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Abstract

Tumor growth is a complex phenomenon, driven by the interplay of genetic, biochemical,
and mechanical factors, and its understanding remains a major challenge in modern
medicine. Mathematical oncology offers a powerful quantitative framework to unravel the
underlying mechanisms and to pave the way toward personalized treatments. This thesis
falls within this context, introducing systems of partial differential equations (PDEs)
intended to capture the fundamental biological and physical processes involved in cancer
progression. Starting from well-established models that couple tumor dynamics with
nutrient diffusion, we incorporate the evolution of additional relevant quantities, thereby
enriching both the mathematical structure and the modeling viewpoint.

Once the PDE system is formulated and an appropriate notion of weak solution
is introduced, a fundamental question concerns the well-posedness of the associated
initial-boundary value problem. The standard technique for proving existence consists
in constructing a suitable approximation of the system, possibly combined with a
regularization of the nonlinear terms. One then derives a priori estimates that guarantee
sufficient compactness, allowing the passage to the limit in the approximation parameter
and the recovery of a solution to the original problem. If well-posedness and adequate
regularity are established, attention can turn to associated optimal control problems.
The aim is not only to predict the course of the disease but also to optimize therapeutic
strategies by adjusting the type, timing, and dosage of treatments to achieve the best
possible outcome for the patient, meaning maximum reduction of the tumor and minimum
drug-related side effects. From a mathematical perspective, this is achieved by introducing
control terms in the source functions of the system, representing the therapies. These
controls are chosen within an admissible set, ensuring that for each fixed control, the
PDE system admits a unique solution. A first step is to prove the existence of an
optimal control, namely one that minimizes a suitable cost functional depending on both
the control and the corresponding solution of the PDE system. This gives rise to a
nonlinear and nonconvex minimization problem subject to PDE constraints, typically
addressed via the direct method in the Calculus of Variations. A subsequent major goal
is the derivation of first-order necessary optimality conditions, expressed in the form of a
variational inequality.

This thesis introduces three mathematical models. The first is a nonisothermal phase
field system of Caginalp type, designed to describe tumor progression under thermal
therapies. Despite the biological relevance of temperature, this aspect has received limited

iii



Abstract

attention in the literature; the approach proposed here provides a novel perspective and a
solid foundation for future developments. Well-posedness for the related initial-boundary
value problem and additional regularity are proven. In particular, the existence of a
weak solution is demonstrated through a two-step approximation procedure, involving
regularization of the potential and a Faedo–Galerkin discretization scheme. The second
model builds on a Cahn–Hilliard-type system already incorporating mechanical effects—
reflecting the viscoelastic properties of tissues—by introducing surgery-induced damage,
a complete novelty in this field. In addition to the usual technical difficulties, such
as the lack of mass conservation, this system presents further challenges due to the
nonlinear coupling between the equations, in particular between the balance of forces
and the differential inclusion governing the damage variable. The latter is by itself highly
nonlinear, presenting both a p-Laplacian operator and the subdifferential of a nonsmooth
convex potential. The existence of weak solutions is established through a carefully chosen
time-discretisation scheme. However, due to the high nonlinearity, uniqueness remains
an open problem. Nevertheless, if a suitable non-degenerative operator replaces the
p-Laplacian, well-posedness can be obtained, giving new insights for further research. The
third model is tailored to brain tumors and integrates lactate metabolism, viscoelasticity,
and tissue damage, together with the action of cytotoxic and lactate-targeting drugs.
Here, the evolution of the tumor is described through a Fisher–KPP-type equation. The
existence of weak solutions is proved by a Schauder fixed-point argument combined with
a regularization of the potential. After showing additional regularity and uniqueness, an
associated optimal control problem is addressed.
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Chapter 1

Introduction

Despite significant advances in modern medicine, cancer remains one of the leading causes
of death worldwide. According to global estimates from the International Agency for
Research on Cancer (IARC), in 2022, there were nearly 20 million new cancer cases and
9.7 million cancer-related deaths, accounting for almost one in six deaths (see [Bra+24;
Fer+21]). Moreover, due to the actual rates in population growth and aging, these
numbers are set to rise: demographics-based predictions indicate that the number of new
cases of cancer will reach 35 million by 2050, a 77% increase with respect to 2022, further
intensifying the global burden of the disease (see [Bra+24]). Cancer is an inherently
complex multiscale phenomenon in which genetic, biochemical, and mechanical processes
act simultaneously. This complexity makes it challenging to distinguish the key drivers
of tumor progression from secondary or negligible effects. In addition, tumors exhibit
remarkable heterogeneity, while population-based protocols with limited individualization
still guide most current therapies. This can result in both undertreatment, which may be
fatal, and overtreatment, with the related side effects. For all these reasons, mathematical
oncology has come to be recognized as a powerful and indispensable tool in cancer research
(see, e.g., [Yan+24; Cor+13; Lip+19; AGL23; Fal+21] and the references cited therein).
It offers a rigorous framework for investigating the complex interplay among biological
processes and therapeutic interventions, and provides quantitative methodologies that
can significantly improve both diagnostic precision and prognostic accuracy. One of
its primary objectives is to enhance the understanding of the fundamental mechanisms
driving tumor development, which are often unclear, and to predict the disease’s course
accurately. A second major aim of mathematical oncology is to contribute to personalized
treatment planning by integrating patient-specific data, possibly from medical imaging,
into the design of a therapy optimized by dosage and scheduling. Moreover, it could
give valuable insight into the potential efficacy of combinations of therapeutic strategies,
which have not been investigated through clinical trials. To achieve these goals, the first
fundamental step is the derivation of a mathematical model based on phenomenological
observations and physical principles, and the formulation of a related optimal control
problem. It is particularly crucial to establish that the model is well-posed, i.e., it admits a
unique solution which depends continuously on the given data. Similarly, one must ensure
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Chapter 1. Introduction

that the associated control problem admits an optimal solution, possibly characterized by
suitable necessary conditions. The latter are useful to practically determine the optimal
control through a gradient descent method. The subsequent steps concern the numerical
implementation of the model, its calibration through patient-specific parameters, and the
treatment optimization, which results in a better-informed clinician’s decision. This thesis
focuses on the analytical aspects described above, without addressing the computational
ones.

1.1 Biological framework

The term cancer refers to a broad class of diseases characterized by uncontrolled cell
proliferation. It can start in any part of the body as a consequence of irreparable DNA
damage that disrupts the normal mechanisms controlling cell division and death. In its
early stages, a (solid) tumor consists of a small cluster of heterogeneous cells with the
abnormal ability to evade apoptosis (programmed cell death), ignore growth-inhibitory
signals from the surrounding tissue, and proliferate more rapidly than the healthy cells
[HW00; HW11]. During the initial avascular phase, it draws nutrients (such as oxygen
and glucose) diffused within the surrounding tissue by the pre-existing vasculature
[Fol76; Fol85; PK89]. To ensure an adequate supply of nutrients, tumor cells can also
exploit sophisticated mechanisms. First, tumor cells often overexpress specific membrane
transporters, facilitating nutrient uptake [Sca+15; Ish+01; GL16]. This leads to the
so-called active transport mechanisms, i.e., the preferential flow of nutrients toward tumor
cells. Second, tumor cells exhibit chemotaxis, i.e., the tendency of tumor cells to migrate
toward regions with higher nutrient concentrations [RCP11]. However, as the tumor
mass grows beyond a critical size (typically a few millimeters in diameter), the inner
regions start to suffer from hypoxia. This results in a characteristic stratification of the
tumor, with an outer viable rim of proliferating cells, a quiescent layer of living but
non-proliferative cells, and a necrotic core. Moreover, the nutrient deprivation triggers
angiogenesis, the formation of new blood vessels from the existing vasculature, thereby
establishing a direct and sustained supply of nutrients. Finally, tumor cells enter the
blood vessels and migrate to other tissues, initiating the process of metastasis.

Alongside nutrient availability, several additional mechanisms play a crucial role in
influencing tumor growth. Among them, mechanical stress is now well recognized as a
factor that can directly affect tumor progression by inhibiting cell proliferation, promoting
necrosis, or even altering vascularization patterns (see, e.g., the review [Urc+22]). In
particular, [Che+09] proves through in vitro experiments that compressive stress can
induce non-hypoxic driven apoptosis, while [Bro+16] shows that mechanically constraining
treatments can significantly slow down tumor growth. Conversely, the growth of the
tumor itself contributes to the accumulation of stress within the surrounding tissue,
creating a nonlinear feedback.

Different cancers require different combinations of treatments, tailored to the tumor
type, location, and stage. For primary solid tumors, surgical resection—either partial
or complete—often represents a fundamental step in therapy. However, if tumor cell
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1.1. Biological framework

proliferation resumes after surgery, an intriguing question arises as to whether this
regrowth is influenced by the surgical site itself. Several mechanisms may contribute to
this phenomenon. First, tissue removal inevitably damages local blood vessels and induces
edema, both of which may alter nutrient diffusion. In addition, the operated tissue exhibits
mechanical properties that differ from those of intact tissue, including altered elasticity
(see, e.g., [Moe+17]). In Chapters 4 and 5, we will introduce mathematical models aimed
at capturing the impact of surgery-induced tissue damage on growth dynamics. Most of
the time, surgery is combined with radiotherapy or chemotherapy. They use, respectively,
high radiation doses and cytotoxic drugs to reduce tumor cell proliferation and induce
their death. Many other therapies exist, such as hyperthermia therapy, which we are
going to take into account in Chapter 3. Hyperthermia is a treatment approach that
has been explored for several decades (see, e.g., [Mal+16] and the references therein). It
consists in raising the local, regional, or whole-body temperature above 39°C for 30 to 60
minutes, using techniques such as radio wave, microwave, or focused ultrasound heating,
perfusion, and thermal chambers (see, e.g., [Hab+11]). It is sometimes used alone, but
most frequently is combined with other primary therapies, such as chemotherapy or
radiotherapy. Depending on the temperature, it has different effects.

(i) Moderate hyperthermia (below 42°C) increases tumor perfusion, primarily due to
heat-induced vasodilatation. This, in turn, improves the delivery of chemothera-
peutic (or immunotherapeutic) drugs.

(ii) High hyperthermia (i.e., temperatures between 42°C and 50°C) exerts direct cy-
totoxic effects and induces vascular damage. Moreover, it impairs DNA repair
mechanisms, thereby potentially enhancing the susceptibility of tumor cells to other
treatments such as chemotherapy or radiotherapy.

(iii) Thermal ablation (above 50°C), applied directly in situ, results in irreparable
cellular damage and consequent apoptosis and necrosis of tumor tissue.

As already pointed out, depending on the location, cancer presents different features
that translate into specific prognosis, response to treatments, and, in the end, life
expectancy. While the models discussed in Chapters 3 and 4 are not tailored to a specific
tumor type, in Chapter 5 we focus on brain tumors. Among them, the more common are
gliomas, i.e., neoplasms of glial cells. Despite advances in medical research and treatment
strategies, the survival rate for brain tumors remains low (see, e.g., [DC16]), and no
significant improvement has been observed recently (see, e.g., [Szo+17]). In particular,
glioblastoma—an aggressive form of glioma—is characterized by invasive growth and
genetic-metabolic abnormalities. Due to the oxygen deprivation, hypoxic tumor cells
mainly rely on glycolysis to obtain energy, consuming glucose and producing lactate as a
byproduct. This is known as the Warburg effect. On the other hand, lactate has been
proven to be more than a waste product: it can be used as a nutrient by oxygenated
tumor cells [GOG05]. This leads to some sort of metabolic symbiosis between the two
cell populations, suggesting that a new therapeutic strategy may be a drug targeting
lactate (cf. [Son+08], [Tan+21], [Guy+22]).
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Chapter 1. Introduction

It is now clear that, given the complexity of tumor biology and the multiple interacting
processes involved, many factors must be considered when developing a mathematical
model. In practice, modeling requires careful choices and simplifications, focusing on
the most relevant mechanisms for the specific questions being addressed, which may
change from case to case. In the following, when introducing a model (see Section 1.3),
we will explicitly point out the assumptions made and the biological phenomena they are
intended to capture.

1.2 Modeling framework

Over the past few decades, the interest in tumor growth models and the related literature
has increased substantially (see, e.g., [AM04; Byr+06; BLM08; AP08; OHP10; CL10;
Fri23] and references therein). Among the various possible classifications, most of them
fall into two broad categories: discrete and continuum models. Discrete models are set
at the microscopic scale, explicitly representing individual cells and their interactions.
Many of them integrate the single cells’ discrete description (for example, through
cellular automata, extended Potts, or random walks) with continuous equations for
the chemical gradients (see, e.g., [BLM08, Section 4.2] and the reference cited therein).
In contrast, continuum models describe tumor dynamics at the tissue level, making
them more appropriate for capturing large-scale tumor behavior and long-term evolution.
Macroscopic models are often formulated by means of nonlinear partial differential
equations (PDEs), which rule the evolution of some locally averaged quantities, such as
the tumor cell’s density or the concentration of a relevant chemical species. In this thesis,
we focus on three continuum models of tumor growth, each tailored to capture specific
biological and physical features of the disease. The first two are phase field models,
formulated through variants of the Cahn–Hilliard equation, which are well-suited to
describe interface dynamics and phase separation phenomena in tumor tissues. The third
model is based on a reaction-diffusion equation of Fisher–KPP type, and is specifically
designed to describe the invasive behavior of gliomas in brain tissue.

1.2.1 Phase field models of Cahn–Hilliard type

At first glance, the most intuitive way to model a solid tumor is as a cohesive mass
of malignant cells embedded within healthy tissue, separated by a sharp interface (see
Figure 1.1). Translating this notion into mathematical terms naturally leads to free
boundary problems, where the tumor is represented as an evolving domain to be de-
termined. Starting from the earliest contributions (see [Gre72; MM78; Ada87]), which
incorporated a multilayered structure of the tumor—composed of viable, quiescent, and
necrotic cells—together with the presence of growth factors, further extensions have
progressively included additional biological processes such as apoptosis, immune response,
and angiogenesis (see, e.g., [Byr+06; BLM08] and the references cited therein). Despite
their relevance, these models face some limitations. First of all, highly aggressive cancers
such as gliomas present an infiltration zone with a low density of isolated tumor cells (see
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1.2. Modeling framework

Healthy tissue

Sharp interface

Tumor tissue

Figure 1.1. Sharp interface model

[SRA08]), making the sharp interface assumption inadequate. Moreover, free boundary
problems cannot deal with topological changes in the tumor, such as coalescence or
breaking-up phenomena, which typically occur both at the early stages of the prolifera-
tion (when the tumor is morphologically unstable, see [CLN03]) and at more advanced
stages (when it undergoes metastasis). Finally, without imposing simplifying assumptions,
such as radial growth, dealing with free boundary problems may be analytically and
numerically challenging. These issues can be overcome by employing a diffuse interface
model, in which the sharp interface is replaced by a thin layer with both tumor and
healthy cells, where a smooth transition takes place (see Figure 1.2). A scalar function

Healthy tissue

Diffuse interface

Tumor tissue

Figure 1.2. Diffuse interface model

φ, called order parameter, is introduced, representing the difference in volume fraction of
tumor and healthy cells. Roughly speaking, φ is the local relative proportion between
the two types of cells, with {φ = 1} being the tumor tissue, {φ = −1} the healthy
tissue, and {−1 < φ < 1} the diffuse interface. Notice that here we are implicitly
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Chapter 1. Introduction

neglecting quiescent and necrotic cells, and the tumor is represented as a single cell
population. The evolution of φ is ruled by a suitable modification of the Cahn–Hilliard
equation. The latter was first introduced by Cahn and Hilliard in 1958 [CH58] to give
a continuous description of the phase separation process in binary mixtures, modeling
spinodal decomposition and coarsening phenomena under the assumptions of isotropy
and constant temperature. Since then, it has been widely applied in many different
contexts that exhibit pattern formation, ranging from materials science to fluid dynamics,
and more recently to mathematical biology. In the following, we introduce it briefly,
while referring the reader to [Mir19; Wu22] for a comprehensive overview.

The classical Cahn–Hilliard equation. Suppose that a two-component mixture
occupies a domain Ω ⊆ Rd with d = 2, 3, having boundary Γ := ∂Ω and outward unit
normal ν. The classical Cahn–Hilliard equation is a semilinear fourth-order parabolic
equation given by

∂tφ + ϵ∆2φ− 1

ϵ
∆Ψ′(φ) = 0

in the parabolic cylinder Ω × (0, T ), where T > 0 is the final time. It can be equivalently
rewritten as the following system

∂tφ− ∆µ = 0,

µ = −ϵ∆φ +
1

ϵ
Ψ′(φ),

(1.2.1)

having introduced the auxiliary variable µ, called chemical potential. The small constant
ϵ > 0 is a physical parameter related to the thickness of the interface. The function Ψ
is a double-well potential. A thermodynamically relevant example is the logarithmic
potential

Ψlog(r) :=
θ0
2

[(1 − r) ln(1 − r) + (1 + r) ln(1 + r)] − θc
2
r2, r ∈ (−1, 1) (1.2.2)

where 0 < θ0 < θc are two constants respectively proportional to the absolute temperature
of the system and the critical temperature of phase separation. It is often referred to
as the singular potential, since its derivative Ψ′

log presents two vertical asymptotes at
r = ±1. Such a choice guarantees that the order parameter stays within the interval
(−1, 1). However, it entails certain technical difficulties. For this reason, it is common
to replace Ψlog with its polynomial approximation, obtained through the fourth-order
Taylor expansion around r = 0. For a suitable choice of θ0 and θc, and after a translation,
this yields

Ψreg(r) :=
1

4
(1 − r2)2, r ∈ R (1.2.3)

which is smooth and easier to handle both analytically and numerically (see Figure 1.3
for a qualitative comparison). The drawback is that, with this regular potential, the
order parameter can no longer be expected to remain within the physically relevant
interval [−1, 1], since the Cahn–Hilliard equation does not satisfy a maximum principle.
Moreover, notice that the minima, which correspond to the pure phases, are shifted.
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1.2. Modeling framework

Ψlog

-1 1

Ψreg

-1 1

Figure 1.3. The singular potential for θ0 = 2, θc = 3 and the regular potential

Derivation from the mass balance law. The Cahn–Hilliard equation can be phe-
nomenologically derived as follows. We assume that the total free energy of the system
is

E(φ) :=

∫
Ω

[
ϵ

2
|∇φ|2 +

1

ϵ
Ψ(φ)

]
dx,

called Ginzburg–Landau free energy. The gradient term accounts for heterogeneity of the
mixture, modeling the surface energy of the interface. It penalizes sudden spatial changes
of the order parameter, preventing the formation of sharp interfaces. The double-well
potential reflects the thermodynamic preference of the system for the pure phases (e.g.,
the two minima) over the diffuse interface, corresponding to intermediate values. The
phase separation and the related pattern formation are driven by the competition between
|∇φ|2, smoothing the interfaces, and Ψ(φ), favoring pure phases. In the phase separation,
the total mass of the system is conserved. Thus, we can write the continuity equation

∂tφ + div Jφ = 0, (1.2.4)

where Jφ is a mass flux to be chosen so that, according to the basic law of thermodynamics,
the free energy does not increase in time. Notice that, having introduced E, the chemical
potential µ can now be defined as its variational derivative with respect to φ, i.e.,

µ :=
δE(φ)

δφ
= −ϵ∆φ +

1

ϵ
Ψ′(φ), (1.2.5)

having assumed homogeneous Neumann boundary conditions

∂νφ = 0 (1.2.6)

on Γ. From (1.2.5), µ can be interpreted as a forcing term proportional to the local
distance from equilibrium (see [NS84]). Thus, it is reasonable to assume that the diffusion
is driven by the gradient of the chemical potential, leading to the non-Fickian law:

Jφ := −∇µ. (1.2.7)

Assuming no mass flux at the boundary, the equations hereby obtained are complemented
by the following homogeneous Neumann boundary condition for µ

∂νµ = 0 (1.2.8)
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Chapter 1. Introduction

on Γ. We close the system by adding the initial condition

φ(0) = φ0. (1.2.9)

To conclude, let us briefly comment on the consequences of the choices we have made.

• The boundary condition (1.2.6) yields that interface is orthogonal to Γ.

• By the boundary condition (1.2.8), the total mass, i.e., the integral of the order
parameter over the domain, is conserved. Proceeding formally,

d

dt

∫
Ω
φdx =

∫
Ω
∂tφdx =

∫
Ω

div(∇µ) dx =

∫
Γ
∇µ · ν dHd−1 = 0,

therefore ∫
Ω
φ(x, t) dx =

∫
Ω
φ0(x) dx, ∀t ∈ [0, T ].

• Owing to the boundary condition (1.2.6) and to the choice of the mass flux (1.2.7), if
φ is a solution of the Cahn–Hilliard equation, then E(φ) is non-increasing according
to the laws of thermodynamics. Again, proceeding formally, we have

d

dt
E(φ) =

∫
Ω

[
ϵ∇φ · ∇(∂tφ) +

1

ϵ
Ψ′(φ)∂tφ

]
dx

=

∫
Ω
µ∂tφdx =

∫
Ω
µdiv(∇µ) dx = −

∫
Ω
|∇µ|2 dx ≤ 0.

The viscous Cahn–Hilliard equation. The viscous Cahn–Hilliard system

∂tφ− ∆µ = 0,

µ = τ∂tφ− ϵ∆φ +
1

ϵ
Ψ′(φ),

(1.2.10)

was first introduced in [Nov88] to account for viscosity effects resulting from phase
separation. It can be seen as a regularization of (1.2.1). The constant τ > 0 is a viscosity
parameter. Notice that here the chemical potential is simply the sum of the viscous
contribution and of the variational derivative of the free energy, i.e.,

µ := τ∂tφ +
δE
δφ

(φ). (1.2.11)

Notice that τ∂tφ adds dissipation to the system. Assuming again homogeneous Neumann
boundary conditions, this can be seen from the associated energy identity, which takes
the form

d

dt
E(φ) = −

∫
Ω

[
|∇µ|2 + τ |∂tφ|2

]
dx, (1.2.12)

where the right-hand side is obviously non-positive. Notice that the mass conservation
still holds in this case.
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1.2. Modeling framework

Adapting the Cahn–Hilliard equation to tumor modeling. The classical Cahn–
Hilliard equation is derived under the hypothesis of mass conservation, which is clearly
not satisfied when it comes to tumor growth. Proliferation from nutrient consumption,
apoptosis, and the effects of cytotoxic drugs can be incorporated by introducing a
phenomenologically chosen mass source U on the right-hand side of (1.2.4), and the
same modification applies to its viscous variant. As we will see in Chapters 3 and 4, the
absence of mass conservation is related to some technical challenges, and the source—
typically nonlinear—has to be selected carefully in order to guarantee the existence
of the solutions. Moreover, the Cahn–Hilliard-type equation—describing the evolution
of the tumor—is often coupled with additional equations accounting for biologically
relevant quantities. The diffusion of nutrients is commonly taken into account through a
reaction-diffusion equation, but various works also incorporate the evolution of relevant
biomarkers, more phases, elastic effects, and fluid flows (see, e.g., [FGR15; Gar+16; GL17;
Fri+18; Gar+18; LW18; EGN21; Col+20; GLS21a; GKT22; KS22] and the references
therein). These contributions enrich the free energy functional by adding further terms
beyond the classical Ginzburg–Landau one. Consequently, they naturally appear in
the Cahn–Hilliard dynamics through the chemical potential, since it is defined as the
variational derivative of the free energy.

