a;jxn), B = (bijrn) : R? — R™"X1X" are symmetric fourth-
order tensors such that

A, B are of class C* and bounded along with their partial derivatives, (5.1.6)
A is strictly positive definite, (5.1.7)
B is positive definite. (5.1.8)

Moreover, we assume
£ e L=(H). (5.1.9)
(A4) We suppose that there exists a 3 : R — [0, +00] such that

D(B) € [0,1], /3 is proper, Ls.c. and convex (5.1.10)

and we denote its subdifferential by 8 := 83 Rz R
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(A5) We consider a function 7 € C'(R) and we denote by 7 := 7' its derivative, requiring

that
T is concave, (5.1.11)
7 is Lipschitz continuous. (5.1.12)
(A6) We suppose that
L€ L0, T; H). (5.1.13)

(A7) We assume that F': Q x R x R™™" — R is
a Carathéodory function. (5.1.14)
Moreover, we require that

F(z,-,-) : R x R™™ — R is Lipschitz continuous , i.e.,

(5.1.15)
dCF > 0 s.t. |F(:C,g01,€1) — F(J:‘,(pz,@” < Cp (|901 — SDQ‘ + ‘61 — 62|)
for a.e. x € Q, for all €1,e3 € R™™ ™, 1,9 € R, and that
F(z) = F(x,0,0) € H. (5.1.16)

Remark 5.2. Notice that from the requirements (5.1.15) and (5.1.16) we trivially deduce
that

F(2,,)| < |F(@,0,¢) — F(2,0,0)| + |F(2,0,0)| < Cr (g + |el) + [F(z)| (5.117)
for a.e. x € Q and for all p € R, e € R"*".

In the following, for the sake of brevity, we will omit the dependence of F' on the point x
in the notation, using F' (¢, €) instead of F'(x, ¢, €).

(A8) Regarding the boundary conditions, we suppose that
or € L*(0,T; L*(I")), 0<or < My, (5.1.18)
where M is a fixed positive constant.

(A9) The initial conditions satisfy

poeV, 0<¢o <N, (5.1.19)
oo € H, 0 <0< Mo, (5.1.20)
ug € Vb, (5.1.21)
2w €V, Blz) e L'Q). (5.1.22)

114



5.1. Analytic results regarding the state system

To establish a continuous dependence result, additional regularity of the solutions is
required. This, in turn, demands stronger assumptions on the given functions and on the
initial data.

(B1) p,g € C*YR?) N CHR?),
(B2) k17k275’ € 0071(R2)7
(B3) 1 € HY(0,T; H),

(B4) @0 € W, ug € Wy, 20 € W and 8°(2) € H, where 8° is the minimal section of 3.

5.1.2 Definition of weak solution and main results

Definition 5.3. We say that the quadruple (o, o, u, z) is a weak solution to the PDE
system (1.3.14) endowed with the boundary and initial conditions (1.3.15)—(1.3.16) if

o € H'0,T; HYNL>®(0,T; V)N L*(0,T; W), 0<¢ <N,
o€ HY0,T; V)N L®(0,T; H) N L*(0,T;V), 0<o <M,
u e WH(0,T; Vo),
ze HY0,T; H) N L>®(0,T; V)N L*0,T; W),

where M = M (My, S*), with
¢(0) = o, (0) =00, u(0)=wuo, 2(0)=z2
a.e. in ) and there exists a subgradient
£ L*0,T;H), €€pB(2) ae inQ

such that

[ o+ 9o v an = |

; [(p(a, z) = x1) (1 - E) — ¢g(o, Z)] (dz, (5.1.23a)

N

o o - M €T o—0 d—1
@,y + [ 9o ves HEI% Nar s [ o orcan .
— [ xeS(e2)¢ds,
Q
/ [A(p, 2)e(0u) + B(p, z)e(u)] : e(v) dx = / f-vde, (5.1.23c)
Q Q
/ [002C + V2 - VC + €€ + 7(2)¢] da = / L — F(g, e(u))] ¢ da, (5.1.23d)
Q Q

a.e. in (0,T), for every ( €V and v € Vj.
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Remark 5.4. Notice that, with the regularity we require, a solution of (1.3.14)—(1.3.16)
in the sense of Definition 5.3 satisfies equation (1.3.14a) and inclusion (1.3.14d) a.e. in

0.

Theorem 5.5 (Existence). Under the set of hypotheses (A1)—(A9), for every x € U, the
PDE system (1.3.14) endowed with the boundary and initial conditions (1.3.15)—(1.3.16)
admits at least one weak solution in the sense of Definition 5.3.

Remark 5.6. As mentioned in the Introduction, it is possible to allow the tensors A, B
to depend on the lactate 0. However, this would require ¢ to have the same regularity as
v and z (see Step IV of the existence proof). To ensure this, we would need the additional
assumptions o € V and op € H'(0,T; L*(T")) N L?(0, T; H'/?(I)). Nevertheless, we do
not point out this additional regularity for ¢ in the statement of the following regularity
theorem, also because it is not needed for the continuous dependence result stated in
Theorem 5.8.

Imposing the additional hypotheses (B1)—(B4), an improvement of the solution regularity
can be achieved.

Theorem 5.7 (Regularity). Under the set of hypotheses (A1)~(A9) and (B1)—(B4), for
every X € Ur, the solution to the PDE system (1.3.14)—(1.3.16) we found in Theorem 5.5
enjoys the further reqularity

o€ HY0,T; V)N L>®(0,T; W) N L*(0,T; H3(Q)),
u e Whee(0,T; Wy),
2z € HY0,T; V)N L>®(0,T; W),
and the subgradient satisfies
£e L>®0,T;H).

Moreover, the following estimate is satisfied

lellzr (vynpegwynzz s + ol mannze= ez (5.1.24)

+ [[ullwreewy) + 21l @1 (VLo vy < Cr

for a positive constant Cr that depends on the initial data, the assigned functions, and,
i particular, on R.

The improved regularity obtained in Theorem 5.7 is enough to prove the following
continuous dependence result.

Theorem 5.8 (Continuous dependence). Under the set of hypotheses (A1)—~(A9) and
(B1)~(B4), for every pair {(pi,0i,w;, 2)}i=12 of weak solutions to (1.3.14)—(1.3.16)
having the regularity prescribed in Theorem 5.7 and corresponding to the initial data
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{(0,i, 00,4, w04, 20,i) ti=1,2, the controls {x;}i=12 € [Z/{R]Q, and the assigned functions
fi ti,ori)ti=1.2, the following continuous dependence inequality holds
K3 ) k]
o1 — @2llLoe(mynr2(vy + o1 = 02l Loo(m)nr2(vy + w1 — w2l vy
+ (|21 = 22|l oo (1) L2 (v

< CR(HSOO,l -

lx1 = Xallzaqn + 11 = Fallaqn + I = eall o + lora = orallaey) )

for a positive constant Cr that only depends on the initial data, the assigned functions,
and on R.

In particular, the solution of (1.3.14) coupled with the boundary conditions (1.3.15) and
the initial conditions (1.3.16) is unique.

5.1.3 Existence of weak solutions

The proof of Theorem 5.5 will be performed through a Schauder fixed-point argument.
To do it properly, the first step consists in proving the existence of weak solutions for an
approximate system.

The approximate system. The approximate problem is obtained by replacing the
maximal monotone operator 8 with its Yosida approximation 3y := (53))’, where X\ €
(0, \*) is intended to go to 0 in the limit. Moreover, we introduce the truncation function

oy
alp) = {SO(l_N) Ho<p<H, (5.1.25)

0 otherwise,

and we use it in (1.3.14a) in order to have a bounded term on the right-hand side
instead of a quadratic one. Finally, in equation (1.3.14b) we substitute the denominator
ka(p, z) + o with ka(yp, z) + |o| to be sure that it does not vanish. This way, we get the
approximate PDE system:

Op — Ap = (p(o,2) — x1) alp) — ¢y(a, 2), (5.1.26a)
0o — Ao + m = x25(¢p, 2), (5.1.26b)
— div [A(p, 2)e(0ru) + B(p, z)e(u)] = f, (5.1.26¢)
Oz — Az + Ba(z) +7(2) =1 — F(p,e(u)). (5.1.26d)

Definition 5.9. We say that the quadruple (p, o, u, 2) is a weak solution to the approz-
imate PDE system (5.1.26) endowed with the boundary and initial conditions (1.3.15)—
(1.3.16) if

o e HY(0,T; H)N L>®(0,T; V)N L*0,T; W),
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o€ HY(0,T;V)NnL>®(0,T; H) N L*(0,T; V),
u € Whe(0,T; Vo),
ze€ HY0,T; H)NL>®(0,T; V)N L*0,T; W),

with
©(0) =0, 0c(0) =00, u(0)=1wug, 2(0)=2 a.e in,

and it satisfies

/ [OrpC 4+ Vi - V(] dx = / [(p(o, z) — x1) alp) — ¢g(o, 2)] ¢ dz, (5.1.27a)
Q Q
o ’C>V+/ﬂ [V ver ka(p,2) + IUI] 4 +/r( e (5.1.27D)
= / X25(507 Z)(dl‘,
/ ) + B(p, z)e(u)] : e(v) da = / f-vdz, (5.1.27¢)
Q Q

/ [002C + Vz - V( + Ba(2)¢ + m(2)¢] do = / [t — F(p,e(u))] ¢ dz, (5.1.27d)

Q

a.e. in (0,T), for every ¢ €V and v € Vj.

Notice that, if (p,0,u,z) is a solution of (5.1.26), (1.3.15), (1.3.16) in the sense of
Definition 5.9 and we are able to prove that 0 < ¢ < N and 0 < ¢ < M, then the
truncation function in equation (5.1.26a) and the modulus in equation (5.1.26b) can be
removed.

Proposition 5.10. Assume that the set of hypotheses (A1)—(A9) holds. Then, for all
A € (0, "), the approzimate PDE system (5.1.26) endowed with the boundary and initial
conditions (1.3.15)—(1.3.16) admits at least one weak solution (px,ox, Wy, 2)) in the sense
of Definition 5.9. Moreover, we have that

0<py <N, 0<oy<M (5.1.28)

a.e. in Q, where M = (My+ S*)eT. Finally, there exists a positive constant C' depending
only on the data of the problem and not depending on A such that

oAl (nynre(vyneowy < C, (5.1.29)
loxllzr(vnnze@)nrzv) < C, (5.1.30)
Juallw.oe vy < C, (5.1.31)
l2xll 51 (mynpe (vynczowy < C, (5.1.32)
18x (22| L2 (ary < C- (5.1.33)
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Proof. The proof is based on the Schauder fixed-point argument (see e.g. [Bréll, p. 179)).
We introduce the Banach space

X = {(0,2) € L*(0,T; H) x L*(0,T; L>())}
endowed with the standard norm

1(os 2l = lloll 2y + 20 2o ()

In what follows, we construct an operator v : X — X, to which we intend to apply the
Schauder fixed-point argument.

Step 1. Starting from (7,%) € X, we find p € HY(0,T; H) N L>(0,T;V) N L*(0,T; W)
as the unique solution of the semilinear parabolic equation with Lipschitz continuous
nonlinearity

e — Ap = (p(7,2) — x1) a(p) —¢g(0,2) in@Q,

O =0 on 3, (5.1.34)

©(0) = o in Q,
exploiting that g(@,%z) € L>(Q) and (p(7,%) — x1) € L=(Q). The well-posedness of this
system can be proved in several classical ways, such as Galerkin discretization (see, e.g.,
[Tr610, Lemma 5.3, p. 373]) or semigroup theory (see, e.g., [Pat19, Chapter 20]). The

regularity can be shown by standard results for linear parabolic equations (see [DL92;
Lio61]), from which we obtain the estimate

ol 21 (Lo (vynLzwy < C, (5.1.35)

for a certain positive constant C' independent from A and (7, Zz). Next, we aim to prove
that
0<p<N. (5.1.36)

To do so, we test the first equation of system (5.1.34) with (¢ — N)* and we integrate
over {2. Thanks to the boundary condition, we obtain:

+2 N+2 N 2
s L= Par <55 o= N*Pde+ | [ie- Mt

—/<w7>xﬁmww—Nﬁm—/QMm@w—Nﬁmsu
Q Q

where the last inequality holds because where ¢ > N by definition a(y) = 0 (so the first
addend is equal to 0) and ¢ is trivially positive (so the second addend is non-positive).
Integrating in time, it follows that

JACE d$</|sﬂo— de =0,
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employing hypothesis (A9) according to which ¢y < N. As a consequence, ¢ < N a.e.
in . In a very similar way, we test the same equation by —p~ and integrate over (2,
obtaining:

_ 2 2
s L Par <5y e Paos [ v Pas
_ /Q (@7 — x1) o)™ da — /Q o297, 7) dz < 0.