1.2.2 The inclusion of thermal effects: the conserved Caginalp system

As previously observed, the Cahn–Hilliard equation and its viscous variant are formulated
assuming constant temperature, which is not always reasonable from the modeling point
of view. To overcome this limitation, several nonisothermal phase transition models have
been proposed (see, e.g., [Cag88; Cag90; PF90; AP92a; AP92b] and the more recent
[MS05; MS21; De +24]). Among them, the conserved Caginalp model has been discussed
and analyzed over the years (see, e.g., [Cag88; Cag90; GPS07; Mir13; Col+23; Col+24]
and references therein). The PDE system is basically obtained by coupling the possibly
viscous Cahn–Hilliard equation with the heat equation. Its simpler formulation takes the
form

∂t(θ + ℓφ) − ∆θ = u,

∂tφ− ∆µ = 0,

µ = τ∂tφ− ϵ∆φ +
1

ϵ
Ψ′(φ) − Λθ,

(1.2.13)

where θ is the (relative) temperature with respect to a certain critical value normalized
to 0, u is a heat source, ℓ and Λ are positive constants related to the tissue’s latent heat,
and τ ≥ 0 is a viscous coefficient. It is referred to as the conserved Caginalp model (in
contrast to the nonconserved variant, see [Cag86]) because the total mass of the order
parameter remains conserved under homogeneous Neumann boundary conditions. The
PDE system (1.2.13) can be derived in several ways. We do it following the approach
from Caginalp (see [Cag88; Cag90] but also [BS96, Chapter 4, Example 4.4.2]). The
evolution of temperature is governed by the heat balance

∂t(θ + ℓφ) − ∆θ = u,

9



Chapter 1. Introduction

coupled with the mass balance

∂tφ + div(−∇µ) = 0, (1.2.14)

where µ is the chemical potential of the system, defined as in (1.2.11) following [Nov88].
Finally, the total free energy functional is given by

E(θ, φ) =

∫
Ω

[
ϵ

2
|∇φ|2 +

1

ϵ
Ψ(φ) − Λθφ

]
dx, (1.2.15)

accounting for the temperature through the last coupling term, which may be understood
as the part of the free energy corresponding to temperature times the entropy of the
system (see [Cag86] but also [BS96]). From the thermodynamic consistency viewpoint,
notice that, even assuming u = 0, the energy dissipation is not guaranteed. In fact,
proceeding as before, we have

d

dt
E(θ, φ) = −

∫
Ω

[
|∇µ|2 + τ |∂tφ|2

]
dx− Λ

∫
Ω
∂tθφdx,

where the last addend does not have a definite sign in general, so E(θ, φ) may either
increase or decrease depending on the evolution of θ and φ (see, e.g., [BS96, Chapter 4,
Example 4.4.2] for more details).

1.2.3 Reaction diffusion Fisher–KPP models

Reaction-diffusion models are widely used in mathematical oncology to describe tumor
growth. They are relatively simple compared to other classes of equations, yet have proven
to give valuable insight. Let φ denote the tumor cell density. Writing the continuum
equation for mass conservation, and assuming that the diffusion is gradient-driven
according to Fick’s law, evolution of φ is ruled by the semilinear parabolic equation:

∂tφ− ∆φ = U(φ). (1.2.16)

The source term U models the tumor cell proliferation. A common choice is the logistic
function

U(φ) := pφ
(

1 − φ

N

)
, (1.2.17)

where p > 0 is a proliferation rate and N > 0 is the carrying capacity of the tissue,
i.e., the maximum number of cells that can fit per unit volume. Assuming (1.2.17),
(1.2.16) is known as the Fisher–Kolmogorov–Petrovsky–Piskunov (or Fisher–KPP in
short) equation. It was originally introduced in 1937 by Fisher [Fis37] and independently
by Kolmogorov, Petrovsky, and Piskunov [KPP37] to describe population dynamics. Since
then, the Fisher–KPP equation has been applied to many fields (see [Mur02; Mur03] for
a detailed overview), including brain tumor growth (see, e.g., [SAM00; Mur03; Roc+08;
PH13; Rut+17; Hor+21; Mal+25] and the references cited therein) to capture biological
invasion. As for the Cahn–Hilliard equation, (1.2.16) is sometimes coupled with other
PDEs governing the dynamics of relevant quantities.

10



1.2. Modeling framework

1.2.4 The inclusion of damage (and viscoelastic) effects

One of the main contributions of this thesis is the introduction of the concept of tissue
damage, which will be incorporated into the models presented in Chapters 4 and 5. In the
biological setting considered here, surgery induces a collection of lesions and microlesions
that alter nutrient diffusion and the mechanical properties of the affected region, thereby
influencing the macroscopic evolution of the tumor. Although this application has not
been previously explored in the literature, damage theory has been extensively employed
in engineering and materials science to describe the evolution of complex materials (such
as concrete or solder alloys), often taking into account elastic or viscoelastic deformations
(see, e.g., [BS04; BSS05; BBR08; HK11; RR14; HR15; MRZ10; TM10] and the references
chited therein). In this context, damage arises from the breaking of atomic links, leading
to the formation of microcracks and microvoids. As a result, the structural integrity of
the material and its stiffness are reduced. Within the framework of continuum mechanics,
we aim to describe at the macroscopic level the effects of these microscopic movements,
following the approach proposed by Frémond and Nedjar [FN95; FN96; Fré02] (see
also [Gur96] for a derivation including the Cahn–Hilliard equation). To simplify the
exposition and to avoid distinguishing between the Cahn–Hilliard and Fisher–KPP-type
models, we temporarily neglect the tumor variable φ, which will be reintroduced in
the following Section 1.3. We denote by z an internal scalar variable which models the
degree of damage at each material point and takes values in the interval [0, 1]. At a given
time t ∈ (0, T ), z(x, t) = 1 indicates that the material at point x ∈ Ω is undamaged,
z(x, t) = 0 corresponds to complete damage, and intermediate values represent partial
damage. Alongside the damage, we want to describe the macroscopic deformations of
the body Ω. Thus, for every t in the time interval (0, T ), we introduce the deformation
field of each point with respect to the reference configuration Ω

y(·, t) : Ω→Rd

x 7→y(x, t),

and the displacement field

u(·, t) : Ω→Rd

x 7→u(x) := y(x, t) − x.

The evolution equations ruling the dynamics of z and u are obtained from the principle of
virtual power—which is equivalent to the momentum balance laws (see [Fré02; Ant95])—
combined with some constitutive assumption involving the system’s free energy E and
pseudopotential of dissipation P, ensuring consistency with the classical principles of
thermodynamics. Before presenting E and P, we summarize below both the previously
introduced and the additional modeling hypotheses adopted here and in Chapters 4
and 5.

• We take the internal constraint
0 ≤ z ≤ 1

11



Chapter 1. Introduction

to be a physical property of the state variable z. Therefore, according to the
literature [FN95], it must be imposed through the free energy E which describes
properties of the state variables (in contrast to P, describing properties related to
their time derivatives).

• Within our biological setting, the damage process is reversible, which means that
the tissue can recover. In many damage models, the process is instead treated as
irreversible, typically enforced via the constraint

∂tz ≤ 0

imposed thought the pseudopotential of dissipation P (see, e.g., [HK11; RR14;
Hei+17]).

• We assume that Ω, the region of the body where cancer is developing, is made
of a viscoelastic material, i.e., a medium combining features of both elastic solids
and viscous fluids. Elastic solids are characterized by their ability to return
instantaneously to the original, undeformed configuration once the applied load
is removed. They store mechanical energy in the form of elastic energy without
dissipation, and the corresponding stress (i.e., the internal force per unit area
acting within the body) depends exclusively on the current state of deformation.
In contrast, Newtonian viscous fluids dissipate all the mechanical energy supplied
through deformation and exhibit no recovery of their initial configuration once
the load is removed; for such materials, the stress depends solely on the rate
of deformation. The overall response of viscoelastic materials is therefore time-
dependent, reflecting both energy storage and dissipation.

• We require that the displacement gradient ∇u is small. This way, the Green–
St.Venant strain tensor—which measures the deviation between the given deforma-
tion and a rigid one—can be approximated with the linearized strain tensor

ε(u) :=
(∇u)t + ∇u

2
,

i.e., the symmetric gradient of u (see, e.g., [Cia88]).

Explicitly, the free energy of our system is defined as

E(u, z) :=

∫
Ω
E(ε(u), z,∇z) dx,

with the free energy density given by

E(ε(u), z,∇z) :=
1

p
|∇z|p + β̂(z) + π̂(z) + W (ε(u), z).

According to the gradient theory in damage processes, the gradient term models the
influence of damage at a material point on the surrounding undamaged material. The
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1.2. Modeling framework

non-smooth convex β̂ allows us to impose physical constraints on the variable z. A simple
and classical example to keep in mind is the indicator function of the interval [0, 1], i.e.,

β̂(r) = I[0,1](r) =

{
0 if r ∈ [0, 1],

+∞ otherwise,

see Figure 1.4. In particular, it would ensure that the damage z takes values in the
physically significant range [0, 1]. The function π̂ is a smooth and, in general, concave
perturbation with at most quadratic growth (see Figure 1.4 for a simple choice). The

+∞ +∞

β̂

0 1

π̂

0 1

Figure 1.4. β̂(r) = I[0,1](r) and π̂(r) = r(1−r)
2

last term W is the elastic energy density of the system. A common ansatz is to assume
that W has a quadratic dependence on the strain tensor, namely

W (ε(u), z) :=
1

2
C(z)ε(u) : ε(u),

where C denotes a fourth-order elastic tensor, which may depend both on the spatial point
in the reference configuration Ω and on the damage variable z. Here, the symbol : stands
for the Frobenius inner product between matrices. Finally, we define the pseudopotential
of dissipation

P(ε(∂tu), ∂tz) :=

∫
Ω
P (ε(∂tu), ∂tz) dx,

where the density reads

P (ε(∂tu), ∂tz) :=
1

2
V(z)ε(∂tu) : ε(∂tu) +

1

2
|∂tz|2.

It depends on the damage time derivative ∂tz and the macroscopic symmetric strain
rate ε(∂tu), which are the dissipative variables of our problem. The fourth-order viscous
tensor term V accounts for the friction between neighboring cells moving at different
velocities. Although it may depend on the damage variable z—as well as on the spatial
point in the reference configuration Ω—for brevity, we denote it by P rather than Pz.

Displacement equation. The application of the principle of virtual power to u leads
to the classical balance of linear momentum

κ∂ttu− div T = f . (1.2.18)
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Chapter 1. Introduction

If κ ≠ 0, inertial effects are taken into account; otherwise, we are considering a quasi-static
approximation. The term f is an external load, while T = (Tij) is the Piola–Kirchhoff
stress tensor—Tij is the ith component of the force per unit area in the reference
configuration, measured across a surface element with unit normal given by the jth
standard Euclidean basis vector. Since we consider a viscoelastic framework, the simplest
choice is to postulate the behavior of a Kelvin–Voigt material, in which the stress is the
sum of a purely elastic nondissipative part and a purely viscous dissipative part:

T = T nd + T d.

Assuming a hyperelastic and “hyperviscous” stress/strain response, we use the ansatz

T nd := ∂ε(u)E = W,ε(ε(u), z) = C(z)ε(u), T d := ∂ε(∂tu)P = V(z)ε(∂tu),

Here we adopt the standard notation according to which W,ε is the derivative of W with
respect to its first entry ε(u) and the same for the other variable. For more details, the
interested reader may also refer to [MR15, Section 4.1], [MH94, Sections 0.1–0.3].

Damage equation. The principle of virtual power with respect to z yields the micro-
force balance law

B − divH = 0. (1.2.19)

The quantity B represents the internal microforces and, again following Frémond’s
approach [Fré02], we postulate that it can be additively decomposed into a dissipative
and a non-dissipative part

B = Bnd + Bd with Bnd ∈ ∂zE = ∂β̂(z) + π̂′(z) + W,z(ε(u), z),

Bd = ∂∂tzP = ∂tz.

Without entering into the mathematical details, ∂zE and ∂β̂ have to be interpreted as
subdifferentials in the sense of convex analysis, and this justifies the presence of the
inclusion instead of an equality (see Section 2.5). In the following, we will employ the
notation β := ∂β̂ and π := π̂′ (see Figure 1.5 for a simple example).

The term H is the internal micro-stress and is defined by

H = Hnd + Hd with Hnd = ∂∇zE = |∇z|p−2∇z,

Hd = ∂∇(∂tz)P = 0.

We assume that the sum of the external microforces acting on the body is equal to zero.
Notice that here, according to the literature, we are neglecting the acceleration forces of
the microscopic motions as well as external microforces.
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β

0 1

π

0 1

Figure 1.5. β(r) = ∂I[0,1](r) and π(r) = π̂′(r) =
d

dr

(
r(1 − r)

2

)
=

1

2
− r

1.3 Mathematical models of tumor growth

In the following, we introduce the three tumor growth models whose study is the objective
of this thesis. For each case, we present the underlying biological assumptions and the
simplifications that have been made. The presentation closely follows the papers in which
these models were originally formulated and analyzed, and the corresponding reference
will be explicitly cited. These models, although different in structure and purpose,
share a common goal: to provide a reliable and mathematically sound description of
tumor evolution that can serve as a foundation for more advanced, patient-specific, and
computationally implementable approaches.

1.3.1 A nonisothermal model

In this section, we present a Caginalp-type model for nonisothermal tumor growth,
accounting for thermotherapy and the presence of a nutrient. We neglect differentiation
among tumor cells and suppose that the tumor is in its avascular phase. The PDE
system, introduced and analyzed in [CCR25], reads as

∂t(θ + ℓφ) − ∆θ = u, (1.3.1a)

∂tφ− ∆µ = U(θ, φ, σ), (1.3.1b)

µ = τ∂tφ− ϵ∆φ +
1

ϵ
Ψ′(φ) − χσ − Λθ, (1.3.1c)

∂tσ − ∆(σ − χφ) = S(θ, φ, σ), (1.3.1d)

in the parabolic cylinder Q := Ω × (0, T ), coupled with the boundary conditions

∂νθ = ∂νφ = ∂νµ = ∂νσ = 0 (1.3.2)

on Σ := Γ × (0, T ), and with the initial conditions

θ(0) = θ0, φ(0) = φ0, σ(0) = σ0 (1.3.3)

in Ω. The subsystem (1.3.1a)–(1.3.1c) is of Caginalp type (cf. (1.2.13)), and is made of the
second-order parabolic equation (1.3.1a), ruling the evolution of the relative temperature θ
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and the (possibly) viscous Cahn–Hilliard system (1.3.1b)–(1.3.1c), governing the evolution
of the phase field variable φ. The parameter ϵ, representing the thickness of the interfacial
layer, is set equal to 1 without loss of generality, since it does not affect the mathematical
analysis we are interested in. The parabolic equation (1.3.1d) prescribes the dynamics of
the nutrient concentration σ that we suppose is consumed only by tumor cells. The main
novelty of this model is the fact that it is not isothermal. In fact, among the extensive
literature on phase field models for tumor growth (see the previous Section 1.2), many
biological quantities are taken into account. However, to the best of our knowledge, only
the recent contribution [Ipo22] incorporates temperature effects. In the paper [Ipo22], a
thermodynamically consistent nonisothermal diffuse interface model for tumor growth
is proposed and analyzed. The system is designed to capture the interplay between
temperature variation, nutrient transport, cell proliferation, and apoptosis, and it is
rigorously studied through an entropy balance approach, leading to the existence of weak
solutions for the corresponding initial-boundary value problem. While our approach
shares with [Ipo22] the interest in coupling phase field dynamics with thermal effects and
a tumor growth process, we address a different system and adopt a distinct analytical
strategy. In particular, beyond proving the existence of weak solutions, we also establish
higher regularity and continuous dependence on the data. Moreover, building on these
analytical results, an associated optimal control problem is currently under investigation
within the ongoing project [CCR].

Derivation of the model. The model (1.3.1)–(1.3.3) is derived following the approach
from Caginalp, as in the previous Section 1.2. The only difference is that, in this case,
we are also taking into account the presence of the nutrient, which consequently appears
in the free energy:

E(θ, φ, σ) =

∫
Ω

[
1

2
|∇φ|2 + Ψ(φ) +

1

2
|σ|2 + χσ(1 − φ) − Λθφ

]
dx. (1.3.4)

The term 1
2 |∇φ|2 + Ψ(φ) is of classical Ginzburg–Landau type, and the contribution

1
2 |σ|

2 reflects the energetic cost associated with the presence of nutrients, implying that
high concentrations increase the system’s free energy. Notice that we assume that there
is no interface between nutrient-rich and nutrient-poor phases, so that the dynamics of
the nutrient is simply governed by diffusion (cf. [HZO12]). The two final addenda couple
the Cahn–Hilliard equation with the nutrient and with the temperature equations. The
nonnegative constants χ and Λ represent, respectively, a transport coefficient (modeling
effects such as chemotaxis and active transport) and an already introduced parameter
related to the tissue’s latent heat. The nutrient equation is also obtained by a mass
balance,

∂tσ + div Jσ = S,

where S is a phenomenologically chosen source/sink of nutrients, and the mass flux is

Jσ := −∇
(
δE
δσ

(θ, φ, σ)

)
= −∇σ + χ∇φ.
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Notice that, thanks to the coupling term −χσφ in the free energy, the nutrient equation
(1.3.1d) contains the term div(χ∇φ), accounting for the active transport. Similarly,
writing the mass balance for φ as in (1.2.14), the term div(χ∇σ) appears in the Cahn–
Hilliard equation, accounting for chemotaxis (for more details, see the [Gar+16; EGN21]).

Boundary and initial conditions. We couple the system (1.3.1) hereby obtained
with the no-flux boundary conditions (1.3.2), which reflect the assumption that the
system is effectively isolated from its surroundings, and with the initial conditions (1.3.3).

Choice of the sources. We introduce the mass and nutrient sources that we are going
to employ throughout Chapter 3. Starting from U , we assume

U(θ, φ, σ) := (λPσ − λA − λEθ)h(φ).

According to the literature (see [GL17]), we assume the mechanisms controlling cell
division to be suppressed in tumor cells. Thus, proliferation is limited only by the
availability of nutrients. We model it with the term λpσ, where λp is a fixed proliferation
coefficient. We also suppose that tumor cells only die because of apoptosis, and we denote
with λa the constant apoptosis rate. Moreover, here we assume that θ has cytotoxic
effects proportional to the temperature, which we incorporate through the term −λEθ,
where λE is a fixed positive parameter. The function h guarantees that the phenomena
we have just described are proportional to the tumor cells available in a certain area. For
example, h may be a monotone increasing function which is 0 where {φ = −1} and 1
where {φ = 1}, as in Figure 1.6. On the other hand, we assume the nutrient source S to

h

-1 1

1

Figure 1.6. Possible choice for the function h

be of the form

S(θ, φ, σ) := −λCσh(φ) + λB(σB − σ) − λDσk(θ).

The first two addends are again compliant with [GL17]. The term −λCσh(φ) models
the fact that nutrient consumption is higher where tumor cell density is higher, while
λB(σB − σ) accounts for nutrient supply from the pre-existing capillaries. A novel
aspect of the model is the inclusion of the term −λDσk(θ), which describes the influence
of temperature on nutrient absorption—e.g., due to vasodilation effects that enhance
nutrient transport in warmer tissue regions (see, e.g., [Son+05]).
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1.3.2 A model including tissue damage and mechanical effects

In this section, we introduce a phase field model for the evolution of a young tumor,
meaning that we again suppose it is in the avascular phase and there is no differentiation
between different types of tumor cells. We will take into account the presence of a
nutrient, the mechanical behavior of the tissue, modeled as a viscoelastic material, and
the local tissue damage caused by surgery. What follows is mainly based on [Cav25]. We
are interested in the following PDE system

∂tφ− ∆µ = U(φ, σ, ε(u), z), (1.3.5a)

µ = −ϵ∆φ +
1

ϵ
Ψ′(φ) + W,φ(φ, ε(u), z), (1.3.5b)

∂tσ − ∆σ = S(φ, σ, z), (1.3.5c)

κ∂ttu− div [a(z)Vε(∂tu) + W,ε(φ, ε(u), z)] = 0, (1.3.5d)

∂tz − ∆pz + β(z) + π(z) + W,z(φ, ε(u), z) ∋ 0, (1.3.5e)

posed in Q. The Cahn–Hilliard equation given by the combination of (1.3.5a)–(1.3.5b)
describes the evolution of the order parameter φ. The reaction-diffusion equation (1.3.5c)
rules the diffusion of σ, that is, the concentration of the nutrient. The hyperbolic equation
(1.3.5d) describes the dynamics for the vectorial variable u, the small displacement field
of each point with respect to the reference undeformed configuration. The fixed and
positive parameter κ is supposed to be small and represents the fact that tumor growth
occurs at a much larger timescale than the tissue relaxation into mechanical equilibrium.
For simplicity and without any loss of generality, later on, we will set ϵ = κ = 1. Finally,
the differential inclusion (1.3.5e) represents the evolution law for local tissue damage z.
While the influence of the nutrient dynamics and of viscoelastic effects on tumor growth
is already deeply investigated in the literature (see, e.g., [GLS21a; GKT22; GT24]),
the role of the damage is a novelty in this field, first introduced in [Cav25]. However,
the impact of the damage and viscoelasticity in phase separation processes has been
thoroughly explored in various modeling studies within the field of materials science (see,
e.g., [HK11; HK15; Hei+17] and the references cited therein).

Derivation of the model. The evolution of our system is driven by classical thermo-
dynamic principles and relies on a total energy E and a pseudopotential of dissipation P.
The total energy of our system is

E(φ, σ,u, z) =

∫
Ω
E(φ,∇φ, σ, ε(u), ∂tu, z,∇z) dx

where the energy density E is the sum of a generalized free energy density and the kinetic
energy density. We postulate it has the following form:

E(φ,∇φ, σ, ε(u), ∂tu, z,∇z)

=
1

2
|∇φ|2 + Ψ(φ) +

1

2
|σ|2 +

1

2
|∂tu|2 +

1

p
|∇z|p + β̂(z) + π̂(z) + W (φ, ε(u), z).
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The term 1
2 |∇φ|2 + Ψ(φ) is the classical contribution of Ginzburg–Landau type and 1

2 |σ|
2

results from the presence of the nutrient. The system’s kinetic energy is given by 1
2 |∂tu|

2.