Integrating in time, it follows that

/|so—|2dms/ o5 [2de =0,
Q Q

since ¢ > 0 by hypothesis (A9), so ¢ > 0 a.e. in Q). Notice that we can consequently
remove the truncation a.

Step 2. Starting from (7,%) and ¢, we find o € H'(0,T; V') N L*>(0,T; H) N L?(0,T; V)
as the unique solution of the following linear parabolic equation

(0. %
oo — Ao + km =x25(p,Z) inQ,

2\¥)
Opo+o—op=0 on X, (5.1.37)
o(0) =09 in Q.

Using hypothesis (A2) and standard regularity results (see, e.g., [Lio61]), we also have
that

ol (viynLemnzvy < C, (5.1.38)

for a positive constant C' that does not depend on A, (7, %) and ¢. Now we want to prove
that there exists a positive constant M that depends only on My, R, S*, and T such that

0<o<M (5.1.39)

almost everywhere in ). Multiplying the first equation in (5.1.37) with —o~, integrating
over ) and employing the boundary condition, we get

2
2dt/]a\dac
ki(p, 2o *
24 /v 2d+/ 2aHt 4 L d
—th/|a| vt [ Vo de o] o ka(@.2) + o]
/XgS(ga, Z)o~ dx—/apa_ dH4t <o.
I

Integrating in time over (0,¢), we have

/| “2ar< L /\JO| dt =0,
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where the last equality stands because of hypothesis (A9). As a consequence, o > 0 a.e.
in Q. Finally, we employ a standard Moser—Alikakos technique to prove that o < M for
a certain M > 0 yet to be found. We multiply the first equation in (5.1.37) by go¢~!
with ¢ > 2 and integrate in space over ). Notice that, in order to be sure that all the
integrals are well-defined, one should introduce a truncation of o,

o ifo <k,
Of = X
k otherwise,

for k € N, multiply the previous equation by ¢(o3)?~! and proceed as we will do. In the
end, having obtained an estimate that does not depend on k, one should pass to the
limit as £ — +o00 and recover the thesis. We will not do it in this rigorous way to avoid
overloading the exposition, and we proceed formally testing the first equation in (5.1.37)
by qo?”!, obtaining

d _ — kl(@az)aq
— Jqu—i-q(]—l/UqZVUde—i-q/quHdl-i-q/d$
dt Q ( ) QO ‘ ’ T Q kQ((,D,Z) + |0-‘

= q/rfraq‘ldﬂd‘l +q/ x25(p,2)0% ! da
T Q
< qMy / ot LA + qRS*/ A
N Q
<(qg—1) / ol dHIL + (Mp)4|T| + (g — 1)/ o?dz + (RS*)?|Q|
T Q

using the boundedness of or and S from hypotheses (A8) and (A2), together with the fact
that yo € U? = L>(Q), and finally applying Young’s inequality with exponents ¢/(q — 1)
and ¢. Doing the obvious simplification in the previous inequality and employing the
fact that o is non-negative, we obtain:

d

d/ — — kjl(gp,Z)O'q
< — oqu+qq—1/aq2V02dx+/0qud1+q/dﬂ?
at Ja =) J ot Wolides | o Fal.2) + 0]

o?dx

IN

(MD)Q|P|+(q—1)/Qo—qu+(Rs*)Q|m.

Integrating with respect to time over (0,t), recalling that by hypothesis (A9) o¢ < My,
we find

t
/aq(t)dx</agd:v+(Mo)q]F|T—|—(RS*)q|Q]T—|—(q—1) // o4 dz dt
Q Q 0JQ

t
< (Mo)q(|(2|+|F|T)+(RS*)‘1|Q|T+(q—1)// o dz dt.
0J/Q
whence we deduce

1 el 1] 4=l
lo(®)lzaey < [Mo(19 + [FIT)s + RS*Qi77] T
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using the Gronwall inequality and then taking the ¢**-root of both sides of the inequality.
Passing to the limit as ¢ — 400, we have

o ()| o) < M = (Mo + RS*)e”

for a.e. t € (0,7).

Step 8. Starting from ¢ and z, we find u € W°°(0,T; V;) as the unique solution of

/ [A(p,2)e(Opu) + B(p,Z)e(u)] : e(v) dae = / f-vdx Yo e,
Q Q

u(0) = ug a.e. in €.

(5.1.40)

To do so, we proceed by time discretization. We consider a uniform partition of [0, 7T
with time step 7 > 0 and equidistant nodes 0 =ty < t; < --- < tg. = T. We also
[0, 7] if k=1,
1

introduce the notation:
R
(i 7] itk=2...K,.

We approximate ¢, Z, and f with their local means, i.e., we define

1 [t 1 [t 1
ff == fds, gp’ﬁ = / pds, z’; = / z ds,
t t

T Jik—1 T k=1 T Jk—1
k

T T

for every k =1,..., K,. To keep the notation short, we also introduce
Aﬁ = A(Qﬁﬁ, 27]?)’ Bﬁ = B(C,Oﬁ, Zf)

Remark 5.11. It is obvious that, since ¢,z € L>(0,7;V) and f € L*°(0,T; H), then
ok 2k €V and fF € H with

65l < llellpoeqvys 25l < IZllzeqrys IR < NLF oo, (5.1.41)
for every k=1,..., K.

0 _

Starting from w; = ug € Vp, we solve recursively the following time-discrete problem:

Given ub~! € Vg, find u® € Vj s.t. for all v € 1}

ki k-1 5.1.42

/A’ﬁa(uTuT) :6(v)dx+/ BFe(uk) : e(v)de = / frvde. ( )
Q T Q Q

Since the equation in (5.1.42) can be rewritten as

/(Aﬁ + 7BM)e(uk) : e(v) dz = / TR v Ae(ufh) e(v) da (5.1.43)
) Q

where A¥ +7BF is strictly positive definite and the right-hand side yields a linear bounded
functional on Vjj, the existence follows from Lax—Milgram Theorem. Now our aim is to
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pass to the limit in the discrete equation, recovering a solution to the original problem.
For the sake of brevity, we introduce the shorter notation

to denote the discrete velocity. Taking v* as a test function in equation (5.1.42), it is
easy to prove that

loFlve < C (I1Fll oo iy + lluollve) (5.1.44)

where the constant C depends on 1" but non on k, A, go’ﬁ, and zf . As a consequence, since

k
’uk—TE vl +u
T T 0,
Jj=1

we also have that
Jullv, < C (5.1.45)

where, again C' depends on f, ug and T but not on k, A, ©*, and z¥. Given any sequence
of scalar, vector-valued or tensor-valued functions {w’ﬁ}f;o defined over (2, we introduce
the piecewise constant interpolations w, and the piecewise linear interpolation w, over
the time interval [0,7] as

_ t—th! th—t
wet) =k, @n() = w4 T

for every ¢t € I*. With this new notation, notice that d;%, = v, and estimates (5.1.44),
(5.1.45) trivially lead to

s [[wree (1) + 1wrllLoo (v < C-

By standard compactness results, we obtain the existence of a function u € W1>°(0, T; {)
such that

U —u weakly-* in WH(0,T; V),
Ur > u weakly-* in L*°(0,T; Vp).

Moreover, by their definition as local means in time, it holds true that
f-—7f strongly in L*(0,T; H)

and that
Or =, Zr > Z a.e. in Q.

Recalling that A and B are continuous and bounded by hypothesis (A3), it follows that
A — Alp,2), Br — B(p, %) strongly in L*(0,T; H)
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by the Dominated Convergence Theorem. These convergences are enough to pass to the
limit in the equation

/AsvT. dx+/B€uT. dx—/f

for every v € V and a.e. t € (0,7, showing that w is a solution to the original system.
Notice that from lower semi-continuity of the norm with respect to weak-x convergence
and estimate (5.1.3), we also have that

wllwreoy) < C; (5.1.46)

where C depends on 7', f, and ug but is independent of A and (¢, Zz). Finally, we should
prove that the solution is unique, but this easily derives from the fact that the equation
is linear in u, A is strictly positive definite, and B is bounded.

Step 4. Starting from ¢ and wu, we find z € H'(0,T; H) N L>(0,T;V) N L?(0,T; W)
as the unique solution of the semilinear parabolic equation with Lipschitz continuous
nonlinearity

Oz — Az + PBa(z) + m(2) =1 — F(p,e(u)) in Q,
Opz=0 on Y, (5.1.47)
2(0) = 2o in Q.

Notice that, thanks to hypothesis (A6), inequality (5.1.17), and estimates (5.1.35),
(5.1.46), t — F (¢, e(u)) is uniformly bounded in L*>°(0,7T"; H). Now we want to prove that
there exists a positive constant C' (which does not depend on A and (&, %)) such that

2] 1 (ynLoe (vynLzowy < C. (5.1.48)

Testing the first equation in (5.1.47) by 0;z and integrating over 2, we have

/latz\Qd:c—i—/ |Vz]2dac+/5A
Q

:—/W(z)é?tzdx—i—/ [t — F(p,e(u))] Oz de
Q Q
< C/Q (1214 14+l + fl + leCan)| + F1) [12] da

1 .
<5 [P0 [ (1o 1 WP 4P + () + PP do
Q Q

1 t
S/ |8tz]2dx+C/ |20]2d1:+0// |0p2|* d ds
2 Ja 0 0/a

€ [ (L4UP +1oP + () +F?) do.
Q
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where we have used the fact that 7 is Lipschitz continuous by hypothesis (A5), inequality
(5.1.17) (cf. hypothesis (AT7)), applied the Young inequality and the fact that

t
z(t) = 2o +/ Oz ds.
0

Integrating in time over (0, 7), we obtain

17 1 _
// |8tz]2dxdt+/ yw\?d“/m(z)dx
2 JoJa 2 Jo Q
1 R T rt
g/ \Vzolzdx+/5,\(z0)dw+(}'/ zo|2dm+C/// |0y 2| dzdsdt
2 Ja Q Q 0JoJa

4 [ (141l 16 + ew? + | FP) dod
0JQ

T rt
§00+C+C/// |0;2|* dxdsdt,
0J0JQ

where we have used the fact that B,\ < B by definition of Yosida approximation (cf.
Section 2.5.1). Applying the Gronwall inequality, we obtain

121z ()L vy < C,

where C' > 0 does not depend on (7,%). By comparison in the first equation in (5.1.47),
we have

|=Az + Br(2) |2y = (=02 — 7(2) + ¢ — F(p,e(w))ll L2 ()
< C([l2l gy + 1+ lle = Fp,e(u)) o (i) < C

where C' does not depend on A and (7,%). On the other hand, we observe that
¢
=2+ By = |- Belag + 18 ey +2 | [ ~Azr() dods

t
= I=Aelfay + I +2 | [ B)ITadras
2 H_AZH%?(H) + ||5/\(Z)H%2(H)7

where the inequality holds because 3} is monotone and Lipschitz continuous (so it is a.e.
differentiable with non-negative derivative). Combining the previous two inequalities, we
have proved

|[=Az|l2my + 11Bx(2) |2y < C

and, as a consequence, by elliptic regularity, we finally obtain estimate (5.1.48).

In the previous steps, we have built an operator v : X — X such that (7, %) = (o, 2).
From what we have already proved, it is straightforward that
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v is well-defined,
because each of the problems (5.1.34), (5.1.37), (5.1.40), (5.1.47) is well-posed, and that
~v(&X) is a compact subset of X,
because the following compact embeddings hold
HY0,T; V)N L®(0,T; H) N L*(0,T;V) < L*(0,T; H),
HY0,T; H)NL>®(0,T; V)N L*(0,T; W) < L*(0,T; L°°(Q))
by the Aubin-Lions Theorem (see Lemma 2.8). To apply the Schauder fixed point
Theorem, it remains to prove that
«y is continuous with respect to the norm ||| x.
Thus, given a sequence (G, Z) strongly converging to (7, %) in X, i.e. such that
G —o  strongly  in L*(0,T; H), (5.1.49)
Zp —Z  strongly  in L2(0,T;L%°(Q)), (5.1.50)

we aim to verify that (og, zx) — (0, 2) strongly in X'. By the uniform estimates (5.1.38),
(5.1.48) and standard compactness results, we know that there exists a pair (p, () such
that, along a subsequence that we do not relabel,

op —p  weakly-x  in H'(0,T;V')NL>(0,T; H) N L*0,T;V), (5.1.51)
strongly in L*(0,T; H), (5.1.52)
a.e. in Q, (5.1.53)
2y — ¢ weakly-x  in HY(0,T; H) N L>®(0,T;V)NL*0,T; W), (5.1.54)
strongly in L?(0,T; L>(Q)), (5.1.55)
a.e. in Q. (5.1.56)

The proof is complete if we show that (p,() = (o, 2), i.e. that p (resp. () is the solution
of problem (5.1.37) (resp. (5.1.47)) corresponding to the datum (7, %). In fact, at this
point, since every subsequence admits a sub-subsequence that converges to the same
limit, the convergences (5.1.52) and (5.1.55) hold for the whole sequence. To do so, we
pass to the limit as k — +oo in the systems (5.1.34), (5.1.37), (5.1.40), (5.1.47) with
initial datum (o, Zx) that, by definition of ~, are satisfied by ¢, ok, ur and z.

Step I. We know that oy satisfies

Orpr — Apr = (p(Tk, Z) — x1) (0r) — g (Tk, Zk)

in L2(0,T; H) and we aim to pass to the weak limit in this equation as k — +oco. From
the uniform estimate (5.1.35) and standard compactness results, we assert that there
exists a ¢ such that, along a further subsequence that we do not relabel,

or — ¢ weakly-x  in H'(0,T; H) N L®(0,T;V)NL*0,T; W), (5.1.57)
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strongly in C°([0, T); H'=¢(Q)) N L*(0, T; H*¢(Q)), (5.1.58)
a.e in Q. (5.1.59)

for every 0 < € < 1. Moreover, since 73 — & strongly in L?(0,7; H) and Z; — Z strongly
in L2(0,T; L>(Q2)), it holds

O — 0, 2y — Z a.e in Q, (5.1.60)

possibly extracting a further subsequence. This implies that we can pass to the limit in
the equation: the terms on the left-hand side are trivial and the terms on the right-hand
side converge strongly in L?(0,T; H) because we can apply the Lebesgue Convergence
Theorem. In fact p, @ and g are continuous and uniformly bounded (thanks to hypothesis
(A1) and by definition of a in (5.1.25)), and their arguments converge a.e. (thanks to
(5.1.59), (5.1.60)). So, ¢ actually solves system (5.1.34) with data (7,Z): by uniqueness
of the solution, we may identify ¢ with (.

Step II. The passage to the limit in the equation

k1(ok, Zk) ok
ko (ok, ZK) + |o%|

Oror, — Aoy, + = x25(¢k, Zk)

is quite similar to the previous one, so we will not do it in detail. It allows us to assert
that p = o and satisfies (5.1.37) for the data ¢ and (7,%).

Step II1. Regarding wuy, the solution of (5.1.40) from the data (pg,Z), there exists a w
such that, along a non-relabeled subsequence,

U — w weakly- * in W (0, T; V) (5.1.61)

from (5.1.46) and standard compactness results. Thanks to this convergence, we are able
to pass to the limit in the equation

/QA(cpk,zk)E(atuk) ce(v)de + /Q B(ok, zZk)e(ug) : e(v)dz = /Q f-vde

for every fixed v € Vj. In fact, A and B are continuous from hypothesis (A3) and ¢y, Zg
converge a.e. to ¢, z employing (5.1.59) and (5.1.60), which implies that

Alpr, zr) — Alp, 2), B(ek, zr) — By, Z)

a.e. in ). Moreover, A and B are bounded by hypothesis (A3). Thus, (5.1.61) is enough
to pass to the limit in the previous equation, and we may identify w with u since it is
the unique solution of system (5.1.40) with initial data ¢ and Z.

Step IV. The passage to the limit in the equation
Oz, — Az + Ba(zk) + 7(zk) = ¢ — Fpg,e(ug)),
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is obvious in all the terms with the exception of F'(¢g,e(uy)), because of the convergence
(5.1.54), (5.1.55) and the Lipschitz continuity of ) and w. However, we need to prove
stronger convergence for e(uy) to treat the last one. Thus, we take the difference of the
equations satisfied by u; and u; and test it with dyv, where v = u; —u;. After summing
and subtracting some terms, we obtain:

/ Aok, Zk)e(0p) : e(Opv) do = —/ [A(pr, zK) — Alpr, z1)] e(Orwy) = e(0pv) dr
Q Q
_ / Blor, 21)e(w) : e(Opw) dz — / BlowZ) — Blon 2] e(w) : () da.
0 0

Exploiting strictly positive definiteness of A, Lipschitz continuity of A and B, boundedness
of B from hypothesis (A3), and using the Holder and the Young inequalities, for a.e.
t € (0,T) we get

CA*/ |e(0pw)|? da Sn/ \E(@tv)|2da:+0n/ le(v)|? dx
0 0 Q
+ (”SOk — @ill7o() + 17 —711\%00(9)) /Q (le(@ur)? + [e(wp)[?) da

for a positive 1 small enough. Then we integrate in time over the interval (0,¢) and
move to the left-hand side the term multiplied by the small coefficient . Moreover, from
(5.1.46), we know that ||e(w;)| g and ||e(0yw;)||z are uniformly bounded in time and the
following equality holds

e(v(s)) = £(v(0)) + /O T c(Ow)dr = /O () dr,

where we have used the fact that uy(0) = u;(0) = wp. Combining all these elements, the
previous inequality becomes

/Ot/ﬂ le(0¢v)|* ds gc{/ot (/OS/Q |E(8tv)!2d$d7> ds

+ ok = @ullF2 (oo 0y + 178 — Zl”%2(L°°(Q)):| :
Applying the Gronwall inequality, we obtain
12@0) 122 < CeT [k = @ull3agaooqay + Ik = ZlZ2zey] = 0
as k,l — 400 thanks to the strong convergences (5.1.55) and (5.1.58) with e small enough
(so that the embedding H?~¢ < C°(Q) holds). This implies that also [|e(v)]|fee(s)

vanishes in the limit. So, {u} is a Cauchy sequence in H'(0,7T; V) and consequently
converges. Thus, we have proved that

U — U strongly in H(0,T;Vp), (5.1.62)
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where we are able to identify the limit with w because of the known convergence (5.1.61).
Now we can conclude the passage to the limit in the damage equation. In fact, F' is
Lipschitz continuous by hypothesis (A7), ¢, — ¢ strongly in L2(0,T; H) by (5.1.58) and
e(ug) — e(u) strongly in L2(0,T; H) by (5.1.62), so F(pg,e(ur)) — F(p,e(u)) strongly
in L2(0,T; H). Finally, since ¢ satisfies (5.1.47) with input data ¢ and u, we can deduce
the identification ¢ = z.

Applying the Schauder fixed point Theorem, it follows that there exists a pair (oy, 2))
such that (oy, zx) = v(o), 2)). By construction of v, we have proved the existence of a
quadruple (¢, o, wy, 2)) that is a weak solution of the approximate problem in the sense
of Definition 5.9. Moreover, this solution satisfies the uniform estimates we obtained
throughout the proof since they did not depend on A, so (5.1.29)—(5.1.33) hold. O

Conclusion of the proof of Theorem 5.5. Let us consider a sequence of weak
solutions of the approximate problem {(px, oz, wx, 2x)}x. Now we want to pass to the
limit as A — 0. Employing the uniform estimates (5.1.29), (5.1.30), (5.1.31), (5.1.32),
(5.1.33), there exist a quadruple (¢, 0, u, z) and a £ such that

ox — @  weakly-x  in H'(0,T; H)NL®(0,T;V)NL*(0,T; W), (5.1.63)
ox =0 weakly-x+  in H(0,T;V')NL®(0,T; H) N L*(0,T;V), (5.1.64)
uy —u  weakly-x  in Wh*(0,T;Vp), (5.1.65)
zy — 2z weakly-x  in H'(0,T; H) N L>®(0,T; V)N L*(0,T; W), (5.1.66)
Ba(zx) = & weakly in L2(0,T; H) (5.1.67)

along a subsequence of A that we do not relabel. The passage to the limit in the
approximate system can be performed exactly as in the proof of Proposition 5.10, proving
strong convergence where needed through standard compactness results and directly
for the displacement equation. The only difference that needs further discussion is the
Yosida approximation in the damage equation, because we need to justify that £ € 5(z).
From (5.1.32) and the Aubin-Lions compact embedding

HY0,T; H) N L*(0,T; W) < L*(0,T;V),

we gather that z) — 2 strongly in L2(0,T; H) along a further non-relabeled subsequence.
Thus, since 8 is maximal monotone and () is its Yosida approximation, we exploit
Proposition 2.14 and deduce that £ € B(z) a.e. in Q. This concludes the proof of
Theorem 5.5.

5.1.4 Regularity

As we will comment further later on, the prescribed regularity can be proved on the
approximate level using standard regularity results. Then, the only thing to be shown is
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that such regularity passes to the limit, and this will be done by proving some a priori
estimates in the stronger norms we need.

Lemma 5.12. Under hypotheses (A1)—-(A9)~(B1)—~(B4), the solution to the approzimate
problem found in Proposition 5.10 enjoys the further reqularity

©x € HY0,T; V)N L>®(0,T; W) N L*0,T; H3(Q)),
wy € WH(0,T; Wy),
zy € Wheo(0,T; HYn HY(0,T; V) N L>®(0,T; W).

Moreover, it satisfies

leallmr (vynzo wynze s @) < C (5.1.68)
wrllwieo ) < C, (5.1.69)
l2xll 1 (vynLe(wy < C, (5.1.70)

18x (22 )| oo (1) < C, (5.1.71)

for a positive constant C' depending only on the problem data and not on .
Proof. To simplify the notation, since here A is fixed, we will omit it.
Estimate for ¢. The right-hand side of equation (5.1.26a) is
— ¥
hi=(p(02) = x1) ¢ (1= %) = w9l )

Notice that we have removed the truncation o because we have already proved that
0 < <N (cf. (5.1.28) in Proposition 5.10). From well-known regularity theory for
parabolic equations (see [DL92; Lio61]), since h € L?(0,T;V), ¢ enjoys the regularity
declared in the statement and it holds

el (vynre (wync2@s @) < CURI L2y + [leollw)- (5.1.72)

We aim to bound ||h[|z2(yy. Since p, g are bounded by hypothesis (A1), and x1 € ul,
L>(Q), it follows that
* * 1
1Pl 2(ey < (P" + R+ g7)NIQ2.

Moreover, we have that

Vh = (poVo+p.Vz—Vxi)p (1 - %) + (p(o, 2) — x1) [Vw (1 - %) -

—9(0,2)Vp — (9,Vo +9.Vz)p.

Ve
N

Recalling that ¢ and z are bounded, p, g are bounded along with their partial derivatives
by hypotheses (A1), (B1), and that x1 € U], we have

VA < C(IVol + [Vz] + [Vxal + [Ve)).
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Thus, since we have already proved (5.1.30), (5.1.32), (5.1.29), we get that [|Vh|| (g is
uniformly bounded. Hence, from (5.1.72), we obtain (5.1.68).

Estimate for z and B\(z). Observing that the term

— F(p,e(u)) = Aa(z) — m(2)

belongs to H'(0,T; H), by standard parabolic regularity results (see [DL92; Lio61]), z
has the desired regularity. Unfortunately, estimate (5.1.70) (which is independent of \)
cannot be deduced as we have done for ¢ because the Lipschitz constant of the Yosida
approximation ) depends on A. To overcome this difficulty, we aim to test equation
(5.1.26d) by 0:(—Az + Bx(z)) and integrate over the time interval (0,¢). Notice that the
following calculations are formal, since 9;(—Az + B,(z)) does not possess the regularity
L?(0,T; H), which would be suitable for Equation (5.1.26d). However, the same estimate
can be performed rigorously at the discrete level in a Galerkin scheme, so we will not
enter into technical details. We have:

/Ot/g ’v(atz)dedT—i-/Ot/Q BL(2)| 02| de dr
; [/ ’_AZJrﬁA(Z)Fd‘E—/Ql—Azo+5x(zo)|2dx]
// z) + F(p,e(u)) — )0 (—Az + pir(2)) de dT.