Regarding the damage, 1
p |∇z|p + β̂(z) + π̂(z) is an interaction free energy, compliant

with the one introduced in Section 1.2.4. Lastly, W is the elastic energy density. The
pseudopotential of dissipation is

P(ε(∂tu), ∂tz) =

∫
Ω
P (ε(∂tu), ∂tz) dx =

∫
Ω

1

2
a(z)ε(∂tu) : Vε(∂tu) +

1

2
|∂tz|2 dx,

as in the previous Section 1.2.4. Notice that P depends also on the damage z through
the viscous coefficient a, but we use the notation P instead of a more precise Pz for
brevity. Following Frémond’s and Gurtin’s approach [Fré02; Gur96], our system can
be derived starting from balance laws for the involved quantities and then imposing
constitutive assumptions so that the system satisfies the second law of thermodynamics,
which, in the case of an isothermal system like ours, is written in the form of an energy
dissipation inequality (see, e.g., [Gar+16; Hei+17] and the previous Section 1.3.2). The
Cahn–Hilliard equation of system (1.3.5a)–(1.3.5b) is derived from a mass balance law
with a certain mass source U , as in Section 1.2. Notice that here, due to the presence
of the elastic energy in the total free energy of the system, the chemical potential µ,
as usual defined as its variational derivative with respect to φ, presents an additional
addend:

µ :=
δE

δφ
= −∆φ + Ψ′(φ) + W,φ(φ, ε(u), z).

As in the previous Section 1.3.1, the nutrient equation (1.3.5c) is obtained from a mass
balance law, choosing the mass flux as the variational derivative of E with respect to φ,
and a mass source S. The equations (1.3.5d)–(1.3.5e) governing the displacement and
the damage are derived as in Section 1.2.4, with the only difference that here we are
neglecting external forces in the equation for macroscopic movements.

Boundary and initial conditions. We assume the system is isolated from the exterior,
so we prescribe no-flux conditions for φ, µ, and z. Regarding σ, we allow a more general
Robin condition that may also model the boundary supply of the nutrient. We assume
that u is zero at the boundary, as in the situation in which the domain is delimited by a
rigid part of the body (e.g., a bone) that prevents displacements. Namely, we couple the
previous system (1.3.5) with the following boundary conditions

∂νφ = ∂νµ = 0, (1.3.6a)

∂νσ + α(σ − σΓ) = 0, (1.3.6b)

u = 0, (1.3.6c)

(|∇z|p−2∇z) · ν = 0, (1.3.6d)

on Σ. The term σΓ is the prescribed concentration of the nutrient at the boundary, and
α is a given non-negative constant. Notice that, if α = 0, we gain a no-flux condition
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also for the nutrient. The system is supplemented with the initial conditions

φ(0) = φ0, σ(0) = σ0, u(0) = u0, ∂tu(0) = v0, z(0) = z0, (1.3.7)

in Ω.

Choice of the sources. The nonlinear source U in equation (1.3.5a) accounts for
biological mechanisms related to tumor cells’ proliferation and death. Explicitly, we make
the following choice

U(φ, σ, ε(u), z) :=

(
λpσ

1 + |W,ε(φ, ε(u), z)|
− λa + f

)
g(φ, z), (1.3.8)

referring to [GL17; GLS21a]. As it is common, we assume that the proliferation of tumor
cells is only limited by the quantity of nutrients available, and that they die only because
of apoptosis. As in the previous section, λp and λa denote the proliferation and apoptosis
coefficients, respectively. Furthermore, we consider the presence of mechanical stress
caused by surrounding tissues as a factor that can reduce tumor growth. This is expressed
by the fact that, if the elastic stress W,ε grows in modulus, the proliferation term λpσ
reduces. We also allow the presence of a medical treatment, modeled by the prescribed
function f , that affects proliferation. The function g guarantees that proliferation and
apoptosis occur only in the tumor tissue, as well as the effectiveness of the medical care
f . A good modeling choice is a non-negative function that vanishes in {φ = −1}, is equal
to 1 where {φ = 1}, and is increasing in the variable φ (see Figure 1.6). We also allow
the dependence of g on the damage z.
For the choice of the nutrient source S in equation (1.3.5c), we refer to the aforementioned
literature, assuming

S(φ, σ, z) := −λcσg(φ, z) + Λc(z)(σc − σ). (1.3.9)

The term −λcσg(φ, z) models the fact that the nutrient consumption is higher where the
tumor cell density is higher. Here, λc is a fixed consumption rate. The term Λc(z)(σc−σ)
is a supply term that takes into account the nutrients provided by the nearby capillaries.
Note that the capillary supply rate Λc may depend on the local damage parameter z
since damage, in the sense of a lesion caused by a surgical procedure, affects the blood
vessels.

Choice of the elastic energy density. According to the classical theory of linear
elasticity (see, e.g., [Cia88]) and to the previous literature (see, e.g., [GLS21a; GKT22]
and [HK11; RR14; HK15; HR15; Hei+17]), we assume that the elastic energy density
has the following expression

W (φ, ε(u), z) := W (x, φ, ε(u), z) =
1

2
h(z)C(x)(ε(u) −Rφ) : (ε(u) −Rφ). (1.3.10)

Notice that, even if W may depend on the space variable x, with a slight abuse of notation,
we will omit this dependence in the following. Here, C is a fourth-order elasticity tensor,
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possibly depending on the point in the reference configuration Ω, whose mathematical
requirements will be specified later on. We include the multiplicative, non-negative, and
possibly degenerate function h to add dependence on the damage. From the modeling
point of view, C should also depend on the phase φ because tumor tissue and healthy
tissue could have a different elastic response to solicitations. However, we were not able
to handle such dependence from the mathematical point of view (see Chapter 4 for a
more detailed explanation). Finally, the term Rφ is the stress-free strain (also called
eigenstrain), which is the reference strain the material would attain if the tissue were
uniform and unstressed at a phase configuration φ. In other words, it is the strain due
to growth. As it is common, we assume that it satisfies Vegard’s law, i.e., it is given by a
linear function of φ, where R ∈ Rd×d is a fixed matrix. With such a choice, the partial
derivatives of W that appear in the equations of the PDE system are:

W,φ(φ, ε(u), z) = −h(z)C(ε(u) −Rφ) : R, (1.3.11)

W,ε(φ, ε(u), z) = h(z)C(ε(u) −Rφ), (1.3.12)

W,z(φ, ε(u), z) =
1

2
h′(z)C(ε(u) −Rφ) : (ε(u) −Rφ). (1.3.13)

1.3.3 A brain model including tissue damage and lactate metabolism

In this section, we introduce a model describing the dynamics of a brain tumor, including
lactate metabolism, viscoelastic effects of the tissues, as well as their possible damage.
The PDE system is as follows:

∂tφ− ∆φ = U(φ, σ, z, χ1), (1.3.14a)

∂tσ − ∆σ + K(φ, σ, z) = χ2S(φ, z), (1.3.14b)

− div [A(φ, z)ε(∂tu) + B(φ, z)ε(u)] = f , (1.3.14c)

∂tz − ∆z + β(z) + π(z) ∋ ι− F (φ, ε(u)), (1.3.14d)

posed in Q. The model was first introduced in [Cav+26], where well-posedness and
regularity of the solution of the related initial-boundary value problem were discussed.
Then, an associated optimal control problem was studied in [CM26]. The four nonlin-
early coupled PDEs describe the evolution of the concentrations of tumor cells φ, the
intracellular lactate σ, the “small” displacement u, and the damage parameter z. The
assigned functions χ1 and χ2 are, respectively, the concentration of a cytotoxic drug that
inhibits tumor proliferation and a lactate targeting drug.
Only a few works in the literature address analytically the coupling between tumor
dynamics and lactate diffusion (see, e.g., [Aub+05], [Clo+09], [Gui+18], [Che+21],
[Che+22]), and even fewer consider optimal control aspects (cf. [Che+24]). In particular,
the subsystem (1.3.14a)–(1.3.14b) closely resembles the one analyzed in [Che+22]. The
equation for σ is based on the derivation done in [Aub+05] and in [Gui+11]. Actually,
in the first brain lactate kinetics models in the literature (cf. [Che+22], [Gui+18] and
references therein), the authors dealt with the evolution of both capillary and intracellular
lactate concentrations. However, since here we aim to include the displacement and
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damage evolution in the model, we neglect the capillary lactate concentration in order to
simplify.
Models including the effects of the stress (reducing the proliferation of the tumor) were
already introduced and studied in [GLS21a], where a Cahn–Hilliard-type dynamics for
the tumor concentration was used in place of the Fischer–KPP-type equation (1.3.14a).
Finally, a system coupling tumor growth dynamics of Cahn–Hilliard type together with
displacement and damage was first analyzed in [Cav25], which is also the object of
Chapter 4 of this thesis. The main novelty of system (1.3.14) relies on the fact that here
we include mechanics—assuming a viscoelastic behavior of biological tissues—and tissue
damage into a model specifically tailored for brain tumors. It is indeed well known that
solid stress can affect tumor growth (see e.g. [Urc+22]) and, at the same time, tumor
growth increases mechanical stress. It is worth noting that the study of mechanical
effects in tumor growth models becomes particularly relevant in the case of brain tumors
(gliomas), where the evolution is strongly influenced by the surrounding tissues (see, e.g.,
[Alf+17] and references therein). Finally, following the ideas developed in [Cav25], we
consider, through equation (1.3.14d), the possible damage effects that could occur, for
example, in the case of surgery that causes lesions which, in turn, affect the proliferation
of tumor cells.

Derivation of the model. The Fischer–KPP-type equation (1.3.14a) already in-
troduced in Section 1.2.4 describes the evolution of tumor cell concentration φ. The
reaction-diffusion equation (1.3.14b) represents the evolution of intracellular lactate pro-
duction σ (see [Aub+05; Gui+11]). The evolution of the small displacement u is ruled
by the vectorial quasi-stationary balance law (1.3.14c) (cf. Section 1.2.4 and [GLS21a;
GLS21b]). The two tensors A and B describe the elastic and viscous effects. They may
depend on the tumor and damage variables, as well as on σ in a non-degenerating way
(cf. assumptions (5.1.6) later on). For a more detailed discussion of this dependency,
we refer to the following Remark 5.6. The term f represents a given volume force.
Finally, the evolution of the damage parameter z is ruled by the evolution inclusion
(1.3.14d), where the maximal monotone graph β having bounded domain (in [0, 1]) forces
the variable z to assume the physically meaningful values in between 0 and 1, as in
the previous Section 1.3.2. The function π denotes a regular, possibly non-monotone
function, ι represents an energy threshold for initiation of damage, while F describes the
coupling between the damage and the displacement, along with the tumor concentration.
Usually, in damage models (cf. Section 1.2.4, Section 1.3.2), the dependence of F on
ε(u) is quadratic because it comes from the derivative of the elastic part of the energy
with respect to the damage variable z. However, here we cannot handle a quadratic
dependence and so we assume F to be Lipschitz continuous with respect to both φ and
ε(u) (cf. assumption (A7) later on, cf. also [KS06]).

Initial and boundary conditions. Regarding the boundary conditions, we assume
the system is isolated from the exterior, so we prescribe no-flux conditions for φ and
z. As for the lactate σ, we allow for more general Robin conditions, with the physical

22



1.4. Outline of the thesis

constants set to 1 for simplicity. Since our model is specifically designed for brain tumors,
the domain is confined by a rigid boundary, the cranium, which prevents displacement
at the boundary. Consequently, it is a natural choice to impose homogeneous Dirichlet
boundary conditions for the displacement u. Therefore, we couple the previous system
with the following boundary conditions:

∂νφ = ∂νz = 0, (1.3.15a)

∂νσ = σΓ − σ, (1.3.15b)

u = 0 (1.3.15c)

on Σ. Finally, we consider the following usual initial conditions:

φ(0) = φ0, σ(0) = σ0, u(0) = u0, z(0) = z0 (1.3.16)

in Ω.

Choice of the sources. Regarding the tumor equation (1.3.14a), we assume the source
term U to have of the following expression

U(φ, σ, z, χ1) := (p(σ, z) − χ1)φ
(

1 − φ

N

)
− φg(σ, z).

Here we assume that the proliferation—modeled by the term p(σ, z)φ(1 − φ/N)—is
affected by surgery-induced tissue damage and lactate concentration, which may increase
apoptosis—represented by −φg(σ, z). Thus, the prescribed growth is not purely logistic,
and a loss term is included (see, e.g., [Roc+08]). The terms p(σ, z) and g(σ, z) are,
respectively, a proliferation rate and an apoptosis rate, and they may both depend on
σ and z. Finally, χ1 is the assigned concentration of a cytotoxic drug, which inhibits
tumor proliferation. As for equation (1.3.14b), the lactate sources are similar to those
introduced in [Aub+05] (see also [Gui+11; Lah+13; Che+22]). The term S collects the
production of lactate in cells by glycolysis, the consumption of lactate by metabolism,
and the diffusion of lactate in neighboring regions. It is affected by the presence of the
lactate targeting drug χ2. The term K accounts for lactate exchanges between tumor
cells and the surroundings. We define it as

K(φ, σ, z) :=
k1(φ, z)σ

k2(φ, z) + σ
,

where k1 is the maximum transport rate of lactate through the monocarboxylate trans-
porters, and k2 is the modified Michaelis–Menten constant. We assume that k1, k2, and
S are possibly dependent on the other variables φ and z.

1.4 Outline of the thesis

The thesis is organized as follows. In Chapter 2, we introduce the notation used throughout
the manuscript and recall the main mathematical tools required for our proofs. The core
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of the thesis is contained in Chapters 3 to 5, where the three models presented above
are investigated from a rigorous analytical perspective, with particular attention to the
well-posedness of the corresponding initial and boundary value problems. Chapter 3 is
devoted to the nonisothermal Caginalp-type model introduced in Section 1.3.1, Chapter 4
addresses the Cahn–Hilliard-type model with damage effects presented in Section 1.3.2,
and Chapter 5 focuses on the brain tumor model discussed in Section 1.3.3. For the first
phase field system (1.3.1)–(1.3.3), we establish existence, uniqueness, and regularity of
the solutions. In the second initial-boundary value problem (1.3.5)–(1.3.7), we are able to
prove the existence of solutions, but establishing uniqueness turns out to be challenging.
Thus, after discussing the difficulties we face, we introduce a slightly modified version of
the model, for which well-posedness can be rigorously demonstrated. Although this does
not solve the original problem, it provides valuable insight and a potential direction for
further analysis. Finally, for the Fisher–KPP brain tumor system (1.3.14)–(1.3.16), we
also consider an associated optimal control problem, analysing the existence of optimal
controls and deriving first-order necessary conditions.

The existence of weak solutions is usually proved by constructing suitable approxi-
mations of the PDE system, often via time discretization or a Faedo–Galerkin scheme,
possibly combined with a regularization of the nonlinear terms. This is followed by the
derivation of a priori estimates that ensure sufficient compactness, allowing one to pass to
the limit in the approximation parameter and recover a solution to the original problem.
Fixed-point arguments can also be employed as an alternative strategy. Under stronger
assumptions on the initial data and the assigned functions, one can further prove the
existence of strong solutions, and it might be possible to establish continuous dependence
on the data.

Once the problem is shown to be well-posed and sufficient regularity is obtained, an
associated optimal control problem can be investigated. In this context, the therapies
in the PDE system are treated as control functions, which are required to belong to a
suitable admissible set ensuring that, for each fixed control, the corresponding Cauchy
problem admits a unique solution. A first step is to prove the existence of an optimal
control, i.e., a control that minimizes a cost functional depending on both the state
variables and the control itself. This leads to a nonlinear, nonconvex minimization
problem subject to PDE constraints, typically addressed via the direct method of the
Calculus of Variations. A major subsequent objective is to derive first-order necessary
optimality conditions, usually expressed in the form of a variational inequality.
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Chapter 2

Mathematical preliminaries

2.1 Notation

For any Banach space (X, ∥·∥X) we employ (X ′, ∥·∥X′) for its topological dual, and ⟨·, ·⟩X
for the dual pairing between X ′ and X. If X is an Hilbert space, we use (·, ·)X for its
internal product.

Through the whole thesis, Ω will be an open bounded domain in Rd with d = 2, 3 with
boundary Γ := ∂Ω at least Lipschitz continuous, and outward unit normal ν. We set
T > 0 to be a fixed final time, and we introduce

Q := Ω × (0, T ), Σ := Γ × (0, T ).

We denote the Lebesgue and Sobolev spaces over Ω respectively as Lp(Ω) and W k,p(Ω).
In the special case of p = 2, we set Hk(Ω) := W k,2(Ω). We employ the notation Lp(Γ)
for the Lebesgue spaces over Γ, and Hd−1 for the (d− 1)-dimensional Hausdorff measure.
With a slight abuse of notation, we do not always distinguish between scalar, vector, and
matrix-valued function spaces. For instance, while Lp(Ω) typically denotes scalar-valued
functions, we also use it for vector-valued functions, which more precisely belong to
Lp(Ω;Rn). Sometimes, for p ∈ [1,+∞), we will identify Lp(Q) with Lp(0, T ;Lp(Ω)).

For convenience, we introduce the notation

V := H1(Ω), H := L2(Ω).

In this context, it is common practice to identify H with its dual space H ′ and as a
subspace of V ′ through

⟨w, v⟩V = (w, v)H

for every w ∈ H, and v ∈ V . This identification leads to the well-known Hilbert triplet
V ↪→↪→ H ↪→↪→ V ′ where the embeddings are dense and compact. Moreover, it leads to
the well-known interpolation inequality

∥v∥H ≤ ∥v∥1/2V ∥v∥1/2V ′ (2.1.1)
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which holds for every v ∈ V . We introduce the (generalized) mean value of v′ ∈ V ′ as

⟨v′⟩ :=
1

|Ω|
⟨v′, 1⟩V

for every v′ ∈ V ′. Obviously, it coincides with the usual mean value if v ∈ H and, by
extension, if v ∈ L1(Ω). We employ

V̇ , Ḣ, V̇ ′

for the closed subspace respectively of V , H, V ′ of elements with zero mean value, and

V0 := H1
0 (Ω),

where H1
0 (Ω) represents the set of H1(Ω) functions with zero trace at the boundary.

Additionally, we define

W := {v ∈ H2(Ω) | ∂νv = 0 on ∂Ω}, W0 := H2(Ω) ∩ V0

which are, respectively, the subspace of H2(Ω) of functions with zero normal derivative
at the boundary, and with zero trace at the boundary. In both cases, the natural norm
induced by H2(Ω) is denoted by ∥·∥W . Finally, we introduce the notation

Z := W 1,p(Ω).

The norm of the Bochner space W k,p(0, T ;X) is indicated as ∥·∥Wk,p(X), omitting the
time interval (0, T ) for the sake of brevity. If the final time differs from T , it will be
written explicitly to avoid ambiguity. With the notation C0([0, T ];X), we mean the
space of continuous X-valued functions, while with C0

w([0, T ];X) we mean the space of
functions in L∞(0, T ;X) that are weakly continuous from [0, T ] to X.

As is customary, we use C to represent a generic constant depending only on the problem
data and whose value might change from line to line. If we want to highlight a dependence
on a certain parameter, we use it as a subscript (e.g., Cτ is a constant that depends on
τ , C0 is a constant that depends on the initial data, etc.).

Finally, a brief remark on notational conflicts. Despite the effort to maintain consistency,
in a few minor cases, this was not possible. In some instances, the notation was adapted,
while in others it was deliberately retained to align with the classical literature or with
the published papers on which this thesis is based. In any case, such overlaps never occur
within the same chapter, ensuring that the exposition remains unambiguous.

2.2 Continuous and compact Sobolev embeddings

The Sobolev embedding theorems assert that under suitable conditions, the Sobolev spaces
W k,p(Ω) are embedded continuously or compactly into other function spaces. These
results depend on the dimension d, the order of differentiation k, and the integrability
exponent p. In what follows, we summarize the main results that will be used throughout
the text. For a more detailed exposition, see, e.g., [Leo17, Chapter 12].
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Theorem 2.1 (Morrey–Sobolev–Gagliardo–Nirenberg). Let Ω ⊆ Rd be a bounded Lips-
chitz domain, p ∈ [1,+∞], and k ∈ N.

• If d > kp, then

W k,p(Ω) ↪→ Lq(Ω) ∀q ∈
[
p,

pd

d− kp

]
.

• If d = kp, then

W k,p(Ω) ↪→ Lq(Ω) ∀q ∈ [p,+∞) .

• If m ∈ N and α := k − d
p −m > 0, then

W k,p(Ω) ↪→ Cm,α(Ω).

Theorem 2.2 (Rellich–Kondrachov). Let Ω ⊆ Rd be a bounded Lipschitz domain,
p ∈ [1,+∞], and k ∈ N.

• If d > kp, then

W k,p(Ω) ↪→↪→ Lq(Ω) ∀q ∈
[
p,

pd

d− kp

)
.

• If d = kp, then

W k,p(Ω) ↪→↪→ Lq(Ω) ∀q ∈ [p,+∞) .

• If m ∈ N and 0 < α < k − d
p −m, then

W k,p(Ω) ↪→↪→ Cm,α(Ω).

In particular, the most frequent continuous and compact embeddings that we are going
to use are:

• if d = 2, then

H1(Ω) ↪→↪→ Lq(Ω) ∀q ∈ [2,+∞),

H2(Ω) ↪→ C0,1(Ω);

• if d = 3, then

H1(Ω) ↪→ Lq(Ω) ∀q ∈ [2, 6], H1(Ω) ↪→↪→ Lq(Ω) ∀q ∈ [2, 6),

H2(Ω) ↪→ C0,1/2(Ω).
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2.3 Basic inequalities

In our proofs, we frequently rely on a set of classical inequalities, which we list below for
the reader’s convenience.

• The Young inequality. Let a, b be two nonnegative numbers, and p, q be conjugate
Hölder exponents, i.e.,

p ≥ 1, q ≥ 1,
1

p
+

1

q
= 1.

Then, for every η > 0,

ab ≤ ηap + Cηb
q,

where Cη = q−1(pη)−q/p. In particular, taking p = q = 2, it reads as

ab ≤ ηa2 +
1

4η
b2

for every η > 0.

• The Hölder inequality. Let Ω be a measurable set, and f1, . . . , fn be measurable
functions on Ω. Then, for every p1, . . . , pn, r ∈ [1,+∞] such that

1

p1
+ · · · +

1

pn
=

1

r
,

it holds

∥f1 · . . . · fn∥Lr ≤ ∥f1∥Lp1 · . . . · ∥fn∥Lpn .

• The (generalized) Poincaré inequality. Let Ω be a bounded Lipschitz domain,
and 1 ≤ p < +∞. Then, there exists a constant CP (that depends only on the
domain and on p), such that

∥v∥Lp ≤ CP

(
∥∇v∥Lp + ∥v|Γ∥Lp

Γ

)
for every v ∈ W 1,p(Ω) with trace at the boundary v|Γ.

• The Poincaré–Wirtinger inequality. Let Ω be a Lipschitz bounded domain,
and 1 ≤ p ≤ +∞. Then, there exists a constant CPW (that depends only on the
domain and on p), such that

∥v − ⟨v⟩∥Lp ≤ CPW ∥∇v∥Lp

for every v ∈ W 1,p(Ω).
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2.3.1 The Gronwall Lemma

A key tool in the study of evolution equations is the Gronwall Lemma, as it allows us to
obtain a priori estimates and continuous dependence inequalities for the solutions of the
PDE system. We recall its integral version, which will be frequently used throughout the
thesis.

Lemma 2.3 (Integral Gronwall’s inequality). Let f be a continuous function over [0, T ]
satisfying the inequality

f(t) ≤ K +

∫ t

0
g(s)f(s) ds ∀t ∈ [0, T ],

for a nonnegative function g ∈ L1(0, T ), and a nonnegative constant K. Then, it holds

f(t) ≤ Ke
∫ t
0 g(s) ds ∀t ∈ [0, T ].

In the context of time-discrete schemes, a discrete analogue of Gronwall’s inequality is
often employed.

Lemma 2.4 (Discrete Gronwall’s inequality). Let {xn}n∈N be a real sequence satisfying

xn ≤ K +
n−1∑
k=0

Gkxk ∀n ∈ N

for a constant K and a non-negative sequence {Gn}n∈N. Then, it holds

xn ≤ K exp

(n−1∑
k=0

Gk

)
for every n ∈ N.

A proof can be found in [Cla87].

2.3.2 The Gagliardo–Nirenberg inequality

We recall the Gagliardo–Nirenberg interpolation inequality (see, e.g., [Nir59]).

Theorem 2.5 (Gagliardo–Nirenberg inequality). Let Ω ⊆ Rd be a Lipschitz bounded
domain. Given

r > q ≥ 1, s > d

(
1

2
− 1

r

)
,

1

r
=

α

q
+ (1 − α)

(
1

2
− s

d

)
,

there exists a constant C such as for every v ∈ Hs, the following inequality holds true:

∥v∥Lr ≤ C∥v∥αLq∥v∥1−α
Hs .
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In particular, we will employ it in the following special cases, also referred to as La-
dyzhenskaya’s inequalities.

Lemma 2.6. Let Ω be a bounded Lipschitz domain in Rd. Then, it exists a constant C
such as, for every v ∈ V , it holds

∥v∥L4 ≤ C∥v∥
1
2
H∥v∥

1
2
V if d = 2, (2.3.1)

∥v∥L3 ≤ C∥v∥
1
2
H∥v∥

1
2
V , ∥v∥L4 ≤ C∥v∥

1
4
H∥v∥

3
4
V if d = 3. (2.3.2)

From this result, employing the Young inequality, it is easy to obtain an inequality that
we will extensively use throughout the thesis and, thus, is worth mentioning. For every
η > 0 there exists a positive constant Cη such that, for p = 3 and p = 4, the following
holds:

∥v∥2Lp ≤ η∥∇v∥2H + Cη∥v∥2H , (2.3.3)

for every v ∈ V , both in dimension d = 2 and d = 3.

2.3.3 The Ehrling Lemma

Another inequality we will employ is the following Ehrling’s Lemma (see [LM12, Theorem
16.4, p. 102]).

Theorem 2.7 (Ehrling). Let (X0, ∥·∥X0), (X, ∥·∥X) and (X1, ∥·∥X1) be Banach spaces
with X0 compactly embedded in X and X continuously embedded in X1. Then, for every
η > 0 there exists a Cη > 0 such that

∥x∥X ≤ η∥x∥X0 + Cη∥x∥X1

for every x ∈ X0.

In our setting, we apply it for V ↪→↪→ Lp(Ω) ↪→ V ′ and p ∈ [2, 6), which is true in
dimension d = 2, 3.

2.4 The Aubin–Lions Lemma

A crucial result in the study of nonlinear partial differential equations is the Aubin–
Lions result, also known as the Aubin–Lions–Simon Lemma (see, e.g., [Sim86, Section
8, Corollary 4]). It gives a sufficient condition for compactness in a Bochner space
Lp(0, T ;X), and is a powerful instrument to show that a subsequence of approximate
solutions (in a sense that will be clarified in our proofs) strongly converges to a solution
of the initial-boundary value problem under analysis.

Lemma 2.8 (Aubin–Lions). Let X0, X, and X1 be be three Banach spaces such that

X0 ↪→↪→ X ↪→ X1,

where X0 is densely and compactly embedded in X, and X is densely and continuously
embedded in X1. Then, the following compact embeddings hold:
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2.5. Maximal monotone operators

• if p ∈ [1,+∞) and q ∈ [1,+∞],{
v ∈ Lp(0, T ;X0),

dv

dt
∈ Lq(0, T ;X1)

}
↪→↪→ Lp(0, T ;X),

• if p = +∞ and q ∈ (1,+∞],{
v ∈ L∞(0, T ;X0),

dv

dt
∈ Lq(0, T ;X1)

}
↪→↪→ C0([0, T ];X).

Remark 2.9. Another key point in the study of weak solutions of certain partial
differential equations is related to the study of their continuity. For example, this allows
us to understand in which functional space the initial data must belong. A result in this
direction is given by the second point of the Aubin–Lions Lemma, but it may be too
strong to be applied. Let’s consider two Banach spaces X ↪→ X1 where, as before, the
embedding is dense and continuous. Moreover, we require that X is reflexive. A result
from [Str66], shows that, if v ∈ L∞(0, T ;X) ∩ C0([0, T ];X1), it follows v ∈ C0

w([0, T ];X).
A trivial case in which it can be applied is when v belongs to{

v ∈ L∞(0, T ;X),
dv

dt
∈ L1(0, T ;X1)

}
.

2.5 Maximal monotone operators

In this section, we recall some fundamental definitions and results, following closely [Bré73].
Throughout, X denotes a Hilbert space. However, most of the concepts presented here
can be extended to the more general setting where X is a Banach space (see, e.g., [Bar76],
[Bar10]).

Definition 2.10. A (multi-valued) operator A is an application from X into its power
set 2X , i.e., that assigns to every x ∈ X a subset Ax ⊆ X. If, for every x ∈ X, Ax
contains at most one element, A is said to be a single-valued operator. Its domain is
defined as

D(A) := {x ∈ X | Ax ̸= ∅} ,

and its image as

R(A) :=
⋃
x∈X

Ax.

The operator A can be identified with its graph, that is

G(A) := {(x, y) ∈ X ×X | x ∈ D(A), y ∈ Ax} .

Given two operators A,B, and two numbers η, δ ∈ R, it is natural to define their linear
combination ηA + δB as

(ηA + δB)x := {ηu + δv | u ∈ Ax, v ∈ Bx}
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for every x ∈ X, that has domain D(A)∩D(B). Moreover, we can define the inverse A−1

of A as follows:
y ∈ A−1x ⇐⇒ x ∈ Ay.

Clearly, its domain is D(A−1) = R(A), and the graph of A−1 is the symmetric of the
graph of A.

Definition 2.11. An operator A is said to be monotone if

(y1 − y2, x1 − x2)X ≥ 0

for every x1, x2 ∈ X and for every y1 ∈ Ax1, y2 ∈ Ax2.

Over the set of operators defined on X, we can define a partial order based on the
relation of graph inclusion, that is A ⊆ B if and only if G(A) ⊆ G(B). Among monotone
operators, this relation is also inductive, meaning that given a nonempty chain, it surely
has a maximal element. This justifies the following definition.

Definition 2.12. A monotone operator A is said to be maximal monotone if it is not
strictly included in any other monotone operator B, i.e., A ⊆ B implies that A = B.

Equivalently, an operator A is maximal monotone if it is monotone, and

(y − v, x− u)X ≥ 0 ∀(u, v) ∈ G(A)

implies that (x, y) ∈ G(A). Other useful characterizations are given by the result below
(see [Bré73, Proposition 2.2, p. 23]).

Proposition 2.13. The following statements are equivalent.

i. A is a maximal monotone operator.

ii. A is monotone and R(Id + A) = X.

iii. For all ε > 0, Jε := (Id + εA)−1 is defined on all X, and non-expansive, i.e.,

∥Jεx1 − Jεx2∥X ≤ ∥x1 − x2∥X
for all x1, x2 ∈ X.

The operator Jε is called the resolvent operator, since it associates with every f ∈ X the
unique solution x ∈ D(A) of the inclusion

x + εAx ∋ f.

Notice that, being non-expansive, Jε is obviously single-valued. Among the several crucial
properties of maximal monotone operators, first of all, we recall that, for every x ∈ D(A),
its image Ax is a closed and convex subset of X. This implies that the operator

A0x := PAx(0) = arg min
y∈Ax

∥y∥X ∀x ∈ D(A)

is well defined. Here, PAx is the projection on the set Ax, so A0x is the element of
minimal norm of Ax. Another key result that we will use several times throughout the
thesis is the following one (see [Bré73, Proposition 2.5, p. 27]).
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Proposition 2.14. Let A be a maximal monotone operator, and let {(xn, yn)}n ⊆ G(A)
be such that

xn ⇀ x, yn ⇀ y, lim sup
n→+∞

(xn, yn)X ≤ (x, y)X .

Then, (x, y) ∈ G(A) and limn→+∞(xn, yn)X = (y, x)X .

In particular, given a sequence {(xn, yn)}n ⊆ G(A) such that

xn → x, yn ⇀ y,

Proposition 2.14 can be applied, leading to the fact that the limit (x, y) ∈ G(A). Thus,
the strong-weak closure of the graph of maximal monotone operators follows.

2.5.1 The Yosida approximation

Maximal monotone operators appear in nonlinear evolution equations, and significantly
increase technical difficulties because, in general, they are multi-valued and may lack
regularity. A powerful tool to overcome these issues is their Yosida approximation that,
as we will see, is single-valued and Lipschitz continuous..

Definition 2.15. For every ε > 0, the Yosida approximation of A of regularizing
parameter ε is defined as

Aε :=
1

ε
(Id − Jε).

Notice that Aε is a single-valued operator defined on all X. Moreover, it enjoys the
following properties (see [Bré73, Proposition 2.6, p. 28]).

Proposition 2.16. Let A be a maximal monotone operator on X and ε > 0. Then,

i. Aε is a maximal monotone operator.

ii. Aε is Lipschitz continuous with Lipschitz constant 1/ε.

iii. For every x ∈ D(A), then

∥Aεx∥X ≤ ∥A0x∥X .

Moreover, if ε → 0+, then

∥Aεx∥X ↑ ∥A0x∥X and Aεx → A0x.

iv. For every x /∈ D(A), if ε → 0+, then ∥Aεx∥X ↑ +∞.
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2.5.2 Subdifferentials of convex functions

An important class of maximal monotone operators is given by the subdifferentials of
proper, convex, and lower semicontinuous functions. Subdifferentials arise naturally in
convex analysis and play a central role in various applications, including optimization
and evolution equations. In the following, we recall their definition and review the main
properties relevant to our setting.

Definition 2.17. Let ϕ : X → (−∞,+∞] be a proper and convex function, i.e.,

D(ϕ) := {x ∈ X | ϕ(x) < +∞} ≠ ∅,

and it satisfies
ϕ(tx + (1 − t)y) ≤ tϕ(x) + (1 − t)ϕ(y)

for all x, y ∈ X, and for all t ∈ [0, 1]. The subdifferential of ϕ is the multi-valued operator
∂ϕ : X → 2X defined as follows

∂ϕ(x) := {ξ ∈ X | ϕ(y) ≥ ϕ(x) + (ξ, y − x)X ∀y ∈ X}

for all x ∈ X.

The relevance of subdifferentials in minimization problems is quite clear, since

ϕ(x) = min
y∈X

ϕ(y) if and only if 0 ∈ ∂ϕ(x).

The main result we are interested in is the following.

Lemma 2.18. Let ϕ : X → (−∞,+∞] be a proper, convex, and lower semicontinuous
function, which means that lim infn→+∞ ϕ(xn) ≥ ϕ(x) if xn → x. Then, its subdifferential
∂ϕ is a maximal monotone operator.

As we will frequently deal with operators of this form, understanding their Yosida
approximation becomes particularly important.

Definition 2.19. Let ϕ : X → (−∞,+∞] be a proper, convex, and lower semicontinuous
function. For every ε > 0, we define the Moreau–Yosida approximation of regularizing
parameter ε as

ϕε(x) := min
y∈X

{
1

2ε
∥y − x∥2X + ϕ(y)

}
.

The Moreau–Yosida approximation of ϕ enjoys several good properties, which link it
with the Yosida approximation of ∂ϕ (see [Bré73, Proposition 2.11, p. 39]).

Lemma 2.20. Let ϕ : X → (−∞,+∞] be a proper, convex, and lower semicontinuous
function. Then, the following statements hold.

i. For every x ∈ X, ϕε(x) =
ε

2
∥(∂ϕ)εx∥X + ϕ(Jεx), where (∂ϕ)ε is the Yosida

approximate of ∂ϕ.
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ii. ϕε is well defined, convex, and Fréchet differentiable in X.

iii. The Fréchet derivative of ϕε coincides with (∂ϕ)ε.

iv. For every x ∈ X , ϕε(x) ≤ ϕ(x), and ϕε(x) ↑ ϕ(x) as ε → 0+.

A meaningful example that we are going to employ throughout the thesis, is obtained
considering a proper, convex, and lower semicontinuous function ϕ : R → (−∞,+∞],
and its realization in H, defined naturally as Φ : H → (−∞,+∞] such that

Φ(v) :=


∫
Ω
ϕ(v) dx if ϕ(v) ∈ L1(Ω),

+∞ otherwise,

for every v ∈ H. Then, Φ is proper, convex, and lower semicontinuous. Moreover, it
holds that

ξ ∈ ∂Φ(v) if and only if ξ(x) ∈ ∂ϕ(v(x)) for a.e. x ∈ Ω.

Furthermore, the Moreau–Yosida approximations of parameter ε of the previous functions
are linked by the following relation:

Φε(v) =

∫
Ω
ϕε(v) dx.

In light of all these properties, with a slight abuse of notation, we will write ϕ instead
of Φ and ∂ϕ instead of ∂Φ. For more details, the interested reader may refer to [Bré73,
Proposition 2.16, p. 47].

2.5.3 The p-Laplace operator with homogeneous Neumann condition

Let p ≥ 2 and define

Φp : H → [0,+∞], Φp(v) :=


1

p

∫
Ω
|∇v|p dx if v ∈ Z,

+∞ otherwise.

Then, it is easy to show that Φp has domain D(Φp) = Z and it is proper, convex, and lower
semicontinuous on H. Hence, its subdifferential −∆p := ∂Φp is a maximal monotone
operator. Moreover, every v in the natural domain

D(−∆p) = {v ∈ Z : −∆pv ∈ H, |∇v|p−2∇v · ν = 0 on Γ},

it satisfies ∫
Ω
−∆pv ω dx =

∫
Ω
|∇v|p−2∇v · ∇ω dx

for every ω ∈ D(Φp). In particular,

−∆pv = −div(|∇v|p−2∇v)

in the sense of distributions. Finally, the following regularity result holds (the interested
reader can refer to [Sav98, Theorem 2, Remark 3.5]).
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Lemma 2.21. For all 0 < δ < 1
p , the inclusion D(−∆p) ⊆ W 1+δ,p(Ω) holds. Moreover,

it exists Cδ > 0 such that, for all v ∈ W 1+δ,p(Ω),

∥v∥W 1+δ,p ≤ Cδ(∥−∆pv∥H + ∥v∥H).

2.6 Mathematical linear viscoelasticity

As pointed out in the Introduction, Chapters 4 and 5 are set within the framework of
linear viscoelasticity. The small displacement field u satisfies the (possibly quasi-static)
balance of linear momentum

κ∂ttu− div T = f ,

where κ ≥ 0 distinguishes between the inertial and quasi-static regimes. The stress tensor
T is assumed to take the constitutive form

T = Cε(u) + Vε(∂tu),

with C and V denoting the fourth-order elastic and viscous tensors, respectively, possibly
depending on the point in the reference configuration Ω. Throughout Chapters 4 and 5
we will suppose that C is symmetric and positive definite, while V is symmetric and
strictly positive definite, according to the following definition.

Definition 2.22. Let M = (mhijk) : Ω → Rd×d×d×d be a fourth-order tensor. We say
that:

i. M is symmetric if
mhijk(x) = mihjk(x) = mjkhi(x) (2.6.1)

for a.e. x ∈ Ω and for each index i, j, k, h = 1, . . . , d;

ii. M is strictly positive definite (or uniformly elliptic) if there exists a positive constant
C such that, for all D ∈ Rd×d

sym and for a.e. x ∈ Ω,

M(x)D : D ≥ C|D|2; (2.6.2)

iii. M is positive definite if

M(x)D : D ≥ 0 (2.6.3)

for all D ∈ Rn×n
sym and for a.e. x ∈ Ω.

Finally, let us recall a regularity result which we are going to frequently apply in the
following.

Lemma 2.23. Let Ω be a C2 domain in Rd and C = (chijk) ∈ W 1,∞(Ω;Rd×d×d×d) be a
symmetric and strictly positive definite fourth-order tensor. Then, there exist C∗, C

∗ > 0
such that

C∗∥u∥W ≤ ∥div[Cε(u)]∥H ≤ C∗∥u∥W
for every u in W0.

For more details, cf. [MH94, Proposition 1.5, p. 318] and [Neč12, Lemma 3.2., p. 263].
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Chapter 3

A nonisothermal phase field tumor
growth model

The purpose of this chapter is to investigate the well-posedness and regularity of solutions
to the initial–boundary value problem (1.3.1)–(1.3.3), following closely [CCR25]. We
begin by introducing a suitable notion of weak solution and establishing its existence
through a two-step approximation procedure, which combines a regularization of the
potential with a Faedo–Galerkin discretization scheme. Under stronger assumptions
on the initial data and the prescribed functions, we then prove the existence of strong
solutions and establish their uniqueness by means of a continuous dependence result. It is
worth noting that the heat source u in equation (1.3.1a), modeling hyperthermia therapy,
can be regarded as a control function. Accordingly, this chapter can be interpreted as the
analytical study of the state system of an optimal control problem, which is the subject
of ongoing research in [CCR].

3.1 Hypotheses and main results

We consider a bounded domain Ω of class C2 in Rd with d = 2, 3, and we fix a final time
T > 0.

(H1) We assume that

ℓ,Λ, χ are positive constants, (3.1.1)

τ and λP , λA, λE , λC , λB, λD are real nonnegative constants. (3.1.2)

(H2) The assigned functions u and σB enjoy the regularity

u ∈ L∞(Q) with ∥u∥L∞ ≤ M, (3.1.3)

σB ∈ L2(Q) (3.1.4)

for a nonnegative constant M .
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(H3) Regarding the nonlinearities h and k, we require that

h, k ∈ C0,1(R), and (3.1.5)

0 ≤ h ≤ h′, 0 ≤ k ≤ k′, (3.1.6)

for two nonnegative constants h′, k′.

(H4) We consider a potential Ψ = β̂ + π̂ split into the sum of a convex part and a
nonconvex perturbation. Explicitly, we suppose

β̂, π̂ ∈ C2(R), (3.1.7)

β̂ is convex and nonnegative, with β̂(0) = 0. (3.1.8)

Moreover, introducing the notation β := β̂′ and π := π̂′, the following growth
conditions hold:

|β(r)| ≤ Cβ(β̂(r) + 1), (3.1.9)

|π′(r)| ≤ Cπ (3.1.10)

for all r ∈ R, where Cβ, Cπ are given nonnegative constants. We also point out
that

β(0) = 0. (3.1.11)

Remark 3.1. It follows that π̂ has at most quadratic growth and β̂ has at most
exponential growth. A meaningful example of Ψ covered by our hypotheses is the regular
quartic potential (1.2.3). Notice that the logarithmic potential (1.2.2), as well as the
double obstacle potential, is instead excluded. In particular, we are not able to guarantee
that the order parameter φ assumes values in the physically relevant interval [−1, 1].

Remark 3.2. We observe that the assumption that β̂ attains its minimum value 0 at 0
(see (3.1.8) and (3.1.11)) is not restrictive. Indeed, if this were not the case, one could
modify β̂ by subtracting its tangent line at 0, so that the new function β̂ remains convex
and nonnegative, and additionally attains its minimum 0 at 0. Moreover, there is no
issue in adding a linear term to π̂; doing so still preserves the Lipschitz continuity of π.

Definition 3.3. We define a weak solution of the PDE system (1.3.1)–(1.3.3) as a
quadruple (θ, φ, µ, σ) with the regularity

θ ∈ H1(0, T ;V ′) ∩ C0([0, T ];H) ∩ L2(0, T ;V ), (3.1.12)

φ ∈ H1(0, T ;V ′) ∩ C0
w([0, T ];V ) ∩ L2(0, T ;W ), (3.1.13)

µ ∈ L2(0, T ;V ), (3.1.14)

σ ∈ H1(0, T ;H) ∩ C0([0, T ];V ) ∩ L2(0, T ;W ), (3.1.15)

38



3.1. Hypotheses and main results

such that equations (1.3.1a)–(1.3.1d) and the boundary conditions (1.3.2) are satisfied in
the following variational sense

⟨∂t(θ + ℓφ), v⟩V +

∫
Ω
∇θ · ∇v dx =

∫
Ω
uv dx, (3.1.16a)

⟨∂tφ, v⟩V +

∫
Ω
∇µ · ∇v dx =

∫
Ω

(λPσ − λA − λEθ)h(φ)v dx, (3.1.16b)

⟨τ∂tφ, v⟩V +

∫
Ω
∇φ · ∇v dx

+

∫
Ω

(β(φ) + π(φ) − χσ − Λθ) v dx =

∫
Ω
µv dx,

(3.1.16c)

⟨∂tσ, v⟩V +

∫
Ω
∇σ · ∇v dx− χ

∫
Ω
∇φ · ∇v dx

=

∫
Ω

(−λCσh(φ) + λB(σB − σ) − λDσk(θ)) v dx,

(3.1.16d)

a.e. in (0, T ) for all v ∈ V , and the initial data (1.3.3)

θ(0) = θ0, φ(0) = φ0, σ(0) = σ0 (3.1.17)

a.e. in Ω.

Remark 3.4. An equivalent definition of weak solution is obtained by integrating
in time the equalities in (3.1.16) over the interval (0, T ) and choosing test functions
v ∈ L2(0, T ;V ). In addition, we point out that (3.1.16c) and (3.1.16d) can be equiv-
alently rewritten as equations that hold almost everywhere and are complemented by
homogeneous Neumann boundary conditions as in (1.3.2).

Theorem 3.5 (Existence of weak solutions). Assume that the set of hypotheses (H1)–(H4)
holds and that the initial data satisfy

θ0 ∈ H, φ0 ∈ V, β̂(φ0) ∈ L1(Ω), σ0 ∈ V. (3.1.18)

Then, the PDE system (1.3.1)–(1.3.3) admits at least a weak solution (θ, φ, µ, σ) with the
additional regularity

τ1/2φ ∈ H1(0, T ;H), (3.1.19)

which satisfies the estimate

∥θ∥H1(V ′)∩L∞(H)∩L2(V ) + ∥φ∥H1(V ′)∩L∞(V )∩L2(W ) + ∥τ1/2φ∥H1(H)

+ ∥β(φ)∥L2(H) + ∥µ∥L2(V ) + ∥σ∥H1(H)∩L∞(V )∩L2(W ) ≤ C1

(3.1.20)

for a constant C1 > 0 that depends on M and on the other problem data.