Then we integrate by parts the term on the right-hand side with respect to time, obtaining:

//|v (9,2) |2dmd7-+// B,(2)|0h= 2 de dr + /|—Az+m (2)[2 da

- /Q (m(20) + F(po. e(uo)) — 1(0))(— Az + Bx(20)) da

_/( (2) + F(p,e(w) — 1) (=Az + Ba(2)) dz (5.1.73)

// )00 + OF (o, e(w)) — D) (~Az + Ba(2)) dadr

+/\—Azo+5A(2‘0)’2d$
2 Ja
= L+ 1+ I3+ 14

Regarding the left-hand side, since ) is non negative because ) is monotone, we have

! 1
// V(@tz)\dedT+2/ | — Az + Br(2)Pdz
0/ Q

t t
S/O/Q|V<8t2’)’2dxd7'—|—/0/953\(Z)’8t2’2dxd7 (5.1.74)

1
T / | A+ Ba()2do
2 Jo
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Next, we aim to bound the terms on the right-hand side. As regards I; and I, which
depend on the initial data, we only observe that, by well-known properties of the Yosida
approximation (see Section 2.5.1),

1Bx(20)] < 18°(20)],

where the right-hand side is bounded because of hypothesis (B4). All the other addends
in I; and I; do not depend on A and are bounded because of the hypotheses we imposed
on the initial data. Concerning Is, we recall that m and F' are Lipschitz continuous by
hypotheses (A5) and (A7). Then we apply the Young inequality. We get

O [ (1414 @I+l + D] - Az + ()] da
Q
1
= 4/ |_AZ+B/\(Z)‘2d$+C/ (22 + 1+ [e(u)? + |@f* + |1]*) dz (5.1.75)
Q Q
1
S/ | — Az + B\(2)*dz + C,
4 Jo

where the last inequality is due to hypothesis (A6) and to the fact that z, e(u), and ¢
are uniformly bounded in L*°(0,7; H) by (5.1.29), (5.1.31) and (5.1.32). The term I3
can be handled similarly, by using in particular (A7). We have

t
I < c//Q (02| + 2(B)| + |0ug] + ne]) | = Az + Ba(2)] d dr

0

t

< c// = Az 4 Ba(2)Pdedr
0 Si (5.1.76)
e / / (18622 + [e(Bu)]? + 0ol + 8ul?) dadr
0Jo
t
< C// | — Az + Br(2)Pdzdr + C,
o/

recalling hypothesis (B3) and the fact that 0,2z, e(0yu) and 9yp are uniformly bounded in

L?(0,T; H) again by (5.1.29), (5.1.31), (5.1.32). Combining (5.1.73), (5.1.74), (5.1.75),
(5.1.76) leads to

¢ ¢
// |V(8tz)|2da:d7'+1/ \—Az+ﬁ>\(z)|2dm§C+C// | — Az +Ba(2)* dzdr.
0/ 4 Jo 0/

Thus, applying the Gronwall Lemma, we conclude that the left-hand side is uniformly
bounded. Moreover, since 3} is non-negative, it holds

C> / | Az B(2)2da = / = AP+ [Ba(2)? — 20265 (2) da
Q Q
— / | Az 4 Ba(2) + 264(2)| Ve da > / | Az + |Ba(2) 2 da.
Q Q
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and, consequently, estimates (5.1.71) and (5.1.70) are satisfied.

Estimate for u. The additional regularity for w can be proved at the time-discrete level,
noticing that, starting from ug € Wy, the right-hand side in equation (5.1.43) can be
represented as a linear functional on H. As a consequence, applying the regularity result
[MH94, Theorem 1.11, p. 322], the time-discrete solution is in W. To prove that the limit
solution preserves this regularity, one should prove an estimate uniform with respect to
the time-step 7. Anyway, we are going to omit these calculations since they are similar
to the ones we are going to perform in the continuous setting, where we search for an
estimate uniform in A.

Since u € W1°(0,T; Wy), equation (5.1.26¢) can be rewritten as

—A(p, 2) divle(du)] = B(p, z) divie(u)] + () [A (0, 2) Vo + A (¢, 2)VZ]
+e(u) [Bylp, 2)Ve + B(p,2)Vz] + f

which is satisfied in H for a.e. t € (0,7"). Multiplying it by — div[e(d;u)] and integrating
over {1, one gets

/A(cp, z) divie(Opu)] - divie(dpu)| dz = —/ B(p, z) divie(u)] - div[e(Opu)] dz
Q )

_ /Q £(B) [A (0, 2) Vo + A (0, 2)V2] - divle(Du)] da

(5.1.77)
- [ ) Bt 10 + B2V - divle(0ru)] do
_ /Q £ divle(Qu)]dz = I + I + Is + L.
Recalling that, by hypothesis (A3), A is strictly positive definite,
O ||div]e(@a)]||% < /Q Alp, 2) divle(du)] - div]e(dpu)] da. (5.1.78)

Now we are going to estimate the terms on the right-hand side of equation (5.1.77).
Starting from I;, we employ the boundedness of B from hypothesis (A3), the Young
inequality with a small parameter n yet to be determined, and the following equality

div[e(w)](7) = div[e(uo)] + /OT div[e(Oyu)] dt
and we obtain
I < nldiv[e@w)I3 + Cylldive(u))l%
< nlaivle(@uls + Cy (et + [ i@ at) . (o:1.79)

where the constant C), has changed in the passage from the first to the second line.
Regarding I3, by Lipschitz continuity of A and B, the Hoélder inequality and the Young
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inequality with a small n, we get
Ip < nlldivle@w)] 3 + Cylle@w)2agy (I96l210) + IV2300)) - (5:180)

Since we have already shown that ||¢|lw,||z|lw < C from (5.1.68), (5.1.70), by the
continuous embedding W — W14(Q) it follows

IVelZay + V2174 < C. (5.1.81)

Employing Ehrling’s Lemma with W << W4(Q) < H and a small constant 6 yet to
be determined, it holds

le(@eu) 741y < Clowullfyraqy < Olldrulfy + Colldrully
< 0||div[e(dyw)]||% + Co.

The last inequality follows from Lemma 2.23 and the previous estimate (5.1.31), renaming
the constant involved. Combining these elements, starting from (5.1.80) we have proved
that

I < (n+ 0)||div[e(dpw)] |7 + Cyo- (5.1.82)

The term I3 can be treated similarly. Proceeding as in equation (5.1.80) and taking into
account equation (5.1.81), yields

Is < || div[e(Quu)lll7 + Cylle(w) 1740y < nlidivie@u)]lF + Cyllullfy

Since

’U,(T)ZUO—I-/ Oyu dt,
0

we have

Iy < nlldivle@)l + C, (Huor%V + [ ol dt)
0 (5.1.83)

< nlldivie @)l + Cy (1 + [ anie@ai dt) ,

where the last inequality follows from Lemma 2.23, changing the constant C,. Finally,
by the Young and the Hoélder inequalities,

I < || fllalldivle @)l < Coll £l + nlldivie(@eu)]|IZ. (5.1.84)

Now we combine (5.1.77) with (5.1.78), (5.1.79), (5.1.82), (5.1.83), (5.1.84) and we move
to the left-hand side the terms with n and 6, fixing them small enough. We obtain:

Idiv[e(dew)]|7(r) < © <1 + I F e 1) +/0 Idiv[e(euw)] I dt) :
Applying Gronwall’s inequality, it follows that ||div[e(9;u)]|| o () is uniformly bounded,
and, thanks to Lemma 2.23, that ||0ju| ey is in turn uniformly bounded. Thus,

(5.1.69) holds. This concludes the proof of Theorem 5.7. O]
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5.1.5 Continuous dependence

Consider two pairs {(¢;, 04, u;, ;) }i=1,2 of weak solutions corresponding to the assigned
functions {(sz fi,wi, OT’,L‘)}Z‘:LQ and to the initial data {(90071', 00,i, U0,i, Zo’i)}l’:LQ. For
the sake of brevity, in the following, we will use the shorter notation

Y =1 — Y2, g =01 — 029, U = Uy — uy, Z =z — 29,
®o = ¥o0,1 — ¥0,2, 00 ‘= 00,1 — 00,2, Up ‘= Uup,1 — Uo,2, 20 = 20,1 — 20,2,
X = X1~ X2 f=75 -7 L= — Ly, or ‘=or,1 —or,2,

and we will denote M := max;—1 2 M;. We specify that we write each vector x, X, as
follows
x1= (0, (xa)2). xe = ((x2)1, (x2)2) -

Thus, x = (x1, x2) with
x1 = (x1)1 — (x2)1, x2 = (x1)2 — (x2)2-
Taking the difference of (5.1.23a) written for ¢; and @9, testing it by ¢, we obtain
3 Lol [ 196Rdr = [ (glor,21) ~ glon, ) prpda
—/99(0'2722)90 dff3+/§2(p(01721) — p(o2, 22) —X1)<P1(1 - %)@dx

+ /ﬂ (p(o2, 22) — (x2)2) [301 (1 - %) (1 - N)] pdx (5.1.85)
< 0| [[(ol+121+ bablelds + [ [o?as]

< c{ [ (0P 4128+l + 16P) dx],

where the inequality follows from the Young inequality and the constant C' depends on
N, ¢g*, p*, R, and the Lipschitz constants of p and g. Taking the difference of (5.1.23b)
written for o1 and o9, testing it by o, we obtain

k11, 21)

2 2 2 Qi 1 1{¥1, 21 2

d +/ Vol“d —I—/ dH / d
2dt/ lo|” dz Vol dx |o| olon o)+ o0

k —k
:/Urad’Hdl—/ 1(1,21) 1(@2’Z2)020dx
r a  kapr,z1) + o1

k1(p2, 22) k1(p2, 22)
a /Q <k‘2(<ﬂ1721) +op ko (@2, 22) + UZ)UQde
n /Q (O01)2 (S(p1,21) — S(pas 22)) + x2S(pn, 22)] oz

1 _
<5 [lorPartt 3 [loPan+c [ (lpl+1el + el + loDlo] do

A
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where we have used hypotheses (A2) and (B2) for k;, k2 and S, the fact that x; € Uaq,
0 <o0; < M, and the Young inequality. Here the constant C' depends on M, kj, ko,, R,
S* and the Lipschitz constant of k1, ko, S. It follows that

1d 2 2 1 2 d—1
- o|“dx + Vol“dx + = o|*dH
2 dt /&2 ’ | /52 | | 2 /F | ‘

: (5.1.86)
<5 [loPantt.c [ (1ol + 1P + ol + [of?) d.
T Q

We take the difference of (5.1.23¢) written for w; and wy and test it by O,u. Integrating
over (), summing and subtracting some terms and using the positive definiteness of A,
we get

C’A*/Q le(dyu)|? d < /QA(cpl,zl)s(atu) :e(Opu) dz

= — / (A(gol, 2’1) — ./4(4,02, 22))8(8{112) . 8(8{(1) dx

Q
/Q Blor, 21)e(u) : 2(Opu) da (5.1.87)

—/(B(cpl,zl)—B(gpg,Zg))s(ug):5(8tu)da:—|—/ f-Oude
Q Q
= I+ 1o+ I3+ I4.

Our next aim is to provide a bound for each integral on the right-hand side. Regarding
I, we employ the Lipschitz continuity of A and the Hélder inequality. We obtain

I < C/(I@! + |2[)|e(Orug)||e(Opu)| da
Q
< Cllellzs) + 2l s@)lle@rua) o) e (Orw) | o
< nlle(@w)|E + ColllelZay + 121720,

where the last inequality holds because €(dyu2) is uniformly bounded in L*(V) <
L>(L5(£2)) and we have applied the Young inequality with a small constant 1. Notice
that C), depends on max;—; 2 (HE(&tUi)HLoo(V)). Employing Lemma 2.6 and then again
the Young inequality yields

1/2 1/2 1/2 1/2
I < nlle@w)|% + Collelliy el + 12152 121 )2
< n(le@wly + el + 1213) + Collells + 121%)

SU(/ ‘E(Gtu)‘de—i-/ V@]de—i—/ V2| dz (5.1.88)
Q Q Q

+Cn</ |g0|2dx+/ \z|2dx>.
Q Q
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Concerning Iy, using the Holder and the Young inequalities, we get that

L < C/Q|5(u)|]e(8tu)|d:n < n/Q|g(atu)|2dx+cn/g|s(u)|2dx

‘ (5.1.89)
< n/ (@) 2 de + C, U ()2 dz + // ()2 da dr].
Q Q 0/0Q
The integral I3 can be treated exactly as I; and satisfies the same estimate
I3 < n(/ |z—:(8tu)|2dx+/ |V|? dz —|—/ |Vz|2d:n>
@ @ @ (5.1.90)

+C,7</ g0|2dm+/ |z[2dx>,
Q Q

where C), depends on max;—1,2 (||e(u;)|| Loo(V)). Finally, I4 can be handled by employing
the Holder and the Young inequalities again, in order to obtain

I gn/ 5(8tu)]2dx+0n/ | f|? dz. (5.1.91)
Q Q

Taking advantage of inequalities (5.1.88), (5.1.89), (5.1.90), (5.1.91) in (5.1.87) and
redefining 7, we obtain:

0,4*/ (O dz
Q
§17</ |8(8tu)|2dx+/ |V<p\2dx—|—/ ]Vz|2dx> +Cn</ | dz (5.1.92)
Q Q Q Q
t
+/ |z|2dx+/ |5(u0)|2dx+// |a(8tu)|2dxdt+/ !f|2dx>.
Q Q 0/0 Q

Finally, we take the difference between (5.1.23d) written for z; and z9 and test it by z.
Integrating over 2, exploiting monotonicity of £, Lipschitz continuity of 7 and F and
the Young inequality, we deduce that

2 2 < 2 2
th/ 12 dx—l—/ V22 da th/\ | dm+/|Vz] dx+/(§1 &) da

=— [ (7(z1) —7w(22))zdz+ | tzdx
/Q /ﬂ (5.1.93)

_ /Q [F(p1,e(u1)) — F(p2,e(uz))] zdz

SC’(/ ]z\Qd:c—i-/ \L|2dx+/ \QDIde—l—/ ]5(u)|2da:>,
Q Q Q Q

where C' depends only on the Lipschitz constants of 7 and F. At this point, summing
inequalities (5.1.85), (5.1.86), (5.1.92), (5.1.93) and moving the terms multiplied by 1 to
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the left-hand side, we get

d
(/ ]gp]zdx—i—/ \0\2dx+/ \z\zdm) —|—/ ]V@]de—i—/ Vo |? dz
dt \ Jo Q Q Q Q

+/ |Vz\2d:x+/ ]e(@tu)|2dm+/|02d7{d_1
Q Q r

t
SC[/ |0|2dzr~|—/ |z|2dx+/ |<p|2d;v—|—// \6(8tu)]2dxd7]
Q Q Q 0/

—f—C’[/ |€(u0)|2d$+/lar\2dﬂd1+/ ]x|2dx+/ |f\2dx+/ L|2d:c].
Q r Q Q Q

Integrating in time and then applying the Gronwall inequality, the following estimate
follows

el oo (mrynr2(vy + oo (mynr2 vy + 121l Loe (mynzzovy + 1wl g )

< C(H%HH + lloollz + llzoll + lluollv,
Xl ey + I Fll 2oy + Nellzzen + ol ez )

for a constant C' that does not depend on the differences ¢, o, u and z but depends
on the fixed data of the problem, 7" and max;=12(||e(su;)|| e (v)). This concludes the
proof of Theorem 5.8.

Remark 5.13. From Theorem 5.7 and Theorem 5.8, employing standard interpolation
results, we are able to prove the following estimates, which we will need later on. Precisely,
for every x,Xx in Ug, we have:

1
I =2l oo (a0 +le(w) —e(@)[] oo (140)) + 2= Zl| Lo (La(0)) < Crllx—Xll72(g)- (5:-1.94)

Applying the Gagliardo—Nirenberg interpolation inequality from Lemma 2.6, as well as the
regularity estimate (5.1.24) and the continous dependence inequality from Theorem 5.8,
we have:

1 3
le(u) = e(@)|| oo (o)) < Clle(w) = (@) oo gy le(w) — (@)1 oo 1y
1 3 1 1
< CHU’ - EHEOO(VO)HU’ - HHil/m(v[/o) < CR”U' - ﬂ”?{l(vo) < CR”X - Ysz(Q)
The same can be performed for ¢ and z. Similarly, we have
1
I = Bllzae(ay + 112 = Zllza@e()) < Crllx = Xll72(q)- (5.1.95)

In fact, applying Gagliardo-Nirenberg inequality and the embedding W4(Q) — L*°(Q),
we obtain

1 3 1
lp =Pl <l = Plwrs) < Clie = 2llvlle =2l < Crlle -2y,
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5.2. The optimal control problem

where the last inequality follows from the regularity estimate (5.1.24). Elevating to the
power 4th and integrating in time over (0,7") leads to

T T
o = Plbscumian = | o= Pl @t < Ca [ llo =iy

= Crlle = @ll1vy < Crlle = Pll2(vy < Crlix — Xllz2(g)

thanks to the continuous dependence estimate from Theorem 5.8. The same holds for
the damage variable. Finally, the following inequality is satisfied

le = Pllraes)) + 12 = Zlas ) < Crlix — Xllz2(q)- (5.1.96)

Proceeding as before, we gather
4 T 4 r 2 2
o =lkssay = | o=l dt <C [ o= wlrlle - i o

T
SCW—¢ﬁwmé\W—Mﬁ&

= Clle = @llEoe(amlle = Pli2) < Crlix = Xl12(g),

and the same for z.

5.2 The optimal control problem

Assume that hypotheses (A1)—(A9) and (B1)—(B4) hold. In view of the well-posedness
of the state system proved in Theorems 5.5 and 5.8, we introduce the so-called control-
to-state operator or solution operator, which maps every control x to the corresponding
unique state and is denoted by S. More precisely, we introduce the state-space
Vs = [H'(0,T; H) N L>°(0,T;V) N L*(0,T; W)]
x [H(0,T; V)N L>®(0,T; H) N L*(0,T; V)] x W"*(0,T; W)
x [H'(0,T; H) N L*°(0,T; V) N L*(0,T; W)]
which is continuously embedded into the larger
V=[O0, T); H) N L*(0, T3 V)] x [C°([0, T); H) N L*(0, T3 V)]
x H'(0,T;Vy) x [C°([0,T]; H) N L*(0,T; V)] .
We define
S:U—-YV, X — (p,0,u, 2),

where (¢, 0,u,z) is the unique solution of the state system (1.3.14)—(1.3.16) obtained
choosing x as the control. Notice that S is well-defined over U and Lipschitz continuous
over Ugr because of Theorem 5.8. We introduce the reduced cost functional as

J(x) = T (S(x), x)-
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Then, the optimal control problem can be stated as

min J(x), (5.2.1)
XEUad

which means that we search a minimizer for the functional J subject to the PDE system
(1.3.14)—(1.3.16) and constrained to Uyq.

In order to prove that (5.2.1) admits a minimizer and to derive the associated first-order
necessary conditions, the assumptions (A1)—(A9) and (B1)—(B4) alone are not sufficient.
To keep the formulation of the hypotheses clear and easily accessible, we retain the
framework given by assumptions (A1)—(A9), while replacing (B1)—(B4) entirely with
the new set presented below. These conditions include the regularity requirements on
the assigned functions and initial data necessary for the application of Theorems 5.7
and 5.8, as well as further assumptions tailored to the control problem. In particular,
the enhanced regularity of the nonlinearities is essential for handling the corresponding
terms in the linearized and adjoint systems.

(C1) The nonlinear terms from the tumor and the lactate equations have the following
regularity:

p, g € WH(R?) N C?(R?), (5.2.2)
ki, kg, S € WH°(R?) N C%(R?). (5.2.3)

(C2) The viscous tensor A = (aj;rp) is constant, while the elastic tensor B = (b;jkn) :
R2 — RWXnXnXn gatisfy:

B € WH(R?) N C%(R?). (5.2.4)

Moreover, being able to bound the maximal monotone operator 8 and its higher derivatives
will be essential. To this end, the key point is proving a strict separation property for the
damage variable z. This leads us to adopt a more restrictive form of the convex potential
ﬁ , moving beyond the quite general hypotheses employed in the previous analysis.

(C3) We assume that the convex part of the potential has the regularity
BeC?0,1), (5.2.5)
and that its derivative 8 satisfies the growth conditions:

lim 3(r) = —o0, lim B(r) = +oo. (5.2.6)

r—0t r—1—

Regarding the nonconvex part of the potential, we require
7 CH(R)NC3(0,1). (5.2.7)
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Example 5.14. The prototypical example to keep in mind is the logarithmic potential

Br)y+7(r)=Cylrlnr+ (1 —r)In(l —7)] 4+ Cor(l —1)
for some given and positive constants C1, Ca, which clearly fulfills hypothesis (C3).

To establish the separation property for the damage variable, we will also need to impose
that the functions ¢ and F(p,e(u)) are bounded.

(C4) We suppose that « € L>=(Q) N H(0,T; H).
(C5) We assume that F' € W2%°(2 x R x R"™*").

Remark 5.15. It is worth noting that this assumption is not as restrictive as it might
initially appear. Indeed, we will prove the boundedness of ¢, and since we are working
within the framework of linear elasticity, e(u) is expected to remain small. Consequently,
under hypothesis (5.1.15), the boundedness of F(y,e(u)) would follow asking that
F = F(0,0) € L™(Q), instead of F' € H, as we did in (C5). However, as we are unable
to prove the boundedness of (u) mathematically, it becomes necessary to explicitly
impose the boundedness of F' as an additional condition. The boundedness of the higher
derivatives is required to handle the linearized coefficients in the linearized and adjoint
systems.

Finally, since the domain of 3 is [0, 1], the initial datum 2y must be chosen such that
its values lie within this interval. Recalling again that our goal is to prove a separation
property for the damage variable, we request that zg stays bounded away from 0 and 1.

(C6) We assume that
o €W, ugeWy, zeW, 0< essQinf(z()), esssup(zp) < 1. (5.2.8)
Q

Regarding the cost functional 7, we make the following assumptions.

(C7) The coefficients aj, . .., ag are nonnegative constants that cannot vanish all at the
same time.

(C8) The target functions satisfy
0Q:0Q:2Q € L*(Q),  wq,00 € H. (5.2.9)
(C9) The coefficient v : 2 x R — [0, +00) is a Carathéodory function such that
v(z,-) € CHR) (5.2.10)
for a.e. x € Q). Moreover, it exists a constant Cy > 0 such that

v(z, )| +10,7(z, 0)| < Cy (5.2.11)
for a.e. z € Q and for all ¢ € [0, N].

Even if v also depends on the point x € €2, in the following, we will employ the shorter
notation () instead of v(x, ¢). For the same reason, the partial derivative of v with
respect to the variable ¢ will be denoted by ~/(¢).
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5.2.1 A strict separation property for the damage

As already mentioned when introducing the additional assumptions, the more restrictive
hypotheses on the potential 3, as well as boundedness for + and F', enable us to establish
a separation property for the damage z.

Proposition 5.16. Let assumptions (A1)—(A9) and (C1)—~(C9) hold. Then, there exist
0 < re <7r* <1 which may depend on the data of the problem and on R such that, for
every x € Ur with the associated solution to the state problem (p,o,u, z), there holds

re <z <r*
a.e. in Q.
Proof. We claim that there exist 0 < r, < r* < 1 such that

(i) re < essQinf(zO),
(ii) esssup(zp) < r¥,
Q

(iil) B(r) +7(r) + el oo (@) + [ Fllpec (@) < 0 for all 7 € (0,74),
(iv) B(r) +m(r) = Il (@) = [1Fllpee (@) = 0 for all 7 € (r*,1).

We can find such 7., r* satisfying conditions (i) and (ii) because of hypothesis (C6),
ensuring that zo remains bounded away from 0 and 1. Regarding points (iii) and (iv), we
recall that, from the specific choice we made for the potential 3, it holds

B(r) — —occ if r — 07, B(r) — +ooifr — 17.

Moreover, 7 is bounded over the interval [0, 1] because m € CY(R) from hypothesis (C3),
and ¢ and F' are bounded respectively from hypotheses (C4) and (C5). Let x be an
arbitrary control in Ug and S(x) = (¢, 0, u, z). We test equation (5.1.23d) with (z —7*)7,
obtaining;:

2dt/y +|dx+/\V )2 da
+ [ BE) +7G) — o+ o)l (=) o 2 35 [ e =) P,

where we used property (iv) in order to obtain the inequality. Integrating in time over
the interval (0, ), it follows that

/|(zr*)+2dx§/|(zoT*)+|2dx:O
Q Q

because, according to property (ii), zo is smaller or equal to r* almost everywhere, thus
(20 — 7*)* = 0. This proves that (z — r*)T = 0 and, equivalently, that 2 is smaller than
or equal to r* almost everywhere in (). Proceeding in the same way, we test equation
(5.1.23d) with —(z — r,)~. Employing inequality (iii) and then integrating in time and
using (i), we obtain that (z — r.)~ is equal to 0. Thus, we have that z is greater than or
equal to r, almost everywhere in Q. O
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Remark 5.17. Let us highlight the fact that, thanks to the strict separation property
we have just proved, from now on we will treat 8 as a regular potential. Moreover, we
trivially deduce that

1) |(@) + 18" ()l (@) + 18" ()l 1=(@) < Ck,

since 3 € C%(0,1) by hypothesis (C3).