If we improve the regularity of the initial data, we prove that the system has a more
regular solution, according to the following result.
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Theorem 3.6 (Regularity). Assume that hypotheses (H1)–(H4) are satisfied, and that
the initial data enjoy

θ0 ∈ V ∩ L∞(Ω), φ0 ∈ W ∩H3(Ω), σ0 ∈ V. (3.1.21)

Then, there exists a weak solution (θ, φ, µ, σ) with the additional regularity

θ ∈ H1(0, T ;H) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W ) ∩ L∞(Q), (3.1.22)

φ ∈ W 1,∞(0, T ;V ′) ∩H1(0, T ;V ) ∩ L∞(0, T ;W ), (3.1.23)

µ ∈ L∞(0, T ;V ) ∩ L2(0, T ;W ). (3.1.24)

In particular, (θ, φ, µ, σ) is a strong solution, i.e., it satisfies system (1.3.1) a.e. in Q.
Moreover, there exists a constant C2 > 0 that depends on M and on the other problem
data, such that the following estimate holds

∥θ∥H1(H)∩L∞(V )∩L2(W )∩L∞(Q) + ∥φ∥W 1,∞(V ′)∩H1(V )∩L∞(W )

+ ∥µ∥L∞(V )∩L2(W ) ≤ C2.
(3.1.25)

Remark 3.7. We point out that (3.1.21) in particular yields (3.1.18) and β̂(φ0) ∈ L∞(Ω).
Moreover, it is worth noting that, by standard Sobolev embedding results in dimensions
d = 2, 3, the order parameter φ belongs to L∞(Q).

The L∞-bound for the component φ of the solution, combined with the local Lipschitz
continuity of β, plays a crucial role in establishing a continuous dependence result, which,
in particular, ensures the uniqueness property stated in the following theorem.

Theorem 3.8 (Continuous dependence). Suppose that hypotheses (H1)–(H4) are fulfilled,
and that the initial data comply with (3.1.21). Then, for every assigned functions {ui}i=1,2

satisfying (3.1.3), and any pair of initial data {(θ0,i, ϕ0,i, σ0,i)}i=1,2 satisfying (3.1.21), if
we denote by {(θi, φi, µi, σi)}i=1,2 two corresponding strong solutions to (1.3.1)–(1.3.3),
the following continuous dependence inequality holds

∥θ1 − θ2∥L∞(H)∩L2(V ) + ∥φ1 − φ2∥L∞(H)∩L2(W )

+ ∥τ1/2(φ1 − φ2)∥L∞(V ) + ∥σ1 − σ2∥L∞(H)∩L2(V )

≤ C3

(
∥θ0,1 − θ0,2∥H + ∥φ0,1 − φ0,2∥H + ∥τ1/2(φ0,1 − φ0,2)∥V

+ ∥σ0,1 − σ0,2∥H + ∥u1 − u2∥L2(H)

) (3.1.26)

for a positive constant C3 that depends on M and on the other problem data. Consequently,
the strong solution found in Theorem 3.6 is unique.

3.2 Existence of weak solutions

The existence of weak solutions is proved through two levels of approximation. First,
we introduce an approximate problem in which β is replaced by a suitable Lipschitz
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continuous function βε. Second, to show the existence of weak solutions of the approximate
PDE system, we employ a Faedo–Galerkin scheme. Finally, thanks to some a priori
estimates, we separately pass to the limit, first in the Faedo–Galerkin scheme, and then
as ε → 0, finding a solution to the original problem. Notice that we need to introduce
βε even if β is smooth due to the wide class of possible growth conditions that we are
allowing: without it, we would not be able to pass to the limit in the corresponding term
of the discretized system.

3.2.1 The approximate problem

For ε ∈ (0, 1), we define the Moreau–Yosida approximation of β̂ as

β̂ε(r) := min
s∈R

{
1

2ε
|s− r|2 + β̂(s)

}
∀r ∈ R, (3.2.1)

and the Yosida regularization of β as

βε :=
(
β̂ε
)′
. (3.2.2)

They enjoy the following properties:

(i) β̂ε is a C1(R) convex function with

0 ≤ β̂ε(r) ≤ β̂(r) for all r ∈ R, (3.2.3)

(ii) βε is monotone increasing and Lipschitz continuous with βε(0) = 0 and with
Lipschitz constant bounded by ε−1,

(iii) they satisfy inequality (3.1.9) with the same constant Cβ, i.e.,

|βε(r)| ≤ Cβ(β̂ε(r) + 1) for all r ∈ R. (3.2.4)

In view of (H4), properties (i)–(ii) are well known and can be found in Proposition 2.16
and Lemma 2.20. To prove (iii), we need to introduce the resolvent operator associated
with β, defined as

Jε(r) = (Id + εβ)−1(r), (3.2.5)

i.e., Jε(r) satisfy Jε(r) + εβ(Jε(r)) = r for all r ∈ R. It can be proved (see Lemma 2.20)
that Jε = Id − εβε. It trivially follows that

β(Jε(r)) =
r − Jε(r)

ε
= βε(r) for all r ∈ R. (3.2.6)

Moreover, again by Lemma 2.20, we know that

β̂ε(r) =
ε

2
|βε(r)|2 + β̂(Jε(r)),
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thus β̂ε(r) ≥ β̂(Jε(r)). Putting these elements together and employing inequality (3.1.9),
we obtain

|βε(r)| = |β(Jε(r))| ≤ Cβ

(
1 + β̂(Jε(r))

)
≤ Cβ

(
1 + β̂ε(r)

)
,

so (iii) is proved.

The approximate problem is obtained from (1.3.1)–(1.3.3) replacing β with βε and its
weak solutions are defined consequently as in Definition 3.3.

3.2.2 Existence of weak solutions for the approximate problem

As already anticipated, we prove the existence of weak solutions of the approximated
system through a Faedo–Galerkin space discretization.

Faedo–Galerkin discretization. We introduce the nondecreasing sequence of eigenval-
ues {γj}j∈N0 of the Laplace operator with homogeneous Neumann boundary conditions
and the associated sequence of eigenvectors {ej}j∈N0 , which is a complete orthonormal
system in H, orthogonal in V and W . Explicitly, for every j ∈ N0,{

−∆ej = γjej in Ω,

∂νej = 0 on ∂Ω,

with the additional properties

(ei, ej)=δij :=

{
1 if i = j

0 if i ̸= j
, (∇ei,∇ej)=γiδij ,

for every i, j ∈ N0. Recall that, by standard elliptic regularity results, {ej}j∈N0 are
smooth functions. We define

V n := span{e0, . . . , en}

for every n ∈ N0. Then, {V n}n∈N0 is a nondecreasing sequence of subspaces, whose union
is dense in V as well as in H. With our notation, γ0 = 0, e0 = |Ω|−1/2, and V 0 is the
space of constant functions. We also introduce the projection of H onto V n as

Pn(v) :=
n∑

j=0

(v, ej)Hej

for all v ∈ H. Notice that there exists a constant C > 0 such that

∥Pn(v)∥X ≤ C∥v∥X for all v ∈ X, where X = H,V,W . (3.2.7)
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For every n ∈ N0, we aim at finding a quadruple (θn, φn, µn, σn) of the form

θn(x, t) =
n∑

j=1

θnj (t)ej(x), φn(x, t) =
n∑

j=1

φn
j (t)ej(x),

µn(x, t) =

n∑
j=1

µn
j (t)ej(x), σn(x, t) =

n∑
j=1

σn
j (t)ej(x)

such that

⟨∂t(θn + ℓφn), v⟩V +

∫
Ω
∇θn · ∇v dx =

∫
Ω
uv dx, (3.2.8a)

⟨∂tφn, v⟩V +

∫
Ω
∇µn · ∇v dx =

∫
Ω

(λPσ
n − λA − λEθ

n)h(φn)v dx, (3.2.8b)

⟨τ∂tφn, v⟩V +

∫
Ω
∇φn · ∇v dx +

∫
Ω

(βε(φ
n) + π(φn) − χσn − Λθn) v dx

=

∫
Ω
µnv dx,

(3.2.8c)

⟨∂tσn, v⟩V +

∫
Ω
∇σn · ∇v dx− χ

∫
Ω
∇φn · ∇v dx

=

∫
Ω

(−λCσ
nh(φn) + λB(σB − σn) − λDσ

nk(θn)) v dx,

(3.2.8d)

a.e. t ∈ (0, T ), for all v ∈ V n, and that fulfill the initial conditions

θn(0) = θ0,n := Pn(θ0), φn(0) = φ0,n := Pn(φ0), σn(0) = σ0,n := Pn(σ0). (3.2.9)

Notice that, owing to the properties of the projection Pn, the following inequalities hold

∥θ0,n∥H ≤ C∥θ0∥H , ∥φ0,n∥V ≤ C∥φ0∥V , ∥σ0,n∥V ≤ C∥σ0∥V , (3.2.10)

as well as the convergences

θ0,n → θ0 strongly in H, (3.2.11)

φ0,n → φ0 strongly in V, (3.2.12)

σ0,n → σ0 strongly in V. (3.2.13)

Here, we neglect the dependence on ε in the notation (θn, φn, µn, σn) on purpose, for
brevity.

Local-in-time existence. We test each equation of system (3.2.8)–(3.2.9) by ej for
j = 0, . . . , n, obtaining the following ODE system

d

dt
(θnj + ℓφn

j ) + γjθ
n
j = (u, ej)H , (3.2.14a)
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d

dt
φn
j + γjµ

n
j = ((λPσ

n − λA − λEθ
n)h(φn), ej)H , (3.2.14b)

τ
d

dt
φn
j + γjφ

n
j + (βε(φ

n) + π(φn), ej)H − χσn
j − Λθnj = µn

j , (3.2.14c)

d

dt
σn
j + (γj + λB)σn

j − χγjφ
n
j

= ((−λCσ
nh(φn) + λBσB − λDσ

nk(θn)) , ej)H ,
(3.2.14d)

θnj (0) = (θ0,n, ej)H , φn(0) = (φ0,n, ej)H , σn
j (0) = (σ0,n, ej)H . (3.2.14e)

Notice that µn
j is an auxiliary variable and can be removed from the system by substituting

µn
j , whose expression is given by equation (3.2.14c), into equation (3.2.14b). Then we can

recover the expression for d
dtφ

n
j and replace it in equation (3.2.14a). Hence, we obtain a

3n-equations first-order ODE system in the variables θnj , φn
j , and σn

j for j = 1, . . . , n with

locally Lipschitz continuous nonlinearities. Thus, the existence of H1(0, Tn) solutions
follows from the Carathéodory existence theorem, for a certain Tn ≤ T . The solution is
not global because the nonlinearities are not globally Lipschitz continuous. Then, we
retrieve µn

j ∈ L2(0, Tn) by equation (3.2.14c). In the following, we will derive some a
priori estimates independent of n that will allow us to extend the solution to the all
interval [0, T ], and, at the same time, to recover enough compactness to pass to the limit
as n goes to infinity. Keeping in mind that our final goal is passing to the limit as ε → 0,
we will also be careful in tracking the dependence on ε.

First a priori estimate. We integrate in time equation (3.2.8a) for a fixed v ∈ V n,
obtaining the equation∫

Ω
(θn + ℓφn)v dx +

∫
Ω
∇(1 ∗t θn) · ∇v dx =

∫
Ω

(1 ∗t u)v +

∫
Ω

(θ0,n + ℓφ0,n)v dx. (3.2.15)

Here, the notation ∗t denotes the convolution with respect to time, i.e.,

1 ∗t θn :=

∫ t

0
θn(·, s) ds, 1 ∗t u :=

∫ t

0
u(·, s) ds.

We take v = θn in equation (3.2.15) and multiply each side of the equality by a constant
R > 0, fixed but yet to be determined. We choose v = φn in (3.2.8b), v = −∆φn

in (3.2.8c), and v = σn in (3.2.8d). We add the resulting equalities and, after some
simplification, we obtain:

R

∫
Ω
|θn|2 dx +

R

2

d

dt

∫
Ω
|∇(1 ∗t θn)|2 dx +

1

2

d

dt

∫
Ω
|φn|2 dx +

τ

2

d

dt

∫
Ω
|∇φn|2 dx

+

∫
Ω
| − ∆φn|2 dx +

∫
Ω
β′
ε(φ

n)|∇φn|2 dx +
1

2

d

dt

∫
Ω
|σn|2 dx +

∫
Ω
|∇σn|2 dx

= R

∫
Ω

(1 ∗t u)θn dx + R

∫
Ω

(θ0,n + ℓφ0,n)θn dx−Rℓ

∫
Ω
φnθn dx

+

∫
Ω

(λPσ
n − λA − λEθ

n)h(φn)φn dx−
∫
Ω
π(φn)(−∆φn) dx + 2

∫
Ω
χσn(−∆φn) dx
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+ Λ

∫
Ω
θn(−∆φn) dx−

∫
Ω

(λCh(φn) + λDk(θn)) |σn|2 dx +

∫
Ω
λB(σB − σn)σn dx.

After applying the Hölder and the Young inequalities to the right-hand side, and rear-
ranging some terms, we end up with

R

∫
Ω
|θn|2 dx +

∫
Ω
| − ∆φn|2 dx +

∫
Ω
β′
ε(φ

n)|∇φn|2 dx +

∫
Ω
|∇σn|2 dx +

∫
Ω
λB|σn|2 dx

+
1

2

d

dt

(
R

∫
Ω
|∇(1 ∗t θn)|2 dx +

∫
Ω
|φn|2 dx + τ

∫
Ω
|∇φn|2 dx +

∫
Ω
|σn|2 dx

)
= R

∫
Ω

(1 ∗t u + θ0,n + ℓφ0,n − ℓφn) θn dx−
∫
Ω
λEh(φn)φnθn dx

+

∫
Ω

(λPσ
n − λA)h(φn)φn dx +

∫
Ω

(−π(φn) + 2χσn + Λθn) (−∆φn) dx

−
∫
Ω

(λCh(φn) + λDk(θn)) |σn|2 dx +

∫
Ω
λB σB σn dx

≤
(
R

2
+

1

2
+

Λ2

2

)∫
Ω
|θn|2 dx +

1

2

∫
Ω
| − ∆φn|2 dx

+ CR

(∫
Ω
|θ0,n|2 dx +

∫
Ω
|φ0,n|2 dx +

∫
Ω
|1 ∗t u|2 dx +

∫
Ω
|φn|2 dx

)
+ C

(∫
Ω
|σB|2 dx +

∫
Ω
|σn|2 dx + 1

)
,

where we have exploited the boundedness of h and k given by hypothesis (H2) and the
Lipschitz continuity of π (cf. (3.1.10)). Now we choose R = R(Λ) such that R > 1 + Λ2,
move the first two addends of the right-hand side to the left-hand side, and integrate in
time over the interval (0, t), for an arbitrary t ≤ Tn ≤ T . Moreover, we recall that β′

ε is
nonnegative because βε is monotone. Thus, the corresponding integral is also nonnegative,
and we can get rid of it. After renaming the constants, we have:∫ t

0

∫
Ω
|θn|2 dx ds +

∫ t

0

∫
Ω
| − ∆φn|2 dx ds +

∫ t

0

∫
Ω
|∇σn|2 dx ds +

∫ t

0

∫
Ω
|σn|2 dx ds

+

∫
Ω
|∇(1 ∗t θn)|2 dx +

∫
Ω
|φn|2 dx + τ

∫
Ω
|∇φn|2 dx +

∫
Ω
|σn|2 dx

≤ CT

(
1 +

∫
Ω

(
|θ0,n|2 + |φ0,n|2 + τ |∇φ0,n|2 + |σ0,n|2

)
dx

+

∫ T

0

∫
Ω

(
|1 ∗t u|2 + |σB|2

)
dx dt +

∫ t

0

∫
Ω

(
|φn|2 + |σn|2

)
dx ds

)
.

Applying the Gronwall inequality leads to

∥θn∥L2(0,Tn;H) + ∥1 ∗t θn∥L∞(0,Tn;V ) + ∥φn∥L∞(0,Tn;H)∩L2(0,Tn;W )

+ ∥τ1/2φn∥L∞(0,Tn;V ) + ∥σn∥L∞(0,Tn;H)∩L2(0,Tn;V ) ≤ C,
(3.2.16)
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where C depends on the assigned data of the problem (in particular, on ∥1 ∗t u∥L2(H)),
but not on Tn and ε.

Consequences of the first a priori estimate. From estimate (3.2.16), it trivially
follows that

∥⟨φn⟩∥L∞(0,Tn) ≤ C. (3.2.17)

Moreover, testing equation (3.2.8b) with v = |Ω|−1 and estimating the right-hand side
with its H-norm, we obtain

∥⟨∂tφn⟩∥L2(0,Tn) ≤ C∥(λPσ
n − λA − λEθ

n)h(φn)∥L2(0,Tn;H) ≤ C. (3.2.18)

Second a priori estimate. Since we are going to need it, we introduce the Neumann–
Laplace operator restricted to the space V̇ as

R : V̇ → V̇ ′ s.t.

⟨Rv, w⟩V :=

∫
Ω
∇v · ∇w dx ∀w ∈ V̇ .

R is an isomorphism, and we denote its inverse by

N := R−1 : V̇ ′ → V̇ .

The operators R and N enjoy several well-known properties, which we list here for the
reader’s convenience:

⟨v′,Nw′⟩V = ⟨w′,N v′⟩V = (∇Nw′,∇N v′)H for all v′, w′ ∈ V̇ ′, (3.2.19)

(w, v)H = (w − ⟨w⟩, v)H =

∫
Ω
∇w · ∇N v dx for all w ∈ V, v ∈ Ḣ, (3.2.20)

∥v∥H ≤ ∥∇v∥1/2H ∥∇N v∥1/2H for every v ∈ V̇ , (3.2.21)

⟨∂tv′(t),N v′(t)⟩V =
1

2

d

dt
∥∇N v′(t)∥2H

for a.e. t ∈ (0, T ), for all v′ ∈ H1(0, T ; V̇ ′).
(3.2.22)

Since N is defined over the space V̇ ′ but the functions we work with do not have, in
general, zero mean value, it is useful to notice that the standard norms over W , V , H,
and V ′ are equivalent to the following ones:

∥v∥W ≃ (∥−∆v∥2H + ⟨v⟩2)1/2,
∥v∥V ≃ (∥∇v∥2H + ⟨v⟩2)1/2,
∥v∥H ≃ (∥v − ⟨v⟩∥2H + ⟨v⟩2)1/2,
∥v∥V ′ ≃ (∥v − ⟨v⟩∥2V ′ + ⟨v⟩2)1/2 ≃ (∥∇N (v − ⟨v⟩)∥2H + ⟨v⟩2)1/2.
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We preliminarily notice that if v ∈ V n and has zero mean value, then N v ∈ V n. Indeed,
since v belongs to H, then N v belongs to W and the following equality obviously holds

−∆(N v) =

+∞∑
j=0

(−∆(N v), ej)Hej =

+∞∑
j=0

γj(N v, ej)Hej .

On the other hand, we have that

−∆(N v) = v =
n∑

j=0

(v, ej)Hej .

Consequently, since these two expressions must coincide and γj > 0 for every j ∈ N, we
deduce that (N v, ej)H is equal to zero for every j ≥ n + 1. Thus, N v ∈ V n.
Now we have the instruments we need to derive the second a priori estimate. We take
the difference of equation (3.2.8b) with its mean value and test it with N (φn − ⟨φn⟩),
then we add the resulting relation to equation (3.2.8c) tested with (φn − ⟨φn⟩). In view
of property (3.2.20), we note the cancellation of the terms involving µn as well as of the
scalar products of a mean value and of N (φn − ⟨φn⟩) or (φn − ⟨φn⟩). Thus, we obtain

1

2

d

dt

(∫
Ω
|∇N (φn − ⟨φn⟩)|2 dx + τ

∫
Ω
|φn − ⟨φn⟩|2 dx

)
+

∫
Ω
|∇φn|2 dx +

∫
Ω
βε(φ

n)(φn − ⟨φn⟩) dx

=

∫
Ω

(λPσ
n − λA − λEθ

n)h(φn)N (φn − ⟨φn⟩) dx

−
∫
Ω
π(φn)(φn − ⟨φn⟩) dx + χ

∫
Ω
σn(φn − ⟨φn⟩) dx + Λ

∫
Ω
θn(φn − ⟨φn⟩).

Regarding the left-hand side, we observe that∫
Ω
βε(φ

n)(φn − ⟨φn⟩) dx ≥
∫
Ω
β̂ε(φ

n) dx−
∫
Ω
β̂ε(⟨φn⟩) dx,

due to the fact that βε is the subdifferential of β̂ε. Then, we integrate in time over the
interval (0, t) for an arbitrary t ≤ Tn ≤ T , and estimate the terms on the right-hand side
using the Hölder and the Young inequalities, obtaining

1

2

(∫
Ω
|∇N (φn − ⟨φn⟩)|2 dx + τ

∫
Ω
|φn − ⟨φn⟩|2 dx

)
+

∫ t

0

∫
Ω
|∇φn|2 dx ds +

∫ t

0

∫
Ω
β̂ε(φ

n) dx ds

≤
∫ t

0

∫
Ω
β̂ε(⟨φn⟩) dx ds + C

∫ t

0

∫
Ω
|N (φn − ⟨φn⟩)|2 dx ds

+ C

(∫ t

0

∫
Ω
|σn|2 + |θn|2 + |φn|2 + |φn − ⟨φn⟩|2 dx ds + 1

)
=: I1 + I2 + I3,
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where we used the boundedness of h by hypothesis (H2), and the fact that π is Lipschitz
continuous by hypothesis (H4). To handle I1, we recall that β̂ε ≤ β̂, where β̂ is continuous
by hypothesis (H4), and that, by (3.2.17), ⟨φn⟩ is uniformly bounded. Therefore, it
follows that I1 ≤ C. We use the Poincaré inequality to treat I2, taking into account
that N (φn − ⟨φn⟩) has zero mean value. Finally, I3 can be uniformly bounded thanks to
(3.2.16) and (3.2.17). Thus, we have∫

Ω
|∇N (φn − ⟨φn⟩)|2 dx + τ

∫
Ω
|φn − ⟨φn⟩|2 dx +

∫ t

0

∫
Ω
|∇φn|2 dx ds +

∫ t

0

∫
Ω
β̂ε(φ

n) dx ds

≤ C

(∫ t

0

∫
Ω
|∇N (φn − ⟨φn⟩)|2 dx dt + 1

)
from which, through the Gronwall Lemma, we obtain

∥β̂ε(φn)∥L1(Ω×(0,Tn)) ≤ C. (3.2.23)

Consequences of the second a priori estimate. From (3.2.23), recalling the β̂ε
growth property (3.2.4), it trivially follows that

∥βε(φn)∥L1(Ω×(0,Tn)) ≤ Cβ(1 + ∥β̂ε(φn)∥L1(Ω×(0,Tn))) ≤ C. (3.2.24)

Consequently, taking v = |Ω|−1 in equation (3.2.8c), recalling that ⟨∂tφn⟩ is estimated
from (3.2.18) and thanks to the other estimates from (3.2.16), we deduce that

∥⟨µn⟩∥L1(0,Tn) ≤ C. (3.2.25)

Third a priori estimate. We take v = (Λ/ℓ)θn in equation (3.2.8a), v = µn in (3.2.8b),
v = ∂tφ

n in (3.2.8c), and v = ∂tσ
n in (3.2.8d). We sum the resulting equalities, noting a

cancellation, and integrate in time over (0, t) for an arbitrary t ≤ Tn ≤ T , obtaining:

Λ

2ℓ

∫
Ω
|θn|2 dx +

1

2

∫
Ω
|∇φn|2 dx +

∫
Ω
β̂ε(φ

n) dx

+
1

2

∫
Ω
|∇σn|2 dx +

Λ

ℓ

∫ t

0

∫
Ω
|∇θn|2 dx ds +

∫ t

0

∫
Ω
|∇µn|2 dx ds

+ τ

∫ t

0

∫
Ω
|∂tφn|2 dx ds +

∫ t

0

∫
Ω
|∂tσn|2 dx ds

=
Λ

2ℓ

∫
Ω
|θn,0|2 dx +

1

2

∫
Ω
|∇φn,0|2 dx +

∫
Ω
β̂ε(φn,0) dx

+
1

2

∫
Ω
|∇σn,0|2 dx +

∫
Ω
π̂(φn,0) − π̂(φn) dx +

Λ

ℓ

∫ t

0

∫
Ω
uθn dx ds

+

∫ t

0

∫
Ω

(λPσ
n − λA − λEθ

n)h(φn)µn dx ds +

∫ t

0

∫
Ω
χσn∂tφ

n dx ds

−
∫ t

0

∫
Ω
λCσ

nh(φn)∂tσ
n dx ds +

∫ t

0

∫
Ω
λB(σB − σn)∂tσ

n dx ds
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−
∫ t

0

∫
Ω
λDσ

nk(θn)∂tσ
n dx ds +

∫ t

0

∫
Ω
χ(−∆φn)∂tσ

n dx ds.