5.2.2 Existence of a minimizer

We are now in the position to prove the existence of at least one solution to the optimal
control problem (5.2.1). The proof is an application of the direct method of the Calculus
of Variations.

Theorem 5.18. Suppose that hypotheses (A1)—(A9) and (C1)—(C9) hold. Then, there
exists at least one minimizer x* € Uqq to the optimal control problem (5.2.1).

Proof. The reduced cost functional is proper and non-negative, so infy¢y,, J(x) is finite
and non-negative. Let {x,, }nen € Uaq be a minimizing sequence for J, meaning that

inf J(x)= lim J .
b JO0 = lim J(x)
We denote the corresponding solution to the state system as (@, 0n, Un, 2,) = S(X,,)-

Since the sequence {x,, }nen € Uad, it is uniformly bounded in U and, consequently, there
exists a x* € U such that, along a subsequence that we do not relabel,

Xn1 — X, weakly-x  in L*(0,T;V) N L¥(Q), (5.2.12)
Xn.2 = X3 weakly-x* in L>=(Q). (5.2.13)

Notice that U,q is convex and closed in the space L?(0,T;V) x L?(Q); thus, it is sequen-
tially weakly closed. This justifies the fact that the limit x* belongs to U,q. Moreover, by
the uniform boundedness of the solution sequence from Theorem 5.7, applying Banach—
Alaouglu (see, e.g., [Bréll]) and Aubin—Lions Theorems (see Lemma 2.8), there exists a
quadruple (p*, o*, u*, z*) € Vs such that, along a further subsequence,

on = @*  weakly-x  in H'(0,T;H)NL>®(0,T;V)NL*0,T; W), (5.2.14)
strong in C°([0,T); H) N L*(0,T;V), (5.2.15)
a.e. in Q, (5.2.16)
on —0o*  weakly-x  in H'(0,T;V')NL>®(0,T; H) N L*(0,T;V), (5.2.17)
strong in C°([0,T); V)N L?(0,T; H), (5.2.18)
a.e. in Q, (5.2.19)
u, = u’ weakly-x* in Whee (0, T; Wy), (5.2.20)
strong in C°([0, T); Vo), (5.2.21)
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2y — 2% weakly-x  in H'(0,T; H)NL®(0,T; V)N L*(0,T; W),  (5.2.22)
strong in C°([0,T); H) N L?(0,T; V), (5.2.23)
a.e. in Q. (5.2.24)

The first step of the proof consists in proving that S(x*) = (¢*,o*,u*, 2*). To do so,
thanks to the convergences above, we can pass to the limit in the PDE system satisfied by
(Pns Ony Un, 2n) and x,,, whence (¢*, 0*, u*, z*) is the unique solution to the state system
associated with x*. More precisely, notice that the passage to the limit in the linear
terms is trivial because of the weak convergences (5.2.14), (5.2.17), (5.2.20), and (5.2.22).
Regarding the nonlinear ones, we recall that, according to our assumptions, the assigned
functions p, x1, g, k1, k2, X2, 5, B, F are continuous and bounded, and 3 € C°(0,1), and
7 € CY(R) at least. Moreover, we proved that ¢,,0,, and z, are uniformly bounded,
namely
0<p, <N, 0<o0,<M, 0<r,<z;<r"<l1

a.e. in (). Thus, the pointwise convergences (5.2.16), (5.2.19), (5.2.24), and the Domi-
nated Convergence Theorem are enough to pass to the limit in the nonlinear terms.
The second step is showing that

inf J(x) = J(x*).
Xg;{ad(x) (x")

To this end, we write the reduced cost functional as the sum of the following terms
aq Oy

oy Qg
J1(x) = - lle = valliz) + 5 o = 0alltzq) + 5 12 = 2l Z2(q) + 5 IXII72():
9 @ 7" 9 @ 7" 9 @7 9 (@

(0%
Ja(x) = - I(T) = pallfr + aslle(T) 1)
as

(@
5 1o(T) = oalli; + F 1vVA(@)e(w)Z2g) + asll=(T) 11 (s)-

By the weak convergences (5.2.12)—(5.2.14), (5.2.17), (5.2.22), and weak lower semiconti-
nuity of the L?-norm, we obtain

_l’_

lim inf J1 (%) 2 J1(x")-

Again from Theorem 5.7, {o*(T)},en is uniformly bounded in H. Thus, extracting a
further subsequence,

on(T) = o*(T) weakly in H, (5.2.25)

where we are able to identify the limit with 0*(T") because of convergence (5.2.18). Since
on — ©* a.e. by (5.2.16), and ~ is bounded by hypothesis (C9),

VAlen)n = V(e strongly  in L*(0,T; H), (5.2.26)

for every n € L?(0,T; H) thanks to the Dominated Convergence Theorem. Moreover,
from the convergence (5.2.21), we know that

e(up) — e(u”) strongly  in L*(0,T; H). (5.2.27)
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Combining (5.2.26) and (5.2.27), we deduce that

VA(en)e(un) = VA(p*)e(u*)  weakly  in L*(0,T; H). (5.2.28)

By the weak lower semicontinuity of the L?-norm and the weak convergences (5.2.25),
(5.2.28), and by the strong continuity of the L?-norm and the strong convergences (5.2.15),
(5.2.23), we have

lim inf Jo(x,,) > J2(x*)

n—-4o0o

whence the thesis. O

We aim to establish first-order optimality conditions for the optimal control problem
(5.2.1). To do so, the standard procedure is to prove the Fréchet differentiability of the
control-to-state operator. With this purpose, we linearize the state system.

5.3 The linearized state system

We consider a fixed control x € U,q with the associated state given by (¢, 0, u, z) = S(x).
For every small h = (hy, ha) € U, we consider the perturbed variables

o+§ o+p, utw, z+¢ x+th,

and the corresponding state system. Linearizing it near (¢, o, u, z), x and approximating
the nonlinearities with their first order Taylor expansions, we have that (£, p,w,(), h
satisfy the linear PDE system

Ol — A& = a1€ + aap + a3C + aqhy, (5.3.1a)
Bup — Ap = bi€ + bap + bsC + baho, (5.3.1b)
— div [Ae(Ow) + B(p, z)e(w)] = — div [e1€ + ¢2(], (5.3.1c)
0C — AC = di + 03 : £(w) + dsC, (5.3.1d)

where, for the sake of better readability, we introduced the following notation:
a1 =Uy = (p(0,2) = x1) (1 - 22 ) = g(02),
¥

ag =U, =ps(0,2)p (1 - N) — ¢g,(0,2),

a3 =U_,=p.(0,2)p (1 - %) —¢g..(0,2),

o=t =~5(1-5).

bl = _K,ép(gov g, Z) + XQS,QD(Spv Z)
k;l 90(9072)0- kl(@? Z)UkQ 30(907 Z)
- — : + : + S ) 9
Balo ) o T (g )+t T X252
k) ke
k2(907 Z) +o (k2(90’ Z) + 0-)2’

by = =K ,(p,0,2) =
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by = =K :(,0,2) + x25 (¢, 2)
kl,z(@? Z)J kl((P, Z)O—k?,z((p? Z)

CPEE i (k2(p, 2) 4+ 0)? +x25:(0:2),
by = S(p, 2),
¢ = —B,(p,2)e(u),
0 = —B.(p, 2)e(u),

Remark 5.19. We first note that the terms written in Fraktur font are matrix-valued
functions, whereas the remaining ones are scalar-valued. Second, we make some remarks
on their regularity. Since all the assigned functions are Lipschitz continuous and bounded,
and because of the regularity we have already proved for (p, o, u, z) in Theorem 5.7, we
have

G1y.-.,04,b1,...,04,d1,09 € LOO(Q),

and they are uniformly bounded by a constant that depends on R. Moreover,
¢1,¢2 € L(0,T; LP(S2))
for any p € [1,6] and their norm is uniformly bounded by a certain Cr, because
le1] + [e2] < Cle(u)],

and u € Whe(0, T; W) — W1e(0, T; W1P(Q2)). Regarding the last term, thanks to the
regularity of 8 in its domain and to the separation property we proved in Proposition 5.16,

dz € L=(Q),
and its norm is bounded by a constant that depends on R.

We couple system (5.3.1) with the following boundary and initial conditions

0 =0,(=0 Oup = —p, w=0 on X, (5.3.2)
£0)=p0) =C(0) =0, w(©0)=0 Q.
Notice that, even though for the formal derivation of the linearized system we started

from a small perturbation h € U,q, the obtained system (5.3.1)—(5.3.3) makes sense for
every h € L2(Q) x L*(Q) .

Proposition 5.20. For every x € Ur with associated state S(x) = (¢, 0,u,2) €V and
for every h € L*(Q) x L*(Q) there exists a unique solution (&, p,w,() to the linearized
state system (5.3.1)—(5.3.3) in the sense that

£ HY0,T; H)NL>®(0,T; V)N L*0,T; W),

146



5.3. The linearized state system

p€ HY0,T; V)N L>®(0,T; H) N L*(0,T;V),
w e Whe(0,T;Vp),
¢ € HY0,T; H) N L>®(0,T; V)N L*0,T; W)

with
£(0) =p(0) =¢(0)=0, w(0)=0
such that
/ Oéndx +/ VE¢-Vndx = / [a1€ + azp + a3¢ + aghi|ndez, (5.3.4a)
Q Q Q

(Op, ) v +/ Vp-Vndzr + / pndHIT! = / [01€ + bap + bsC + baho]ndx, (5.3.4b)
Q r Q
/ [Ae(Oww) + B(p, 2)e(w)] : €(0) dz = / [c1€ + c2(] : €(0) dz, (5.3.4c¢)
Q Q
/ OCn dz +/ V(- Vndz = / [d1€ + 02 : e(w) + d3(] ndz, (5.3.4d)
Q Q Q

a.e. in (0,T), for everyn € V and @ € Vy. Moreover, the solution satisfies the following
estimate:

oo + o0
1€l (enymzeevynz2owy + ol ynze ()2 on) (5.3.5)

+ lwllwree vy + 1€l ()L (VL2 vy < CrIPI L2

Proof. Existence can be proved using a Galerkin scheme. Since it is a standard procedure,
we will show only the formal a priori estimates that are necessary to pass to the limit from
the discrete to the continuous system. We test (5.3.1a) with &, (5.3.1b) with p, (5.3.1d)
with ¢, and sum the three equations. Applying the Young inequality and Remark 5.19,
we obtain

d
pn (€l + NlollFr + 1CIF) + IVElZ +IVollE + 1VC¢IE
< Cr (I€lIF + lIpllzr + lle(@)IFr + IS + 1R liF + [1h2ll7) -
Testing (5.3.1¢) with Jiw and employing the fact that A is positive definite, we have

(5.3.6)

Calle(@w)| < /Q Ae(w) : e(Ow) da

_ /Q (= Blp, 2)e(w) : () + £e1 : £(Bw) + Cea : (D)) da.

Recalling that B is bounded and ¢y, ¢ are uniformly bounded in L>(0, T'; L%(€2)) thanks to
Remark 5.19, we estimate the right-hand side with the Holder and the Young inequalities.
We get

Calle@w)llfy < (Clle(@)lli + I8l oy llet sy + 1€ Loy llealLzogey) (@) 1
< lle@) 13 + Crs (@) + 1€y + 112500y
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where § is a small positive constant yet to be determined. By means of the interpolation
inequality in Lemma 2.6 and again the Young inequality, we have

Calle@w)lzr < 6 (le(@u)ll; + IVEIIE + VCIIZ)

5.3.7
+Crs (lle(@)lI7 + 1117 + lICIE) - o:31)

Recalling that w(0) =0,

t t
£(w) = e(w(0)) + / (D) ds = / £(Ohw) ds.
0 0
Thus, it follows
t
le(@)|% < C /0 (B4 13 ds.

Summing inequalities (5.3.6) and (5.3.7), choosing ¢ sufficiently small, and estimating
the term |le(w)||%; on the right-hand side as just shown, we obtain

d
3z (Il + lpllz + 1<HE) + V€N + 1Vl + lle(@w)lE + IV CIE

t
<Cg (IIEII% +lplE +1ICIE +/0 le (D) [ ds + |h”%2(Q)> :
Integrating in time over (0,¢) and applying Gronwall’s inequality, we infer that

€1l oo (mynz2vy + ol Loe (mnynr2 vy + Il oo (mynzzvy + lwllar vy < CrllBl| L2(g)-

Then, we recover the higher order estimates claimed for £, p, and ¢ by standard parabolic
regularity results (see, e.g., [DL92]). Finally, we look back at equation (5.3.7), obtaining
the desired uniform bound for w. These a priori estimates are enough to pass in the
Galerkin discretization. This way, existence is proved as well as estimate (5.3.5) in the
statement. Uniqueness follows from the energy inequality (5.3.5) and the fact that the
system is linear. O

Remark 5.21. For x € U fixed, it is convenient to denote the solution to the linearized
state system associated with a perturbation h € U as (&", p, wh, ¢*). From this result,
it follows that the map

UCL2Q) x LXQ) =V,  hw (&P o wh, M),

is linear and continuous.