We aim to bound from above the right-hand side of this equality. First, we deal with the
terms related to the initial data of the Galerkin discretized system. To do so, we recall
that since they are projections of the original initial data, their H and V norms can be
estimated with a constant independent of n. We notice that π̂ has at most quadratic
growth thanks to hypothesis (H4). Moreover, the Moreau–Yosida approximation β̂ε
satisfies

β̂ε(r) ≤ β̂ε(0) + βε(0)r +
1

2ε
r2 ≤ 1

2ε
r2 for every r ∈ R, (3.2.26)

because of the definitions (3.2.1), (3.2.2) and the related property (ii) (cf. also (H4)), so
here, just in order to bound the term∫

Ω
β̂ε(φn,0) dx,

we obtain an estimate which is not independent of ε. Most of the other terms on the
right-hand side can be estimated simply through the Hölder and the Young inequalities,
and the first a priori estimate (3.2.16), leading to

Λ

2ℓ

∫
Ω
|θn|2 dx +

1

2

∫
Ω
|∇φn|2 dx +

∫
Ω
β̂ε(φ

n) dx

+
1

2

∫
Ω
|∇σn|2 dx +

Λ

ℓ

∫ t

0

∫
Ω
|∇θn|2 dx ds +

∫ t

0

∫
Ω
|∇µn|2 dx ds

+ τ

∫ t

0

∫
Ω
|∂tφn|2 dx ds +

∫ t

0

∫
Ω
|∂tσn|2 dx ds

≤ C0,ε + C

∫
Ω

(
|φn|2 + 1

)
dx +

Λ

2ℓ

∫ t

0

∫
Ω
|u|2 dx ds +

Λ

2ℓ

∫ t

0

∫
Ω
|θn|2 dx ds

+

∫ t

0

∫
Ω

(λPσ
n − λA − λEθ

n)h(φn)µn dx ds +

∫ t

0

∫
Ω
χσn∂tφ

n dx ds

+
1

4

∫ t

0

∫
Ω
|∂tσn|2 dx ds + C

∫ t

0

∫
Ω
|σn|2 + |σB|2 + | − ∆φn|2 dx ds

≤ C0,ε + C +
1

4

∫ t

0

∫
Ω
|∂tσn|2 dx ds

+

∫ t

0

∫
Ω

(λPσ
n − λA − λEθ

n)h(φn)µn dx ds +

∫ t

0

∫
Ω
χσn∂tφ

n dx ds

=: C0,ε + C +
1

4

∫ t

0

∫
Ω
|∂tσn|2 dx ds + I4 + I5.

(3.2.27)

At this point, we focus on the terms I4 and I5. To treat I4, we employ the Hölder
inequality and the fact that ∥σn∥L∞(0,Tn;H) is uniformly bounded by (3.2.16). Then, we
use the Poincaré, the Hölder, the Young inequalities and the previous estimates (3.2.16),
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(3.2.25). We have:

I4 ≤ C

∫ t

0
(∥σn∥H + ∥θn∥H + 1)∥µn∥H ds ≤ C

∫ t

0
(∥θn∥H + 1)∥µn∥H ds

≤ C

∫ t

0
(∥θn∥H + 1)∥∇µn∥H ds + C

∫ t

0
(∥θn∥H + 1)|⟨µn⟩|ds

≤ 1

2

∫ t

0
∥∇µn∥2H ds + C + C

∫ t

0
|⟨µn⟩| ∥θn∥2H ds.

(3.2.28)

We handle the term I5 integrating by parts with respect to time and then through the
Hölder and Young inequalities. Explicitly, we have

I5 = −
∫ t

0

∫
Ω
χ∂tσ

nφn dx ds +

∫
Ω
χσnφn dx−

∫
Ω
χσn,0φn,0 dx

≤ 1

4

∫ t

0

∫
Ω
|∂tσn|2 dx ds + C

(∫ t

0

∫
Ω
|φn|2 dx ds +

∫
Ω
|σn|2 + |φn|2 dx + 1

)
≤ 1

4

∫ t

0

∫
Ω
|∂tσn|2 dx ds + C,

(3.2.29)

where in the last inequality we used the first a priori estimate (3.2.16). We return to
(3.2.27), and make use of (3.2.28) and (3.2.29). Rearranging some terms and renaming
the constants, we end up with∫

Ω
|θn|2 dx +

∫
Ω
|∇φn|2 dx +

∫
Ω
β̂ε(φ

n) dx +

∫
Ω
|∇σn|2 dx

+

∫ t

0

∫
Ω
|∇θn|2 dx ds +

∫ t

0

∫
Ω
|∇µn|2 dx dsdx

+ τ

∫ t

0

∫
Ω
|∂tφn|2 dx ds +

∫ t

0

∫
Ω
|∂tσn|2 dx ds

≤ C0,ε + C + C

∫ t

0
|⟨µn⟩| ∥θn∥2H ds.

Thanks to the Gronwall inequality and the fact that ∥⟨µn⟩∥L1(0,Tn) is uniformly bounded
from (3.2.25), we deduce

∥θn∥L∞(0,Tn;H)∩L2(0,Tn;V ) + ∥φn∥L∞(0,Tn;V )

+ ∥τ1/2φn∥H1(0,Tn;H) + ∥β̂ε(φn)∥L∞(0,Tn;L1(Ω))

+ ∥∇µn∥L2(0,Tn;H) + ∥σn∥H1(0,Tn;H)∩L∞(0,Tn;V ) ≤ Cε.

(3.2.30)

Consequences of the third a priori estimate. Owing to estimate (3.2.30) and
exploiting the growth property (3.2.4), it is straightforward to infer that

∥βε(φn)∥L∞(0,Tn;L1(Ω)) ≤ Cε. (3.2.31)
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Thus, proceeding as before and choosing v = |Ω|−1 in equation (3.2.8c), by comparing
the terms we have that

∥⟨µn⟩∥L2(0,Tn) ≤ Cε, (3.2.32)

thanks to (3.2.30). Then, by the Poincaré inequality, it follows that

∥µn∥L2(0,Tn;V ) ≤ Cε. (3.2.33)

Next, we want to show that

∥∂tφn∥L2(0,Tn;V ′) ≤ Cε. (3.2.34)

To do so, we consider an element v ∈ V and proceed as follows

|⟨∂tφn, v⟩V | = |⟨∂tφn, Pn(v)⟩V |

=

∣∣∣∣−∫
Ω
∇µn · ∇ [Pn(v)] dx +

∫
Ω

(λPσ
n − λA − λEθ

n)h(φn)Pn(v) dx

∣∣∣∣
≤ C (∥∇µn∥H + ∥σn∥H + ∥θn∥H + 1) ∥Pn(v)∥V
≤ C (∥∇µn∥H + ∥σn∥H + ∥θn∥H + 1) ∥v∥V ,

(3.2.35)

where, besides the usual calculations, we exploit the fact that ∂tφ
n satisfies equation

(3.2.8b) and that, even though v does not belong to the space V n of test functions, its
projection does. From this inequality, we find that

∥∂tφn∥2L2(0,Tn;V ′) =

∫ Tn

0
∥∂tφn∥2V ′ dt

≤ C

∫ Tn

0

(
∥∇µn∥2H + ∥σn∥2H + ∥θn∥2H + 1

)
dt ≤ Cε,

so (3.2.34) follows. Proceeding similarly, it is easy to prove that

∥∂tθn∥L2(0,Tn;V ′) ≤ Cε. (3.2.36)

Finally, we take v = −∆σn in equation (3.2.8d) and integrate in time, obtaining

∥−∆σn∥2L2(0,Tn;H) dt

= −
∫ Tn

0

∫
Ω
∂tσ

n(−∆σn) dx dt + χ

∫ Tn

0

∫
Ω

(−∆φn)(−∆σn) dx dt

+

∫ Tn

0

∫
Ω

(−λCσ
nh(φn) + λB(σB − σn) − λDσ

nk(θn)) (−∆σn) dx dt

≤ C
(
∥σn∥H1(0,Tn;H) + ∥−∆φn∥L2(0,Tn;H) + ∥σB∥L2(0,Tn;H)

)
∥−∆σn∥L2(0,Tn;H)

≤ Cε∥−∆σn∥L2(0,Tn;H),

where we used the Hölder inequality and the previously proved estimates (3.2.16) and
(3.2.30). Thus, ∥−∆σn∥L2(0,Tn;H) is uniformly bounded and, by elliptic regularity, we
have that

∥σn∥L2(0,Tn;W ) ≤ Cε. (3.2.37)
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Global-in-time existence. Let T
n ≤ T denote the maximal existence time of the

local-in-time solution (θn, φn, µn, σn). Suppose, by contradiction, that T
n
< T . Thanks

to the uniform (in n) a priori estimates established earlier and standard embedding
results, by continuity the solution is defined at time T

n
and satisfies the requirement on

the initial values (cf. (3.2.10) and (3.1.18))

∥θn
(
T
n)∥H + ∥φn

(
T
n)∥V + ∥σn

(
T
n)∥V ≤ C.

Therefore, we can take the solution at t = T
n

as a new initial datum for the system of
differential equations and extend the solution beyond T

n
by continuity. This leads to a

contradiction, since it implies that Tn is not maximal. We conclude that T
n

= T .

Passage to the limit as n → ∞. In the previous steps, we proved that the solution of
the Faedo–Galerkin discretized system satisfies the following bound

∥θn∥H1(V ′)∩L∞(H)∩L2(V ) + ∥φn∥H1(V ′)∩L∞(V )∩L2(W )

+ ∥µn∥L2(V ) + ∥σn∥H1(H)∩L∞(V )∩L2(W ) ≤ Cε.

Thus, from standard compactness results (i.e., Banach–Alaoglu and Aubin–Lions theo-
rems), we deduce that there exists a quadruple (θε, φε, µε, σε) satisfying the regularity of
Definition 3.3 such that, for n → +∞, along a nonrelabelled subsequence, the following
convergences hold:

θn → θε weakly-∗ in H1(0, T ;V ′) ∩ L∞(0, T ;H) ∩ L2(0, T ;V ), (3.2.38)

strongly in L2(0, T ;H), (3.2.39)

a.e. in Q, (3.2.40)

φn → φε weakly-∗ in H1(0, T ;V ′) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W ), (3.2.41)

strongly in C0([0, T ];H) ∩ L2(0, T ;V ), (3.2.42)

a.e. in Q, (3.2.43)

µn → µε weakly in L2(0, T ;V ), (3.2.44)

σn → σε weakly-∗ in H1(0, T ;H) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W ), (3.2.45)

strongly in C0([0, T ];H) ∩ L2(0, T ;V ), (3.2.46)

a.e. in Q. (3.2.47)

We integrate in time the equations (3.2.8a)–(3.2.8d) over the interval (0, T ), after choosing
as a test function Pn(v) ∈ L2(0, T ;V n) for a generic fixed v ∈ L2(0, T ;V ). We recall that

Pn(v) → v strongly in L2(0, T ;V ). (3.2.48)

All the linear terms pass to the limit thanks to the weak convergences (3.2.38), (3.2.41),
(3.2.44), (3.2.45), and to the strong convergence (3.2.48). Let’s discuss only the nonlinear
ones. In the mass source term in equation (3.2.8b), we have that

(λPσ
n − λA − λEθ

n)h(φn) → (λPσε − λA − λEθε)h(φε)
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weakly in L2(0, T ;H). In fact, the term between brackets strongly converges in L2(0, T ;H)
and a.e. in Q; besides, h is continuous and bounded by hypothesis (H3) and φn → φ
a.e. in Q. Thus, we have weak convergence in L2(0, T ;H) by uniform boundedness, and
a.e. convergence, with identification of the limit (see, e.g., [Lio69, Lemme 1.3, p. 12]).
Regarding equation (3.2.8c), we notice that βε + π is Lipschitz continuous. Thus, the
strong convergence (3.2.42) is enough to pass to the limit. Finally, the term

−λCσ
nh(φn) − λDσ

nk(θn) → −λCσεh(φε) − λDσεk(θε)

weakly in L2(0, T ;H), because, as we similarly did before, h and k are continuous
and bounded by hypothesis (H3) and σn, θn converges a.e. in Q by (3.2.43), (3.2.40).
To conclude the proof, we only need to justify the fact that θε, φε, and σε satisfy
the initial conditions. On one hand, we observe that, along a subsequence, θn → θε,
φn → φε, and σn → σε strongly in C0([0, T ];V ′) at least. Thus, θn(0) → θε(0), φn(0) →
φε(0), and σn(0) → σε(0) strongly in V ′. On the other hand, θn(0) = Pn(θ0) → θ0,
φn(0) = Pn(φ0) → φ0, and σn(0) = Pn(σ0) → σ0 strongly in H by (3.2.11)–(3.2.13). By
uniqueness of the limit, we have

θε(0) = θ0, φε(0) = φ0, σε(0) = σ0.

3.2.3 A priori estimate uniform in ε

Notice that the first and the second a priori estimates and their consequences on the
Galerkin level are already independent of ε, so they pass to the limit as n → +∞ by
lower semicontinuity, and are satisfied by (θε, φε, µε, σε). The ε-dependence starts to
appear in the third a priori estimate, and then, starting from it, it spreads out. Thus, we
need to re-perform it, focusing on the problematic term, which now becomes∫

Ω
β̂ε(φε(0)) dx.

Taking into account that βε can be bounded by β̂ (see inequality (3.2.3)), and that β̂(φ0)
is integrable by assumption (3.1.18), this integral is estimated as follows∫

Ω
β̂ε(φε(0)) dx =

∫
Ω
β̂ε(φ0) dx ≤

∫
Ω
β̂(φ0) dx < +∞,

independently from ε. Thus, also the third a priori estimate and its consequences hold
with a constant independent of ε. By summarizing, we have that

∥θε∥H1(V ′)∩L∞(H)∩L2(V ) + ∥φε∥H1(V ′)∩L∞(V )∩L2(W )

+ ∥τ1/2φε∥H1(H) + ∥µε∥L2(V ) + ∥σε∥H1(H)∩L∞(V )∩L2(W ) ≤ C
(3.2.49)

for some constant C depending on M and on the problem data, but independent of ϵ.
Now we can derive an additional estimate, proceeding by comparison in the version
of (3.1.16c) written for βε (in place of β) and (θε, φε, µε, σε). In fact, in view of the
regularity of the solution, we can write the equivalent equation

τ∂tφε − ∆φε + βε(φε) + π(φε) − χσε − Λθε = µε a.e. in Q (3.2.50)
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and then compare the terms in the light of (3.2.49). Hence, we can recover a uniform
estimate for βε(φε), namely

∥βε(φε)∥L2(H) ≤ C. (3.2.51)

3.2.4 Passage to the limit as ε → 0

From estimates (3.2.49), (3.2.51) and standard compactness results, there exists a quadru-
ple (θ, φ, µ, σ) satisfying the regularity properties in Definition 3.3 such that, as ε → 0,
along a nonrelabelled subsequence, the same convergences we had in (3.2.38)–(3.2.47)
hold, with the additional

βε(φε) → β(φ) weakly in L2(0, T ;H). (3.2.52)

In fact, since βε(φε) is uniformly bounded in L2(0, T ;H) it converges, along a subsequence,
to a certain ξ ∈ L2(0, T ;H). Moreover, we know that φε → φ strongly in L2(0, T ;H).
Thus, we may identify ξ with β(φ) because of the strong-weak closeness of the graph of
the maximal monotone operator β (see Proposition 2.14). This is enough to pass to the
limit in the approximate system, showing that the limit (θ, φ, µ, σ) is a weak solution to
the PDE system (1.3.1)–(1.3.3). Moreover, (θ, φ, µ, σ) satisfies estimate (3.1.20).

3.3 Regularity

This section contains the proof of Theorem 3.6. To establish the existence of a more
regular solution to our problem, we start again from the Faedo–Galerkin discretized
system, taking advantage of the additional assumptions stated in (3.1.21). Then, we
perform additional estimates and consequently obtain a limiting solution with the desired
regularity.

Additional regularity of the discrete solution. We aim to check that

φn ∈ H2(0, T ;V n), µn ∈ H1(0, T ;V n). (3.3.1)

We consider a fixed index j = 0, . . . , n. As already noticed, µn
j is a silent variable in the

discrete Cahn–Hilliard equation (3.2.14b)–(3.2.14c), and can be removed by substituting
µn
j , whose expression in given by equation (3.2.14c), into equation (3.2.14b). This way,

we obtain:

(1 + τγj)
d

dt
φn
j = ((λPσ

n − λA − λEθ
n)h(φn), ej)−γ

2
j φ

n
j

− γj(βε(φ
n) + π(φn), ej)+χγjσ

n
j + Λγjθ

n
j .

(3.3.2)

Looking at the right-hand side, we already know that −γ 2
j φ

n
j + χγjσ

n
j + Λγjθ

n
j belongs

to the space H1(0, T ). To conclude, since ej ∈ W ↪→ L∞(Ω), we only need to check that

(λPσ
n − λA − λEθ

n)h(φn) − γj(βε(φ
n) + π(φn)) ∈ H1(0, T ;L1(Ω)),
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which is straightforward since h, βε, and π are Lipschitz continuous, and σn, θn, and φn

belong at least to H1(0, T ;H). Thus, φn
j has the desired time-regularity and, consequently,

φn satisfies (3.3.1). By comparison in equation (3.2.14c), it follows that µn
j ∈ H1(0, T ),

so (3.3.1) is verified.

Fourth a priori estimate. First of all, we make an observation. In what follows, we
will make use of the a priori estimates derived in the proof of Theorem 3.5. Recall that,
at the Galerkin level, the first two estimates are uniform with respect to both n and ε,
whereas the third one is uniform only in n. This is due to the fact that we were unable
to bound the term ∫

Ω
β̂ε(φn,0) dx

uniformly in ε. However, due to the stronger hypothesis on φ0, now we can do it. Since
φ0 belongs to the space W ∩H3(Ω), it holds that (cf. (3.2.7))

∥φn,0∥W = ∥Pn(φ0)∥W ≤ C∥φ0∥W , (3.3.3)

∥∆φn,0∥V = ∥Pn(∆φ0)∥V ≤ C∥∆φ0∥V ≤ C∥φ0∥W∩H3(Ω), (3.3.4)

Thus, by the embedding W ↪→ L∞(Ω), it turns out that ∥φn,0∥L∞(Ω) ≤ C for a constant
C that does not depend neither on n nor ε. By the property in (3.2.3), we infer that∫

Ω
β̂ε(φn,0) dx ≤

∫
Ω
β̂(φn,0) dx ≤ C,

since β̂ is continuous from hypothesis (H4). This implies that, from now on, all the
estimates previously derived are uniform with respect to both n and ε. We point out
another bound: in view of (3.2.5) and (3.2.6), it is not difficult to check that

∥βε(φn,0)∥V ≤ C (3.3.5)

since ∇βε(φn,0) = β′(Jε(φn,0))J ′
ε(φn,0)∇φn,0 a.e in Ω, β′ is of class C1 and Jε is Lipschitz

continuous with Jε(0) = 0 and Lipschitz constant less than or equal to 1. Thanks to the
bounds obtained in the third a priori estimate (see (3.2.30)), we note that (3.2.18) can
be improved to

∥⟨∂tφn⟩∥C0([0,T ]) ≤ C∥(λPσ
n − λA − λEθ

n)h(φn)∥L∞(H) ≤ C. (3.3.6)

Consequently, by testing equation (3.2.8c) with v = |Ω|−1 and making use of the estimates
(3.2.30) and (3.2.31), we deduce that

∥⟨µn⟩∥C0([0,T ]) ≤ τ∥⟨∂tφn⟩∥C0([0,T ])

+ sup
t∈[0,T ]

C
(
∥βε(φn(t))∥L1(Ω) + ∥φn(t)∥L1(Ω) + 1

)
+ sup

t∈[0,T ]
C
(
∥σn(t)∥L1(Ω) + ∥θn(t)∥L1(Ω)

)
≤ C.

(3.3.7)

55



Chapter 3. A nonisothermal phase field tumor growth model

We now test equation (3.2.8a) with v = ∂tθ
n, equation (3.2.8b) with v = ∂tµ

n, and the
time-differentiated form of equation (3.2.8c) with v = ∂tφ

n. Summing up the resulting
equalities and noting a cancellation, we obtain∫

Ω
|∂tθn|2 dx +

1

2

d

dt

∫
Ω
|∇θn|2 dx +

1

2

d

dt

∫
Ω
|∇µn|2 dx

+
1

2

d

dt

∫
Ω
|τ1/2∂tφn|2 dx +

∫
Ω
|∇(∂tφ

n)|2 dx +

∫
Ω
β′
ε(φ

n)|∂tφn|2 dx

=

∫
Ω
u∂tθ

n dx +

∫
Ω

(ℓ− Λ)∂tθ
n∂tφ

n +

∫
Ω

(λPσ
n − λA − λEθ

n)h(φn)∂tµ
n dx

−
∫
Ω
π′(φn)|∂tφn|2 dx + χ

∫
Ω
∂tσ

n∂tφ
n dx.

Now, since βε is monotone and Lipschitz continuous, its derivative β′
ε is nonnegative,

and the corresponding term on the left-hand side can be neglected. Then, using Young’s
inequality and the hypothesis (H4) according to which π′ is bounded, we arrive at∫

Ω
|∂tθn|2 dx +

1

2

d

dt

∫
Ω
|∇θn|2 dx +

1

2

d

dt

∫
Ω
|∇µn|2 dx

+
1

2

d

dt

∫
Ω
|τ1/2∂tφn|2 dx +

∫
Ω
|∇(∂tφ

n)|2 dx

≤ C

∫
Ω
u2 dx +

1

2

∫
Ω
|∂tθn|2 dx + C

∫
Ω
|∂tφn|2 dx

+ C

∫
Ω
|∂tσn|2 dx +

∫
Ω

(λPσ
n − λA − λEθ

n)h(φn)∂tµ
n dx.