5.4 Differentiability of the control-to-state operator

In this section, we will prove the Fréchet differentiability of the control-to-state operator.
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Theorem 5.22. The control-to-state operator S : U — V is Fréchet differentiable in Ug
and the Fréchet derivative of S in x € Ug is given by

DS(x)h = (&, p" ", (")
for every h € U.

Proof. We consider a fixed and arbitrary x € U,q with S(x) = (¢, 0, u, z). Our goal is
to prove that

IS(x + k) = Sx) — (" " " M)y

lim 0, (5.4.1)
[llui—0 1P {les
whence the thesis. We introduce the notation S(x + h) = (", o®, uh, 2*) and
ph=ph—p—¢h N=gh—o—pF, wh=ult—u—-w" ph=zr—z—(h

Since x belongs to U,q which is in turn contained in the open set Ug, there exists a
constant Cy, such that, for every h € Ug with ||h|jy; < Cy, the control x + h still belongs
to Ur. Without loss of generality, since our aim is to pass to the limit as ||h||y/ goes to 0,
we will consider only h with a small norm in this sense. We are going to prove that

5
I(@", A", w™, ™)y < Crllhl, (5.4.2)

which yields the limit (5.4.1). To do so, we consider the PDE system satisfied by
(®", AP w", i) which can be trivially obtained by Theorem 5.5 and Proposition 5.20.
Explicitly, the following equations are satisfied

/ 9" dz +/ Vol . vnde = / [A1 + Ag|ndz, (5.4.3a)
Q Q Q
(O )y +/ VAPV da + / M dHd—t = / [B; + By + Bg]ndz,  (5.4.3b)
Q T Q
/ [Ac(™) + 1] 2(0)dz =0, (5.4.3¢)
Q
/ oyl de + Vil - Vndr = / [D1 + D3] nde, (5.4.3d)
Q Q
for every n € V and 0 € Vj as well as the initial conditions
dh0)=0, N(0)=0, wP(0)=0 0 =0. (5.4.4)
Here we have introduced the notation:

A = U((phvah’ Zh7X1) - U(g0,0‘,Z,Xl)

- [U,so(w, 0,2, X1)E" + Uy (p,0,2,x1)p" + U (9, 0, Zle)Ch} ,
h

Ay = — [d‘ (1 - ‘%) o (1 - %) ]hl, (5.4.5)
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Chapter 5. Optimal control for a brain tumor growth model with damage

B; = K(p", 0", 2" — K(p,0,2)

- [K«a(% 0,2)6" + Ko (0,0,2)p" + K .(p,0, Z)C"] :

= S, ") = S, 2) = (Siplp. 26" + S, )" | xe

By = [S(¢",2") = S(, 2)]ha, (5.4.6)
', 2Me(u) — Blp, 2)e(u)

~ [Biole 2w + Blg, 2)e(wh) + B, 2)e ()]

Dy = = [B(") + (") = (B(2) + 7(2)) - (B(2) + 7'(2))¢"]

Dy = = [F(¢", 2(uM) = F(p,2(w)) = (Fp(p, ()€™ + Fa(p,2(w)) : ()]

The next step is testing each equation in (5.4.3) with a proper term and doing some
estimates. For this reason, it is convenient to rewrite some of the known coefficient
functions we have just introduced. To this end, we recall that, according to Taylor’s
theorem with an integral remainder, for a function I € W22(]0,1]) it holds

1
(1) =1(0) +I'(0) +/ "(s)(1 —s)ds.

0

Let’s take A; into account. We introduce y® = (o, o™, 2", x1), y = (¢, 0, 2, x1), and

the function

I(s) = U(sy" + (1 - s)y),
which is W2 because U has this regularity and sy® + (1 — s)y is bounded. If we apply
the formula above, we get

Uy =Uy)+VU(@) " —v)
1
+ /0 [D2U(sy" + (1= s)y) (" ~y) - (" — )| (1 - ) ds
=U(y) +VU(@y)  (y" —y) + W y" —y) " —y).
Notice that the matrix

1
A = /0 D?U(sy™ + (1 — s)y)(1 — s)ds

as well as VU are bounded and their L*-norm are uniformly controlled by a constant
that depends on R. Comparing the equality we have just obtained with A; leads to

Al = U,so(‘Pv 0,2, Xl)q)h + U,a(% g,%z, Xl))‘h + U,Z(Qoa o,z, Xl)ﬂh

5.4.7
+ Ay (" — 0 — 0,2 —2,0) - (P — @, 0" — 0, 2" — 2,0). ( )
Proceeding in the same way, we have:
By =K ,(p,0,2)0" + K ,(p,0,2)A\" + K ,(p, 0, 2) "
" (5.4.8)

+%1(§0h—§070h—0,2’ —2)'(<Ph—cp,ah—a,zh—z),
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5.4. Differentiability of the control-to-state operator

By = [S,@(Sf), 2)0" + 5 (p, 2) " + Ba(ph — 0, 2 — 2) - (P — p, 2P — Z)] X2, (5.4.9)
& =B,y (g, 2)e() B + Blg, 2)e(wh) + B.(p, 2)e(u)i*

_ 5.4.10

+ (" —pe(ul) —e(u), 2" = 2) - (¢ — p,e(u) —e(u), 2" — 2), (o410

Dy =— [(5'(2) () + D (" - 2)?] (5.4.11)
Dy == [Fo(i,2(w)®" + Fo(p,2(uw) : 2(wh)

(5.4.12)

+D2(0" — p,e(u”) —e(w)) - (¢ — o, e(u) —e(u)].

Notice that the terms written in Fraktur font are the ones related to the integral of the
hessian of the auxiliary function [, and, therefore, their dimensions change from case
to case: for example, B is a matrix in R3*3, By a matrix in R>*2, and ®; is a scalar.
Moreover, it is easy to check that all these terms are uniformly bounded in L*° by a
constant that depends on R with the only exception of €1, which is uniformly bounded
in L>=(L5(2)) because, even if B € C?(R?) with ¢,z € L>®(Q), the terms £(u?), e(u)
are uniformly bounded only in this weaker norm. We will examine ¢; more closely later,
addressing the estimate of €. We test equation (5.4.3a) with ®", obtaining

1d

LS oh), + | veh|3, = / (A1 + A3)P" da.

2dt o

From equation (5.4.7),

[A1] < Cr (O8] 4 [N+ ] + " = ol + o™ — o2 + |2 = 22)

and from equation (5.4.5),

| 42| < Crle™ — ¢l |-

Putting these elements together and using the Holder inequality, we obtain
1d
2dt

< Cr(19™ -+ 1INl + 11 ) 19"

12" 17 + V@™ 17

+ Cr (Il = @lulle™ = @llzs) + o™ = ollullo™ = ol o)
112 = 22" = 2oy + ™ = llzoqay Il ) 18%] o ey,

We apply the Young inequality and then, we estimate the term H<I>H%3(Q) employing
inequality (2.3.3). We have

1d
5 I8+ VBRI < Cr (NI + 6% + 1" - olEle” - elisq)
+llo™ = olrllo™ = oll2egy + 1% = 211" = 20200 (5.4.13)

+ " — SOHie(Q)thll?H) + Crgl @7 + 8l V"%
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Chapter 5. Optimal control for a brain tumor growth model with damage

for a small parameter § > 0. Testing (5.4.3b) with A" leads to
3V + 19X < SN I+ IVAM B+ 1AM, = [ (By+ B+ B do.
Proceeding as before, from equations (5.4.8) and (5.4.9) we get
[Ba| + | Ba| < Cr (0% + I\ + uh] + " — o + | — o2 + |2 — 2I2)

where we have also employed the fact that |[x2| z~(g) < R. From equation (5.4.6) we
derive

B3] < C (I¢" = ol + |2 = 21) |l

Consequently, through the Holder and the Young inequalities, then the Gagliardo—
Nirenberg inequality, and again the Young inequality with a small positive parameter ¢,
we have

S IN I+ VA < Cr(19M 1%+ 1 + 6™ — elalle™ — eli3ace)
1l = oo™ = olieg + 12" = 232" = 23 (5:414)

+ Cr (Il = @ls iy + 112" = 2l30(qy ) Ihalf + Crall "I + O VXM .

We test equation (5.4.3c) with d;w", obtaining:

Calle(@am) % < / Ae(9wh) : £(Bwh) do = — / ¢ : 2(Owh) da
Q Q

Our goal is to perform suitable estimates of the right-hand side of this inequality. By
equation (5.4.10),

1] <Cle(w)] (197 + ") + Cle(w")
FIE (" = e(uh) = e(u), 27— 2) - (¢ = i, =(uh) = =(w), 2P - ).

Let us analyze the last term on the right-hand side. We define yh = ( <,0h, e(uh), zh),
y = (¢, e(u), ), the function

Ly) = Bl 2)e(w)
and the associated
I(s) = L(syh +(1- s)y) = B(sgoh +(1—s)p,s2"+(1- s)) [3 e(ul) + (1 — s)e(u)]| .
As done before,

B 1
¢ = /0 DQL(syh +(1—s)y)(l—s)ds.
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5.4. Differentiability of the control-to-state operator

Notice that L is linear in e(u), so the related second derivative vanishes. Thus, the
quadratic term in e(u®) — e(u) will not appear in €;. Explicitly,

CQW" — ) "~ ) <O (Je)] + fe(w)]) [le" — o + [ — =]
+ Cle(uh) — e(u)] [lp" - ol + 12" - 2],

because B belongs to C?(R?) and its argument is uniformly bounded. Employing this
inequality, we have

Calle(@u™)|lf < C /Q (IeC)] (101 + 16"1) | (Dr0™)| + e(w™)le(@aw™)] ) da
+C /Q (Is(w™) = @)} (1" = ol + 2" = 21) |e(O™) | da
+C /Q (1) + (@)l ) (" = gl + |2 = 2I) e(@re™) | da
< C|lle(@) ooy (19" sy + ™ 2oy ) + lle(@™ 1o
+ (™) = (@) zaey (6" = Pllose + 12" = 2lpaqe) )
+ (Jle@)lzo@) + @) zsy) (16" = l3si0) + 12" = 20300y ) |Ie@20™)

We recall that by Theorem 5.7 the terms |le(w)|zs(q), He(uh)HLa(Q) are bounded by a
constant that depends on R. By the Young inequality and the Gagliardo—Nirenberg
interpolation inequality from Lemma 2.6, we deduce

Calle(@w™)|I3
<6 ([VOR 3 + [Vt | + (@) ) + Crs [19713 + ™
(a3 + () — @) Zaa (16 — olay + 12 — 2Bagy) )
+1le™ = elltoqqy + 12" = 2llkoco)]
for a small § > 0. Testing equation (5.4.3d) with u” leads to
1d

5 5t 1"+ 1V = [ (D1 + Doy
Q

Regarding D7, we recall that thanks to the separation property we proved for z, the term
B'(z) + 7'(2) is bounded. We have

D1 < € () + 127 = 21).
Turning our attention to Do, we get
(Da] < C (107 + [e(w™)] + " = o + e(u") — e(w)]?)
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Chapter 5. Optimal control for a brain tumor growth model with damage

Thus, with standard argumentation, we deduce
1d
2dt

h h h h
<OV (I + Ca(HM I+ 12" 1% + lle(w™ )1

™13+ Ve

(5.4.16)
12" = 2" = 23y + 6™ = elEIle™ - @laq
() — () () = e()]34q) )

We sum inequalities (5.4.13)—(5.4.16), integrate in time over (0,¢) remembering that
the initial values of the variables are zero, and move the terms multiplied by § to the
left-hand side, fixing a parameter small enough. This way, we get the following:

t
19+ I+ D+ [ (I DAy + (0™ I+ 19 ) s

t
< Cr [ (19" + 1A%y + (™) + 1 1
+ o™ — el " - ‘P”%G(Q) + o™ —alFllo" - UH%G(Q) + 12" = 2" - ZH%G(Q)
+ o™ = s llnliE + (Ie" = @l3a) + 12" = 20300y ) Il
+ Il () = (o (16" = PlZaey + o™ = @)l + 12" = 2ll34(q)
+ o™ = @lidaay + 12" = 2l ey ds.