Integrating in time over the interval (0, t) for t ≤ T yields

1

2

(∫
Ω
|∇θn|2 dx +

∫
Ω
|∇µn|2 dx +

∫
Ω
|τ1/2∂tφn|2 dx

)
+

1

2

∫ t

0

∫
Ω
|∂tθn|2 dx ds +

∫ t

0

∫
Ω
|∇(∂tφ

n)|2 dx ds

≤ 1

2

(
∥θ0,n∥2V + ∥∇µn(0)∥2H + ∥τ1/2∂tφn(0)∥2H

)
+ C

∫ t

0

∫
Ω
u2 dx ds + C

∫ t

0

∫
Ω
|∂tφn|2 dx ds + C

∫
Ω
|∂tσn|2 dx

+

∫ t

0

∫
Ω

(λPσ
n − λA − λEθ

n)h(φn)∂tµ
n dx ds

=: D0,n + C

∫ t

0

∫
Ω
u2 dx ds + I1 + I2 + I3.

(3.3.8)

Concerning the terms on the last line, we observe that the constant D0,n accounts for the
contribution from the initial data. Our goal is to show that D0,n is bounded independently
of n. To this end, we recall that from (3.3.6) and (3.3.7) it follows that

|⟨∂tφn⟩(0)| + |⟨µn⟩(0)| ≤ C. (3.3.9)
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Next, we consider equations (3.2.8b) and (3.2.8c) at the initial time. We subtract the
mean value from (3.2.8b) and test the resulting equation with N (∂tφ

n(0) − ⟨∂tφn⟩(0)).
Then, we test (3.2.8c) with (∂tφ

n(0) − ⟨∂tφn⟩(0)) and add the two resulting expressions.
By property (3.2.20), we observe that the terms involving µn(0) cancel out, as do all scalar
products between mean values and either N (∂tφ

n(0)−⟨∂tφn⟩(0)) or (∂tφ
n(0)−⟨∂tφn⟩(0)).

Performing an integration by parts, we obtain∫
Ω
|∇N (∂tφ

n(0) − ⟨∂tφn⟩(0))|2 dx + τ

∫
Ω
|∂tφn(0) − ⟨∂tφn⟩(0)|2 dx

= ⟨λPσ0,n − λA − λEθ0,n)h(φ0,n),N (∂tφ
n(0) − ⟨∂tφn⟩(0))⟩V

−
∫
Ω

(−∆φ0,n + βε(φ0,n) + π(φ0,n) − χσ0,n − Λθ0,n)(∂tφ
n(0) − ⟨∂tφn⟩(0)) dx.

The last term can be rewritten, again using (3.2.20), as

−
∫
Ω
∇(−∆φ0,n + βε(φ0,n) + π(φ0,n) − χσ0,n − Λθ0,n) · ∇N (∂tφ

n(0) − ⟨∂tφn⟩(0)) dx.

Then, by applying the Poincaré and Young inequalities, we conclude that

1

2

∫
Ω
|∇N (∂tφ

n(0) − ⟨∂tφn⟩(0))|2 dx + τ

∫
Ω
|∂tφn(0) − ⟨∂tφn⟩(0)|2 dx ≤ C, (3.3.10)

thanks to (3.3.3)–(3.3.5) and the bounds on the initial data, which are under control due
to the regularity assumptions σ0 ∈ V and θ0 ∈ V (cf. (3.1.21) and (3.2.7)). We point out
that (3.3.10) and (3.3.9) yield in particular that ∥∂tφn(0)∥2V ′ ≤ C, due to the equivalence
of norms.

Finally, we take v = µn(0)− ⟨µn⟩(0) in equation (3.2.8b) at the initial time. By carefully
handling the terms and using the Poincaré and Young inequalities once more, we easily
deduce that ∥∇µn(0)∥2H ≤ C, and hence, we ultimately obtain

D0,n =
1

2

(
∥θ0,n∥2V + ∥∇µn(0)∥2H + ∥τ1/2∂tφn(0)∥2H

)
≤ C (3.3.11)

as desired.

The next step consists in estimating from above the last three terms on the right-hand side
of (3.3.8). We deal with I1 with Ehrling’s Lemma applied to the spaces V ↪→↪→ H ↪→ V ′

and use estimates (3.2.34) and (3.2.18), as follows:

I1 = C

∫ t

0

∫
Ω
|∂tφn|2 dx ds ≤ C

∫ t

0
∥∂tφn − ⟨∂tφn⟩∥2H ds + C

∫ t

0
|⟨∂tφn⟩|2 ds

≤ 1

4

∫ t

0
∥∇(∂tφ

n)∥2H ds + C

∫ t

0
∥∂tφn − ⟨∂tφn⟩∥2V ′ ds + C

∫ t

0
|⟨∂tφn⟩|2 ds

≤ 1

4

∫ t

0
∥∇(∂tφ

n)∥2H ds + C.

(3.3.12)
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Moreover, we have that

I2 = C

∫
Ω
|∂tσn|2 dx ≤ C

by (3.2.30). We handle I3 by integrating by parts

I3 = −
∫ t

0

∫
Ω

(λP∂tσ
n − λE∂tθ

n)h(φn)µn dx ds

−
∫ t

0

∫
Ω

(λPσ
n − λA − λEθ

n)h′(φn)∂tφ
nµn dx ds

+

∫
Ω

(λPσ
n − λA − λEθ

n)h(φn)µn dx

−
∫
Ω

(λPσ0,n − λA − λEθ0,n)h(φ0,n)µn(0) dx =: I3,1 + I3,2 + I3,3 + I3,4,

(3.3.13)

and then analyzing one by one its addends. The first one can be handled by Young’s
inequality, and estimates (3.2.30), (3.2.33):

I3,1 ≤ C

∫ t

0

∫
Ω

(|∂tσn| + |∂tθn|)|µn| dx ds

≤ 1

4

∫ t

0

∫
Ω
|∂tθn|2 dx ds + C

(∫ t

0

∫
Ω
|∂tσn|2 dx ds +

∫ t

0

∫
Ω
|µn|2 dx ds

)
≤ 1

4

∫ t

0

∫
Ω
|∂tθn|2 dx ds + C.

(3.3.14)

Regarding the second one, we employ the Hölder inequality, estimates (3.2.30), (3.2.33),
and the Young inequality, obtaining:

I3,2 ≤ C

∫ t

0

∫
Ω

(|σn| + |θn| + 1)|∂tφn||µn| dx ds

≤ C

∫ t

0
(∥σn∥H + ∥θn∥H + 1)∥∂tφn∥L4(Ω)∥µn∥L4(Ω) ds

≤ C

∫ t

0
∥∂tφn∥2L4(Ω) ds + C

∫ t

0
∥µn∥2V ds ≤ C

∫ t

0
∥∂tφn∥2L4(Ω) ds + C.

To conclude, we add and subtract to ∂tφ
n its mean value. Then, we apply Ehrling’s

lemma to the compact embeddings V ↪→↪→ L4(Ω) ↪→ V ′, similarly to what we did
in (3.3.12). We deduce that

I3,2 ≤ C

∫ t

0
∥∂tφn∥2L4(Ω) ds + C ≤ 1

4

∫ t

0
∥∇(∂tφ

n)∥2H ds + C. (3.3.15)

We turn our attention to I3,3. Exploiting the Hölder and Poincaré inequalities, and
estimates (3.2.30) and (3.3.7), we find

I3,3 ≤ C

∫
Ω

(|σn| + |θn| + 1)|µn| dx ≤ C (∥σn∥H + ∥θn∥H + 1) ∥µn∥H

≤ C∥µn∥H ≤ C∥∇µn∥H + C|⟨µn⟩| ≤ 1

4
∥∇µn∥2H + C.

(3.3.16)
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Finally, recalling (3.3.11) and (3.3.9), it is easy to conclude that I3,4 ≤ C.
Now, going back to (3.3.8) and collecting all the intermediate estimates, upon rearranging
the terms and adjusting the constants, we infer that∫

Ω
|∇θn|2 dx +

∫
Ω
|∇µn|2 dx +

∫
Ω
|τ1/2∂tφn|2 dx

+

∫ t

0

∫
Ω
|∂tθn|2 dx ds +

∫ t

0

∫
Ω
|∇(∂tφ

n)|2 dx ds ≤ C,

(3.3.17)

whence

∥θn∥H1(H)∩L∞(V ) + ∥φn∥H1(V )∩L∞(V ) + ∥τ1/2φn∥W 1,∞(H) + ∥µn∥L∞(V ) ≤ C. (3.3.18)

Consequences of the fourth a priori estimate. Taking v = −∆φn in (3.2.8c), which
is admissible in our Faedo–Galerkin scheme, and exploiting integration by parts and
monotonicity of βε, it is straightforward to deduce that∫

Ω
| − ∆φn|2 dx ≤ ∥µn − τ∂tφ

n − π(φn) + χσn + Λθn∥2H ,

with the right-hand side that is uniformly bounded in L∞(0, T ) due to (3.3.18). Then,
from (3.3.18) and elliptic regularity (see, e.g., [DL92], [Lio61]) it follows that

∥φn∥L∞(W ) ≤ C. (3.3.19)

A similar procedure can be applied to (3.2.8a) with the choice v = −∆θn, in order to
infer that

∥θn∥L2(W ) ≤ C. (3.3.20)

On the other hand, arguing as in (3.2.35) we find out that

∥∂tφn∥V ′ ≤ C (∥∇µn∥H + ∥σn∥H + ∥θn∥H + 1) ,

which leads to the estimate

∥φn∥W 1,∞(V ′) ≤ C. (3.3.21)

Moreover, if the choose v = −∆µn in equation (3.2.8b), we deduce that

∥−∆µn∥H ≤ C (∥∂tφn∥H + ∥σn∥H + ∥θn∥H + 1) ≤ C

and (3.3.18) and standard elliptic regularity results ensure that

∥µn∥L2(W ) ≤ C. (3.3.22)

Passages to the limit. In the light of (3.3.18)–(3.3.22), we can conclude that the limit
(θε, φε, µε, σε) we found in the proof of the existence theorem as n → ∞, enjoying the
convergences (3.2.38)–(3.2.47), satisfies the additional estimate

∥θε∥H1(H)∩L∞(V )∩L2(W ) + ∥φε∥W 1,∞(V ′)∩H1(V )∩L∞(W )

+ ∥τ1/2φε∥W 1,∞(H) + ∥µε∥L∞(V )∩L2(W ) ≤ C
(3.3.23)
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which passes to the limit because it is independent of ε. Note that, by the Sobolev
embedding W ↪→ L∞(Ω), (3.3.23) entails as well that ∥φε∥L∞(Q) ≤ C. Moreover, by
comparison in the equation (3.2.50) we find that

∥βε(φε)∥L∞(H) ≤ C. (3.3.24)

Passing to the limit as ε → 0, all the estimates are preserved and therefore satisfied by
the limit (θ, φ, µ, σ). Note that βε(φε) → β(φ) weakly-∗ in L∞(0, T ;H) due to (3.3.24).
Finally, we observe that, since the right-hand side in the equation (cf. (1.3.1a) and (3.1.3))

∂tθ − ∆θ = u− ℓ∂tφ

lies in L2(0, T ;L6(Ω)), and θ0 belongs to L∞(Ω), then it turns out that

∥θ∥L∞(Q) ≤ C

by maximal parabolic regularity (see [LSU68, Chapter III, Theorem 7.1, p. 181]). This
concludes the proof of Theorem 3.6.

3.4 Continuous dependence

In order to prove Theorem 3.8, we consider two pairs {(θi, φi, µi, σi)}i=1,2 of strong
solutions corresponding to the initial data {(θ0,i, φ0,i, σ0,i)}i=1,2 and to the assigned
functions {ui}i=1,2. For convenience, in the following, we will employ the shorter notation

θ := θ1 − θ2, φ := φ1 − φ2, µ := µ1 − µ2, σ := σ1 − σ2,

θ0 := θ0,1 − θ0,2, φ0 := φ0,1 − φ0,2, σ0 := σ0,1 − σ0,2, u := u1 − u2.

Moreover, we recall the notation β + π = Ψ′ that we are going to use from now on. First
of all, we observe that (θ, φ, µ, σ) satisfies

θ + ℓφ− ∆(1 ∗t θ) = θ0 + ℓφ0 + (1 ∗t u), (3.4.1a)

∂tφ− ∆µ = (λPσ − λEθ)h(φ1) + (λPσ2 − λA − λEθ2)(h(φ1) − h(φ2)), (3.4.1b)

τ∂tφ− ∆φ + Ψ′(φ1) − Ψ′(φ2) − χσ − Λθ = µ, (3.4.1c)

∂tσ − ∆(σ − χφ) + λBσ = − λCσh(φ1) − λCσ2(h(φ1) − h(φ2))

− λDσk(θ1) − λDσ2(k(θ1) − k(θ2)),
(3.4.1d)

a.e. in Q. This system is obtained straightforwardly by taking the difference of the systems
(in the strong form) satisfied by {(θi, φi, µi, σi)}i=1,2, and integrating the temperature
equation in time. We multiply (3.4.1a) by Rθ, where R is a positive (big) constant yet
to be determined, (3.4.1b) by φ, (3.4.1c) by −∆φ, and (3.4.1d) by σ. We sum all these
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equalities and integrate over Ω, finding

R

∫
Ω
|θ|2 dx +

R

2

d

dt

∫
Ω
|∇(1 ∗t θ)|2 dx +

1

2

d

dt

∫
Ω
|φ|2 dx +

1

2

d

dt

∫
Ω
|τ1/2∇φ|2 dx

+

∫
Ω
| − ∆φ|2 dx +

1

2

d

dt

∫
Ω
|σ|2 dx +

∫
Ω
|∇σ|2 dx + λB

∫
Ω
|σ|2 dx

= R

∫
Ω

(θ0 + ℓφ0)θ dx + R

∫
Ω

(1 ∗t u)θ dx

−Rℓ

∫
Ω
φθ dx +

∫
Ω

(λPσ − λEθ)h(φ1)φdx

+

∫
Ω

(λPσ2 − λA − λEθ2)(h(φ1) − h(φ2))φdx

−
∫
Ω

(Ψ′(φ1) − Ψ′(φ2))(−∆φ) dx + 2χ

∫
Ω
σ(−∆φ) dx + Λ

∫
Ω
θ(−∆φ) dx

+

∫
Ω

[−λCσh(φ1) − λCσ2(h(φ1) − h(φ2))]σ dx

+

∫
Ω

[−λDσk(θ1) − λDσ2(k(θ1) − k(θ2))]σ dx.

(3.4.2)

Then, recalling assumptions (H3), (H4), and the regularity estimate (3.1.25), we exploit
the following facts:

• h and k are bounded and Lipschitz continuous;

• θ2 is bounded in L∞(Q);

• σ2 is bounded in L2(0, T ;W ), and it holds that ∥σ2∥L∞(Ω) ≤ C∥σ2∥W a.e. in (0, T );

• Ψ′ is locally Lipschitz continuous, and φ1, φ2 are bounded in L∞(Q).

Using Young’s inequality and the bounds above, the right-hand side of (3.4.2) can be
estimated by

R

2

∫
Ω
|θ|2 dx + CR

(
∥θ0∥2H + ∥φ0∥2H +

∫
Ω
|1 ∗t u|2 dx +

∫
Ω
|φ|2 dx

)
+

1

2

∫
Ω
|θ|2 dx + C

(∫
Ω
|σ|2 dx +

∫
Ω
|φ|2 dx

)
+ C (1 + ∥σ2∥W )

∫
Ω
|φ|2 dx

+ 8χ2

∫
Ω
|σ|2 dx + 2Λ2

∫
Ω
|θ|2 dx +

1

2

∫
Ω
| − ∆φ|2 dx

+ C

∫
Ω
|σ|2 dx + C∥σ2∥W

∫
Ω
|φ|2 + |σ|2 dx + C∥σ2∥W

∫
Ω
|θ||σ|dx.

(3.4.3)

Let us briefly comment on the fact that, at this stage, the constants C used above depend
on the norms of the solutions {(θi, φi, µi, σi)}i=1,2 through estimate (3.1.25). However, as
a consequence of the proof we are currently carrying out, we will establish the uniqueness
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of the solution. This implies that any solution must coincide with the one constructed in
Theorems 3.5 and 3.6. Therefore, it satisfies the a priori estimates derived therein, which
ensure that the norm of each component of the solution can be bounded by a constant
depending only on the data of the problem—such as the final time T , the domain Ω, the
constant R, the initial data... As a result, the same conclusion applies to the constants
C appearing above. Most of the terms in the previous expression (3.4.3) do not need any
further treatment because, after time integration, we are going to apply the Gronwall
Lemma. Only the last one requires some additional calculations. By the Young inequality,
we find

C∥σ2∥W
∫
Ω
|θ||σ|dx ≤ 1

2

∫
Ω
|θ|2 dx + C∥σ2∥2W

∫
Ω
|σ|2 dx. (3.4.4)

Now we collect the contibutions (3.4.2)–(3.4.4), fix R > R
2 + 1 + 2Λ2 (cf. the coefficients

of the terms with θ on the right-hand side), then move to the left-hand side the terms in
θ and −∆φ, and integrate in time over (0, t), obtaining:∫

Ω
|∇(1 ∗t θ)|2 dx +

∫
Ω
|φ|2 dx +

∫
Ω
|τ1/2∇φ|2 dx +

∫
Ω
|σ|2 dx

+

∫ t

0

∫
Ω
|θ|2 dx ds +

∫ t

0

∫
Ω
| − ∆φ|2 dx ds +

∫ t

0

∫
Ω
|σn|2 dx ds +

∫ t

0

∫
Ω
|∇σn|2 dx ds

≤ C

[
∥θ0∥2H + ∥φ0∥2H + τ1/2∥∇φ0∥2H + ∥σ0∥2H +

∫ t

0

∫
Ω
|1 ∗t u|2 dx ds

+ C

∫ t

0
(1 + ∥σ2∥W )

∫
Ω
|φ|2 dx ds + C

∫ t

0

(
1 + ∥σ2∥2W

) ∫
Ω
|σ|2 dx ds

]
.

Hence, since the function t 7→ 1 + ∥σ2∥2W is bounded in L1(0, T ), by the Gronwall Lemma
we infer that

∥θ∥2L2(H) + ∥∇(1 ∗t θ)∥2L∞(H) + ∥φ∥2L∞(H)∩L2(W )

+ ∥τ1/2φ∥2L∞(V ) + ∥σ∥2L∞(H)∩L2(V )

≤ C
(
∥θ0∥2H + ∥φ0∥2H + ∥τ1/2φ0∥2V + ∥σ0∥2H + ∥1 ∗t u∥2L2(H)

)
.

(3.4.5)

Finally, we want to improve this result for the temperature variable θ. To do so, we
consider the equation satisfied by θ a.e. in Q, which is the following (cf. (1.3.1a))

∂t(θ + ℓφ) − ∆θ = u.

We multiply it by θ + ℓφ and integrate over Ω × (0, t), finding

1

2

∫
Ω
|θ + ℓφ|2 dx +

∫ t

0

∫
Ω
|∇θ|2 dx ds

=
1

2

∫
Ω
|θ0 + ℓφ0|2 dx +

∫ t

0

∫
Ω
u(θ + ℓφ) dx ds− ℓ

∫ t

0

∫
Ω
∇θ · ∇φdx ds.
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We apply the Young inequality and the previously proved inequality (3.4.5) to treat the
terms on the right-hand side, leading to

1

2

∫
Ω
|θ + ℓφ|2 dx +

1

2

∫ t

0

∫
Ω
|∇θ|2 dx ds

≤ C

(
∥θ0∥2H + ∥φ0∥2H +

∫ t

0

∫
Ω
|u|2 dx ds

+

∫ t

0

∫
Ω
|θ|2 + |φ|2 dx ds +

∫ t

0

∫
Ω
|∇φ|2 dx ds

)
≤ C

(
∥θ0∥2H + ∥φ0∥2H + τ1/2∥∇φ0∥2H + ∥σ0∥2H +

∫ T

0

∫
Ω
|u|2 dx ds

)
.

Then, we end up with

∥θ + ℓφ∥L∞(H) + ∥∇θ∥L2(H)

≤ C
(
∥θ0∥2H + ∥φ0∥2H + ∥τ1/2φ0∥2V + ∥σ0∥2H + ∥u∥2L2(H)

) (3.4.6)

and the continuous dependence inequality (3.1.26) follows easily from estimates (3.4.5)–
(3.4.6). Therefore, Theorem 3.8 is completely proved.
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Chapter 4

A phase field tumor growth model
with damage and mechanical
effects

The first purpose of this chapter is to prove the existence of weak solutions to the
initial-boundary value problem (1.3.5)–(1.3.7). To do so, we follow [Cav25], introducing
an appropriate time-discretised and regularised version of the system. Then, we show that
the discrete problem is well-posed and that its solution satisfies some a priori estimates.
Finally, employing compactness results, we pass to the limit as the time-step tends to 0
and prove that the limit we find solves the original PDE system. The main mathematical
challenges that we face are the following.

• The presence of the mass source in the Cahn–Hilliard equation (1.3.5a)–(1.3.5b),
which implies that there is no mass conservation, i.e., the mean value of φ is not
constant. This is expected from the modelling point of view; however, it requires
handling the term ∫

Ω
U(φ, σ, ε(u), z)µdx

in the energy estimate (see the proof of Proposition 4.16).

• The nonlinear coupling between the single equations. In particular, in the damage
equation (1.3.5e), the term

W,z(φ, ε(u), z) =
1

2
h′(z)C(ε(u) −Rφ) : (ε(u) −Rφ)

is quadratic in ε(u). In order to pass to the limit in this term from the discrete
to the continuous problem, we have to perform a suitable regularity estimate for
the displacement u to obtain strong convergence for ε(u). This estimate, in turn,
requires a L∞(0, T ;Z) uniform bound for the damage z, with p > d: although
the p-Laplacian operator in (1.3.5e) is a nonlinear operator which complicates the
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analysis, it has a fundamental regularising role. For the same reason, since we do not
have uniform estimates for φ in equally strong spaces, we cannot allow a dependence
of the elasticity tensor on the phase. In the literature (see, e.g., [Hei+17]) this issue
has been addressed by considering the p-Laplacian regularisation −∆pφ instead of
−∆φ in equation (1.3.5b). However, we will not follow this strategy here.

• The damage equation is highly nonlinear due to the presence of −∆pz and the

subdifferential β = ∂β̂(z).

The second purpose of this chapter is to discuss a continuous dependence result and
uniqueness, which are not addressed in [Cav25] and remain open problems. Notice
that the p−Laplacian operator in the damage equation seems to affect the possibility of
gaining uniqueness due to its degenerate character. As already pointed out in [RR14] for a
similar equation, this difficulty may be overcome by replacing the degenerate p-Laplacian

operator −div(|∇z|p−2∇z) with the non-degenerate one −div((1+ |∇z|2)
p−2
2 ∇z) or with

the fractional s-Laplacian (see, e.g., [RR14, p. 1282] for a definition). We follow the
first strategy in Section 4.4, where we introduce a modified system which we prove to be
well-posed. Even though it does not solve the original problem, this could be a first step
in that direction.