We recall that s
eIy < € [ oo ar
and that, thanks to Theorem 5.8, it holds

"™ = @l poo(rry + 10" = ol oo iy

+ lle(u™) — e(w)llzoo () + 12" = zllzoo(mr) < CrllPl 12(0),

and that, by (5.1.94) in Remark 5.13, we have
1
" = @l e (ay) + le(w®) = e(w)ll L i) + 12" = 2l Lewiq)) < CrlBl 2 o)
Finally, we observe that
Lok 4 Lk 2 h 2
le" = @llzo@ds < [ 1" = @lliec(olle™ — @llzsq)ds
0 0

1 5
< l" = @llfazo@plle™ = @l Tagsy < CrlBIZ o) IBIZ2(q) = CrIRI 2

where we have applied the Holder inequality and, in the last passage, we have combined
(5.1.95) and (5.1.96) from Remark 5.13. The same inequality holds for z® — z. Thus, we
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5.4. Differentiability of the control-to-state operator

obtain
10" 3+ NP3+ 113 + / (IV0P 1 + IV, + le@ro®) By + 19 %) ds
< Cnd [ [10" -+ 100 + 1] s+ [ [ @t aras
bl [ (16" = el + " = ol + 12 = 2l ds
+ 1R oo (ary /Ot [HsOh — ¢ll7sy + 112" — Z”%G(Q)} ds
Bl | 16" = GlBagey + 12" — 2l | ds + [l + Hhuiz(@}.
Again, we recall that from Theorem 5.8 we know
l0" — llzewy + o™ = ollzzy + 112" = 2l < Crllllz2q).
and that V < L*(Q), L(Q). Finally, we obtain:
10"+ A3 + ™ + / (IV0P 1 + IV, + le@ro™) By + 19 %) ds
< Cnd [ [10" -+ 100 + 1] s+ [ [ @t aras
:
8l gy + 1l a1 + TRl -

By means of the Gronwall inequality, we have:

t
10"+ A3 + ™ + /O (IV@" 13 + VX" 1% + @™ 3 + IV ) ds
5
< Cn IRl + IRl Bl + Tl g )
whence (5.4.2) follows. Therefore, the proof of Theorem 5.22 is complete. O

From the Fréchet differentiability of & | it follows that the reduced cost functional J is
Fréchet differentiable over the set Ug. Since U,q is a closed and convex subset of U, we
can prove the following result.

Corollary 5.23. Let x* € U,q be an optimal control for the control problem with the
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associated state S(x*) = (¢*, 0%, u*,2*). Then, the following inequality is satisfied

T
or [ [ (¢ —pa)sdndt +as [ () = en)é(T) do+ 05 | (T s

T
+ a4/0 /Q(O’* —aqQ)pdxdt + as/ﬂ(d*(T) — o)p(T) dz
T
o /0 /Q BV'WMU*) te(u)E +y(9")e(u) - s<w>] drdt (5.4.17)

+a7/T/ (z*—zQ)Cdfcdt—i—ag/Q((T) dz
—i—ag// )dxdt >0

for every x € Uyq, where (&, p,w, () is the unique solution to the linearized system in x*
forh=x—x".
Proof. First of all, we recall that the cost functional J is well-defined over the space

CO([0,T]; H) x C°([0,T); H) x L2(0,T; V) x CO([(),T];H)] x [LQ(O,T;H) x L2(0,T;H)},

where it is also Fréchet differentiable. Moreover, from Theorem 5.22, the solution operator
S :U — V is Fréchet differentiable in Ug. Since, from standard embedding results, V is
continuously embedded in

CO([0,T); H) x C°([0,T]; H) x L*(0, T3 V) x C°([0,T]; H),

S is as well Fréchet differentiable in Up if it is seen as a functional between U and this
larger space. Thus, the reduced cost functional J is Fréchet differentiable in Ui and, by
the chain rule,

DJ(x")[x —

— o [ [ - vagarat [ (D) - o)) a0
by /Q £(T)dz + o /OT/Q<J* —so)pdrdt +as /Q(J*(T) ~ 60)p(T) dz
vao [ [ 5w e 2 (el e(w)] dr di

+a7// Z* —2Q Cdl‘dt—l—O&g/C dx—i—ag// *) dz dt,

where x* a the optimal control, x is any admissible control, and (&, p, w, {) is the solution
to the system linearized in x* with h = x — x*. From the optimality of x* and the
convexity of U,q, we obtain the trivial inequality

JX*+tx —x") —JI(x*) >0

156



5.5. The adjoint system and first-order necessary optimality conditions

for every t € (0,1). Dividing by ¢ and passing to the limit as ¢t — 0T leads to

DJ(x")[x — x*] > 0.
0

The next step is simplifying the expression (5.4.17), removing the linearized variables. In
fact, even though the inequality just derived represents a first-order necessary condition
for optimality, it does not provide a practically efficient characterization. Specifically, for
every element x of the admissible control space U,q, it requires solving the corresponding
linearized system for h = x — x*. This approach is computationally demanding, particu-
larly in high-dimensional control spaces, highlighting the need for a reformulation. To
this end, we need to introduce the adjoint system.

5.5 The adjoint system and first-order necessary optimality
conditions

The adjoint system associated with an optimal control x* € U,q and its corresponding
solution to the state system (p*, o*, u*, 2*) = S(x*) is given by

—0iq — Aq =a1q+ bir +dis+¢1 : g(v)

. o . . . (5.5.1&)
+on(p" —pq) + 57 (9")e(u?) s e(u”),
— Oir — Ar = asq + bor + au(0™ — 0@), (5.5.1b)
—div [-Ae(0rv) + B(¢", 2" )e(v)] = —div [02s + agy(¢™)e(u™)], (5.5.1c)
— Os — As = azq + bsr + dzs + ¢2 : (V) + a7 (2" — 2), (5.5.1d)
coupled with the boundary conditions
0,q=0, Oyr=-r, v=0, 0J,s=0, (5.5.2)

and with the final conditions
A(T) = as(¢™(T) —pa)+as, 1(T)=as(0c"(T)-0oq), v(I)=0, s(T)=as. (5.5.3)

Proposition 5.24. Let x* be an optimal control with the associated solution to the state
system (p*, 0", u*, z*) = S(x*). The adjoint system (5.5.1)—(5.5.3) has a unique weak
solution (q,r,v,s) in the sense that
qe€ HY0,T;V")nL®(0,T; H) N L*(0,T; V),
re HY0,7; V)N L>®(0,T; H) N L*(0,T; V),
v e Wh(0,T; V),
s€ HY(0,T; H)NL>®(0,T; V)N L*(0,T; W)
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with

such that

—(Ora, m)v +/ Vq-Vndz Z/ [a1q + b1t + dis + ¢y s e(v)]ndw
@ @ (5.5.4a)

+ [ oate” = oo+ P en)etw) )]

— (O, )y +/ Vr-Vnde = — / rndHit +/ [a2q + bor + a4 (0™ — 0@)]ndx,  (5.5.4b)
Q r Q

/ [—Ae(0pv) 4+ B(p*, 2%)e(v)] : e(0) da = / [028 + agy(p™)e(u™)] : £(0) d, (5.5.4¢)

Q Q

/ (—Osn + Vs - Vn) dz = / [asq + bsr + d3s + ¢o : (V) + az (2" — zg)] ndz, (5.5.4d)
Q Q

a.e. in (0,T), for everyn € V and 8 € Vj.

Notice that the regularity of q is the maximal we can expect, since the final value
a2(*(T) — pq) + ag only belongs to H.

Proof. The proof is similar to that of Proposition 5.20. Thus, we will omit the full details.
Existence can be established via a standard Galerkin scheme. For this reason, we present
only the formal a priori estimates required to justify the passage from the discrete to
the continuous system. We test equation (5.5.4a) with q, equation (5.5.4b) with r, and
equation (5.5.4d) with s. We sum all these equalities and estimate the right-hand side
with the Holder and Young inequalities, obtaining:

1d 2 2 2
- d d d
5 @ </Q\q| a:—i—/QM x—i—/ﬁ]s| x)
—I-/ |Vq|2dfc+/ |Vr|2dx—|—/ |Vs|? dz
Q 0 Q

<Cpg (/ |q|2dx+/|r\2d$+/s|2d:c+/|s(v)]2dx+1>
Q Q Q Q

+Cr (JlallZ s + 150350y )

where we employed Remark 5.19 to bound the coefficients of the linear terms, and
Theorem 5.7 for the optimal state. We deal with the L3-norms by means of inequality
(2.3.3), moving to the left-hand side the resulting gradient terms. Integrating in time
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over the time interval (¢,7), we have

/]q\de—l—/ r|2dx+/ |s|* d
Q Q Q
T T T
+//Vq|2dxds+//|Vr\2dxds—|—//\VS|2dxds
t Jo t Jo t Jo
T T
§C’T+CR<//|q|2dxds+//|r|2dwds
t JQ t JQ
T T
+//S|2d:rds+//|€(V)]2dxds+1>,
t JQ t JQ

where the non-negative constant Cr only depends on the prescribed final conditions
(5.5.3). Then, we test equation (5.5.4c) with —0yv. We use the fact that A is strictly
positive definite from hypothesis (C2) to bound from below the left-hand side, and again
the Holder and Young inequalities for the right-hand side. We end up with

(5.5.5)

2 ce(Opv) da
CA/Q‘E(atV)’ d.’L‘S/QAE(atV). (Ov)d

<5/ (@) de + Cres (/ |€(v)2dx+/ ]s]de—i—l)
Q Q Q

for a fixed and small constant § > 0, e.g., § = C4/2. We recall that, since v(T') = 0, as
we have already seen before,

/le(v)lzciscg/f/Q e(8,v)|? dz ds

that we are going to use in equation (5.5.6). Similarly, integrating this inequality in time,

/tT/Q e(v)[2 dz ds < /tT </ST/Q|€(8tV)|2dJIdT> ds gTZTAIs(atV)IdedS»

that we are going to use in equation (5.5.5). Summing inequalities (5.5.5) and (5.5.6)

and employing the Gronwall Lemma backward in time, leads to

(5.5.6)

lall oo (mynr2evy + el Loo (mrynr2 vy + I8l Loe (ynrzvy + 1€@ev) [ Loy < €. (5.5.7)

Additional estimates in H'(0,T; V") for q, r and s can be deduced by comparison in the
respective equations. Moreover, since the final value of s is smooth, we can apply standard
parabolic results (see, e.g., [DL92; Lio61]) and improve its regularity. Uniqueness is easy
to prove since the system is linear. One can take the difference of two weak solutions,
which is in turn a solution of the homogeneous system associated with (5.5.1) with zero
final conditions, and repeat the estimate above. O

We are now in the position to remove the linearized variables from (5.4.17).
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Theorem 5.25 (First-order necessary conditions of optimality). Let x* € U,q be an
optimal control for the control problem with the associated state (¢*,0*, u*,z*) = S(x*).
Then, the following inequality is satisfied

T * T
—//go* (1-%) (Xl—XT)qdmdt+//5(90*72*)(X2—X§)1“d37dt
0JQ
+a9// Ydxdt >0

for every x € Uyq, where q and r are respectively the first and second components of the
solution to the adjoint system associated with x*.

(5.5.8)

Proof. We test the equations of the linearized system with the solution of the adjoint
system and subtract the equations of the adjoint system tested with the solution of the
linearized system. Then, we sum up all the equations we have obtained. Explicitly, we
test (5.3.4a) with q, (5.3.4b) with r, (5.3.4c) with v and (5.3.4d) with s. In the same
way, we test (5.5.4a) with &, (5.5.4b) with p, (5.5.4¢c) with w and (5.5.4d) with . Some
terms cancel out, and we have:

S s acto o 4.9 ]
= [ (aima+ bihar) do - ar [ (5" = po)ds —a [ (0"~ oqhpda
~as [ (;7’(90*)5(1&*) () + A (p)e () e(w)) do—ar [ (7~ z)¢d.

Integrating in time over the interval (0,7), exploiting the initial and final conditions,
and moving some terms to the left-hand side, we finally have

[az /Q (¢(T) — pa)€(T) dz + g / E(T)dz + o / (o*(T) — 0)p(T) da

—i—ocg/QC(T)dx] [al// 0" — g §dxdt+a4// 0" —oq)pdxdt
vao [ [ (5762w e (o)) (o)) o
+ar /OT/Q(Z* —ZQ)Cdxdt] - /OT/&](a4h1q+b4h2r) dz dt.

Combining this equality with the inequality stated in Corollary 5.23, and recalling the
expressions of a4 and b4 from the linearized system, we obtain the thesis. O
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