4.1 Hypotheses

Let d = 2, 3 denote the space dimension and Ω a bounded C2-domain in Rd.

(A1) Regarding the nonlinear sources U and S defined in (1.3.8) and (1.3.9), we consider

λp, λa, λc non-negative constants, (4.1.1)

g ∈ C0(R2), non-negative and bounded, (4.1.2)

f ∈ L∞(0, T ;H), (4.1.3)

Λc ∈ C0(R), non-negative and bounded, (4.1.4)

σc ∈ L∞(Q), non-negative. (4.1.5)

(A2) Regarding the smooth potential Ψ ∈ C1(R), we suppose that the following growth
conditions hold

Ψ(r) ≥ C1|r|2 − C2, (4.1.6)

|Ψ′(r)| ≤ C3Ψ(r) + C4 (4.1.7)

for some fixed positive constants C1, C2, C3, C4 and for every r ∈ R.
Moreover, we assume that there exists a convex-concave splitting Ψ =

⌣
Ψ +

⌢
Ψ such

that

⌣
Ψ,

⌢
Ψ ∈ C1(R), (4.1.8)
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⌣
Ψ is convex and its derivative satisfies

⌣
Ψ

′(0) = 0, (4.1.9)
⌢
Ψ is concave, (4.1.10)
⌢
Ψ

′ is Lipschitz continuous. (4.1.11)

Remark 4.1. We point out that requiring the nonconvex part of the decomposition to
be concave is not restrictive. In fact, for every

⌣
Ψ, Ψ̃ ∈ C1(R) such that Ψ =

⌣
Ψ + Ψ̃, where

⌣
Ψ satisfies (4.1.9) and Ψ̃′ satisfies (4.1.11) with a Lipschitz constant L, we can consider

Ψ(r) =

(
⌣
Ψ(r) +

L

2
r2
)

+

(
Ψ̃(r) − L

2
r2
)

for every r ∈ R, which is compliant to (4.1.8)–(4.1.11).

Remark 4.2. Note that hypothesis (A2) is compatible with the classical choice (1.2.3).
However, it does not allow us to consider singular potential, such as of logarithm type
(1.2.2). This means that we cannot guarantee that φ takes values in the physically
relevant interval [−1, 1].

(A3) We assume that the fourth-order elasticity tensor C in (1.3.10) belongs to the space
C1(Ω;Rd×d×d×d) and is

Lipschitz continuous and bounded, (4.1.12)

symmetric (i.e., it satisfies (2.6.1)), (4.1.13)

strongly elliptic (i.e., it satisfies (2.6.2)). (4.1.14)

Regarding the fourth-order viscous tensor V, we suppose that it is of the form

V = ωC (4.1.15)

for a positive constant ω.

Remark 4.3. It is worth pointing out that the viscosity tensor is usually assumed to
be only symmetric and positively defined. The stronger assumption (4.1.15) is made in
order to prove the desired regularity for the displacement u. Without it, our argument
does not apply anymore (see the proof of Proposition 4.13 below).

(A4) We require that the scalar function h in (1.3.10) is of class C2(R) and that

h and h′ are Lipschitz continuous, (4.1.16)

h is bounded with 0 ≤ h ≤ h∗. (4.1.17)

We postulate that the viscosity coefficient a is C1(R) and that it satisfies

a is Lipschitz continuous, (4.1.18)

a is bounded with 0 < a∗ ≤ a ≤ a∗. (4.1.19)
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(A5) We assume that the constant p that occurs in the p-Laplacian −∆p in the damage
equation (1.3.5e) satisfies

p > d (4.1.20)

where d is the space dimension.

(A6) We consider a function π̂ ∈ C1(R) with derivative π := π̂′ that satisfies

π is Lipschitz continuous. (4.1.21)

(A7) Let β̂ : R → [0,+∞] be a function

proper, convex and lower semicontinuous (4.1.22)

with int(D(β̂)) ̸= ∅, (4.1.23)

and denote by β := ∂β̂ : R ⇒ R its subdifferential.

Remark 4.4. Note that hypothesis (A7) is quite general, and is compatible with a large
class of potentials. As pointed out in Chapter 1, the simplest example is the following

β̂(r) = I[0,1](r) =

{
0 if r ∈ [0, 1],

+∞ otherwise.

(A8) Regarding the boundary conditions (1.3.6b) for the nutrient, we assume that

σΓ ∈ L∞(Σ) and σΓ ≥ 0, (4.1.24)

α ≥ 0. (4.1.25)

(A9) Regarding the initial conditions (1.3.7), we assume that

φ0 ∈ V, Ψ(φ0) ∈ L1(Ω), (4.1.26)

σ0 ∈ H, 0 ≤ σ0 ≤ M := max{∥σc∥L∞(Q), ∥σΓ∥L∞(Σ)}, (4.1.27)

u0 ∈ W0, v0 ∈ V0, (4.1.28)

z0 ∈ D(−∆p), β̂(z0) ∈ L1(Ω). (4.1.29)

4.2 Existence of weak solutions

Definition 4.5. We say that a quintuple (φ, µ, σ, u, z) is a weak solution to the PDE
system (1.3.5)–(1.3.7) if it has the regularity

φ ∈ L2(0, T ;W ) ∩ L∞(0, T ;V ) ∩H1(0, T ;V ′), µ ∈ L2(0, T ;V ),

σ ∈ L2(0, T ;V ) ∩H1(0, T ;V ′),

u ∈ H1(0, T ;W0) ∩W 1,∞(0, T ;V0) ∩H2(0, T ;H),

68



4.2. Existence of weak solutions

z ∈ L∞(0, T ;Z) ∩H1(0, T ;H), −∆pz ∈ L2(0, T ;H)

and there exists a subgradient

ξ ∈ L2(0, T ;H) with ξ ∈ β(z) a.e. in Q,

such that the following equations are satisfied a.e. in (0, T )

⟨∂tφ, ζ⟩V +

∫
Ω
∇µ · ∇ζ dx =

∫
Ω
U(φ, σ, ε(u), z) ζ dx, (4.2.1a)∫

Ω
µζ dx =

∫
Ω
∇φ · ∇ζ dx +

∫
Ω

Ψ′(φ)ζ dx +

∫
Ω
W,φ(φ, ε(u), z)ζ dx, (4.2.1b)

⟨∂tσ, ζ⟩V +

∫
Ω
∇σ · ∇ζ dx + α

∫
Γ
(σ − σΓ)ζ dHd−1 =

∫
Ω
S(φ, σ, z)ζ dx, (4.2.1c)∫

Ω
∂ttu · ω dx +

∫
Ω

[a(z)Vε(∂tu) + W,ε(φ, ε(u), z)] : ε(ω) dx = 0, (4.2.1d)∫
Ω
∂tzρdx +

∫
Ω
|∇z|p−2∇z · ∇ρdx

+

∫
Ω
ξρ dx +

∫
Ω
π(z)ρdx +

∫
Ω
W,z(φ, ε(u), z)ρdx = 0

(4.2.1e)

for all ζ ∈ V , ω ∈ V0 and ρ ∈ Z. Moreover, we require that the quintuple complies with
the initial conditions, i.e.,

φ(0) = φ0, σ(0) = σ0, u(0) = u0, ∂tu(0) = v0, z(0) = z0 a.e. in Ω.

Remark 4.6. Notice that, with the regularity we demand, requiring (4.2.1b) is equivalent
to asking that equation (1.3.5b) is satisfied in L2(0, T ;H) and the boundary condition
∂νφ = 0 in (1.3.6) is satisfied in the sense of the traces. The same also holds for the
damage equation. Similarly, equation (4.2.1d) is equivalent to asking that

∂ttu− a′(z)Vε(∂tu)∇z − a(z) div [Vε(∂tu)]

− h′(z)C (ε(∂tu) −Rφ)∇z − h(z) div [Cε(∂tu) − CRφ] = 0

is satisfied in L2(0, T ;H) and that the boundary condition u = 0 in (1.3.6) holds in the
sense of the traces.

Remark 4.7. Note that, by standard embedding results (see [Str66] and [LM12]),

φ ∈ L∞(0, T ;V ) ∩ C0([0, T ];V ′) ↪→ C0
w([0, T ];V ),

σ ∈ L2(0, T ;V ) ∩H1(0, T ;V ′) ↪→ C0([0, T ];H),

u ∈ H1(0, T ;W0) ↪→ C0([0, T ];W0),

∂tu ∈ L∞(0, T ;V0) ∩ C0([0, T ];H) ↪→ C0
w([0, T ];V0),

z ∈ L∞(0, T ;Z) ∩ C0(0, T ;H) ↪→ C0
w([0, T ];Z),

so φ(0) makes sense in V , σ(0) in H, u(0) in W0, ∂tu(0) in V0 and z(0) in Z. This
justifies the initial data regularities that we prescribed.
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Theorem 4.8. Let hypotheses (A1)–(A9) be satisfied. Then, there exists a weak solution
to system (1.3.5)–(1.3.7) in the sense of Definition 4.5 with the additional property that

0 ≤ σ ≤ M a.e. in Q.

Remark 4.9. It is not difficult to prove that if (φ, µ, σ,u, z) is a weak solution to the
PDE system (1.3.5)–(1.3.7), then φ enjoys the maximal regularity

φ ∈ L4(0, T ;W ). (4.2.2)

Here, we show (4.2.2) by following the approach from [GLS21b, Remark 2.3, p. 1562].
As pointed out in Remark 4.6, due to the regularity and boundary conditions fulfilled by
φ, equation (1.3.5b) is satisfied in H a.e. in (0, T ). Explicitly, it holds∫

Ω
µζ dx =

∫
Ω

[
(−∆φ) + Ψ′(φ) + W,φ(φ, ε(u), z)

]
ζ dx

for every ζ ∈ H, a.e. in (0, T ). Taking ζ = −∆φ as a test function, we have

∥−∆φ∥2H =

∫
Ω
∇µ · ∇φdx−

∫
Ω

Ψ′(φ)(−∆φ) dx−
∫
Ω
W,φ(φ, ε(u), z)(−∆φ) dx

:= I1 + I2 + I3,

where we have integrated by parts in the first term on the right-hand side and employed
homogeneous Neumann boundary conditions. To handle I1, we simply use the Hölder
inequality. Regarding I2, we write Ψ as the sum of its convex and concave parts. Then,
proceeding formally, we observe that∫

Ω

⌣
Ψ

′(φ)(−∆φ) dx =

∫
Ω

⌣
Ψ

′′(φ)|∇φ|2 dx ≥ 0

since
⌣
Ψ is convex. Notice that this is not rigorous because

⌣
Ψ is only C1, but this inequality

can be proved employing the Yosida–Moreau approximation of
⌣
Ψ, as we will do in detail

in the proof of Proposition 4.16. Thus, we have

I2 = −
∫
Ω

[
⌣
Ψ

′(φ) +
⌢
Ψ

′(φ)](−∆φ) dx ≤ −
∫
Ω

⌢
Ψ

′′(φ)|∇φ|2 dx ≤ C∥∇φ∥2H

because
⌢
Ψ′ is Lipschitz continuous according to hypothesis (A2). Finally, we turn our

attention to I3. Applying the Hölder and the Young inequalities leads to

I3 ≤ ∥W,φ(φ, ε(u), z)∥H∥−∆φ∥H ≤ 1

2
∥W,φ(φ, ε(u), z)∥2H +

1

2
∥−∆φ∥2H .

Then, the term related to W,φ can be treated as follows:

∥W,φ(φ, ε(u), z)∥2H =

∫
Ω
|h(z)C(ε(u) −Rφ) : R|2 dx ≤ C

(
∥ε(u)∥2H + ∥φ∥2H

)
,
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recalling that h is bounded by hypothesis (A4). Putting these estimates together, we
obtain

1

2
∥−∆φ∥2H ≤ C

(
∥∇µ∥H∥∇φ∥H + ∥φ∥2V + ∥ε(u)∥2H

)
≤ C (∥∇µ∥H + 1) ,

where the last inequality holds because

φ ∈ L∞(0, T ;V ), u ∈ W 1,∞(0, T ;V0).

Taking the square of both sides and integrating in time, we end up with

∥−∆φ∥4L4(H) ≤ C
(
∥∇µ∥2L2(H) + 1

)
≤ C,

since µ ∈ L2(0, T ;V ). Thus, (4.2.2) follows from standard elliptic regularity.

4.3 Proof of Theorem 4.8

To prove the existence theorem, we will introduce a semi-implicit Euler scheme that is a
time-discrete and regularised version of our system.

4.3.1 Time discretisation

Let τ be a positive and small real number. We consider a partition of [0, T ] with nodes

tkτ :=

{
kτ if k = 0, . . . ,Kτ − 1,

T if k = Kτ ,

where Kτ is the ceiling integer part of T/τ , i.e., is the greatest integer such that τ(Kτ −1)
is strictly smaller than T . We also introduce the notation:

Ikτ :=

{
[0, τ ] if k = 1,

(tk−1
τ , tkτ ] if k = 2, . . . ,Kτ .

With a slight abuse of terminology, we refer to the partition as uniform and to τ as
its time step, even though the last interval may have a smaller length than τ . We
approximate f , σc and σΓ with their local means, i.e., we define

fk
τ :=

1

τ

∫ tkτ

tk−1
τ

f ds, σk
c,τ :=

1

τ

∫ tkτ

tk−1
τ

σc ds, σk
Γ,τ :=

1

τ

∫ tkτ

tk−1
τ

σΓ ds,

for every k = 1, . . . ,Kτ .

Remark 4.10. It is obvious that, since f ∈ L∞(0, T ;H), σc ∈ L∞(Q), and σΓ ∈ L∞(Σ),
then fk

τ ∈ H, σk
c,τ ∈ L∞(Ω), and σk

Γ,τ ∈ L∞(Γ) with

∥fk
τ ∥H ≤ ∥f∥L∞(H), ∥σk

c,τ∥L∞(Ω) ≤ ∥σc∥L∞(Q), ∥σk
Γ,τ∥L∞(Γ) ≤ ∥σΓ∥L∞(Σ), (4.3.1)

for every k = 1, . . . ,Kτ . In addition, 0 ≤ σk
c,τ , σ

k
Γ,τ ≤ M .
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For every sequence of scalar or vector-valued functions {wk}k defined over Ω, we adopt
the notation:

Dτ,kw =
wk − wk−1

τ
, D2

τ,kw =
wk − 2wk−1 + wk−2

τ2
,

for every k for which it makes sense. We introduce the time-discrete approximation of
our problem, which is posed in Ω:

Dτ,kφ− ∆µk
τ = Uk − τDτ,kµ, (4.3.2a)

µk
τ = −∆φk

τ +
⌣
Ψ

′(φk
τ ) +

⌢
Ψ

′(φk−1
τ ) + W,φ(φk

τ , ε(u
k−1
τ ), zk−1

τ ) + τDτ,kφ, (4.3.2b)

Dτ,kσ − ∆σk
τ = Sk, (4.3.2c)

D2
τ,ku− div

[
a(zkτ )Vε(Dτ,ku) + W,ε(φ

k
τ , ε(u

k
τ ), zkτ )

]
= 0, (4.3.2d)

Dτ,kz − ∆pz
k
τ + βτ (zkτ ) + π(zk−1

τ )

+
⌣
W 3,z(φk

τ , ε(u
k−1
τ ), zkτ ) +

⌢
W 3,z(φk

τ , ε(u
k−1
τ ), zk−1

τ ) = 0.
(4.3.2e)

Here, for brevity, we employed the following notation for the source terms:

Uk :=

(
λpσ

k
τ

1 + |W,ε(φ
k−1
τ , ε(uk−1

τ ), zk−1
τ )|

− λa + fk
τ

)
g(φk−1

τ , zk−1
τ ),

Sk := −λcσ
k
τ g(φk−1

τ , zk−1
τ ) + Λc(z

k−1
τ )(σk

c,τ − σk
τ ).

System (4.3.2) is coupled with the boundary conditions on Γ:

∂νφ
k
τ = ∂νµ

k
τ = 0, (4.3.3a)

∂νσ
k
τ + α(σk

τ − σk
Γ,τ ) = 0, (4.3.3b)

uk
τ = 0, (4.3.3c)

(|∇zkτ |p−2∇zkτ ) · ν = 0. (4.3.3d)

For every τ > 0 we employ a recursive procedure that, starting from the initial values

φ0
τ := φ0, σ0

τ := σ0, u0
τ := u0, z0τ := z0, (4.3.4)

gives (φk
τ , µk

τ , σk
τ , uk

τ , zkτ ) for every k = 1, . . . ,Kτ that satisfies the previous system
(4.3.2)–(4.3.3) in a proper sense that will be specified in Proposition 4.13. Notice that,
due to the presence of τ(Dτ,kµ) = µk

τ − µk−1
τ in the discrete Cahn–Hilliard equation

(4.3.2a), at the step k = 1 the term µ0
τ appears. So, we define

µ0
τ := 0.

Similarly, to give a meaning to the term D2
τ,ku in the displacement equation (4.3.2d) at

the step k = 1, we introduce

u−1
τ := u0 − τv0,
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where u0 and v0 are, respectively, the initial displacement and the initial velocity
prescribed in (1.3.7). Moreover, we will sometimes denote the time-discrete velocity at
the time-step k as

vk
τ := Dτ,ku.

Before stating the well-posedness result for the approximate system, let us comment
briefly on our discretisation scheme.

• Regarding the discrete Cahn–Hilliard equation (4.3.2a)–(4.3.2b), we added the
regularising terms −τDτ,kµ = µk−1

τ − µk
τ and τDτ,kφ = φk

τ − φk−1
τ respectively

to (4.3.2a) and (4.3.2b). As will be shown in the proof of Proposition 4.13, the
contribution −τDτ,kµ allows us to rewrite the equations (4.3.2a)–(4.3.2b) in an
equivalent abstract form for which the existence of a solution is automatically
guaranteed. This formulation is obtained thanks to the term (I − ∆)µk

τ that
appears in equation (4.3.2a). Thus, we can apply the inverse of (I −∆) that, as we
will see, has some good properties, obtain µk

τ and substitute it in equation (4.3.2b).
On the other hand, thanks to −τDτ,kφ, the term φk

τ appears in equation (4.3.2b).
It guarantees some coercivity and ensures uniqueness of the solution. Notice that
both terms Dτ,kµ and Dτ,kφ are multiplied by τ , so they are expected to vanish as

τ → 0. The second choice we made is to evaluate
⌣
Ψ at φk

τ and
⌢
Ψ at φk−1

τ . This is
quite common and, again, motivated by some solvability issues. The main idea is to
exploit the monotonicity of

⌣
Ψ′ to prove existence and the fact that

⌢
Ψ′ is Lipschitz

continuous to control the H-norm of this perturbative term.

• We employed a convex-concave splitting for W with respect to its third variable

⌣
W 3(φ, ε(u), z) :=

1

2

⌣
h(z)C(ε(u) −Rφ) : (ε(u) −Rφ),

⌢
W 3(φ, ε(u), z) :=

1

2

⌢
h(z)C(ε(u) −Rφ) : (ε(u) −Rφ),

which, in turn, relies on a convex-concave splitting for h, given by

⌣
h(z) := h(z) +

1

2

(
sup
x∈R

|h′′(x)|
)
z2,

⌢
h(z) := −1

2

(
sup
x∈R

|h′′(x)|
)
z2.

We observe that
⌣
h is convex,

⌢
h is concave, and h =

⌣
h +

⌢
h. Consequently,

⌣
W 3 is

convex,
⌢
W 3 is concave, and W =

⌣
W 3 +

⌢
W 3. It is worth pointing out that, since

h′ is Lipschitz by hypothesis (A4), the same holds for
⌣
h′ and

⌢
h′ and, since h > 0,

also
⌣
h > 0. However,

⌣
h and

⌢
h are not bounded. Notice that we did not need

to introduce a convex-concave decomposition for W with respect to its first and
second variables because it is already convex with respect to φ and ε(u). This
splitting, as well as the careful choice between implicit and explicit arguments for
the derivatives of W , will have a key role in carrying out the discrete energy a priori
estimate in Proposition 4.16, where we will employ the following trivial result, the
proof of which is just a simple application of convex and concave inequalities.
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Lemma 4.11. Let F : R → R be a differentiable function that admits a convex-concave
decomposition F =

⌣
F +

⌢
F with differentiable

⌣
F and

⌢
F . Then,

(
⌣
F

′(x) +
⌢
F

′(y))(x− y) ≥ F (x) − F (y)

for every x, y ∈ R.

• Finally, we replaced β̂ with its Moreau–Yosida approximation β̂τ defined by

β̂τ (z) := min
y∈R

{
1

2τ
|y − z|2 + β̂(y)

}
∀z ∈ R,

and, consequently, the maximal monotone operator β in the damage equation with
βτ := (β̂τ )′. Note that we set the regularisation parameter equal to the time step τ
so that we will pass to the limit simultaneously in the Yosida regularisation and in
the time discretisation as τ → 0.

Remark 4.12. We recall that β̂τ ∈ C1(R) is still convex and that βτ is non-decreasing
and Lipschitz continuous with Lipschitz constant bounded by τ−1 (see Proposition 2.16
and Lemma 2.20). Moreover, since β̂ is non-negative, β̂τ is non-negative. Finally, it is
obvious by the definition of Moreau–Yosida approximation that β̂τ (z) ≤ β̂(z) for every
z ∈ R.

Proposition 4.13. Let hypotheses (A1)–(A9) be satisfied. Then, for every k = 1 . . .Kτ ,
there exists a unique weak solution

(φk
τ , µ

k
τ , σ

k
τ , u

k
τ , z

k
τ ) ∈ W ×W × V ×W0 ×D(−∆p)

to system (4.3.2)–(4.3.3) in the sense that it satisfies the boundary conditions (4.3.3) in
the sense of traces, equations (4.3.2a), (4.3.2b), (4.3.2d), and (4.3.2e) hold a.e. in Ω,
and equation (4.3.2c) plus boundary condition (4.3.3b) hold in the weak sense∫

Ω
Dτ,kσζ dx +

∫
Ω
∇σk

τ · ∇ζ dx + α

∫
Γ
(σk

τ − σk
Γ,τ )ζ dHd−1 =

∫
Ω
Skζ dx

for all ζ ∈ V .

Proof. Nutrient equation. First of all, we can rewrite the system{
Dτ,kσ − ∆σk

τ = −λcσ
k
τ g(φk−1

τ , zk−1
τ ) + Λc(z

k−1
τ )(σk

c,τ − σk
τ ) in Ω

∂νσ
k
τ + α(σk

τ − σk
Γ,τ ) = 0 on Γ

(4.3.5)

in the more convenient form{
−∆σk

τ + ckσ
k
τ = dk in Ω

∂νσ
k
τ + α(σk

τ − σk
Γ,τ ) = 0 on Γ,

(4.3.6)
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where

ck :=
1

τ
+ λcg(φk−1

τ , zk−1
τ ) + Λc(z

k−1
τ ), dk =

σk−1
τ

τ
+ Λc(z

k−1
τ )σk

c,τ (4.3.7)

are known terms in L∞(Ω) and H respectively, with ck ≥ 0 a.e. in Ω. The variational
formulation of the problem is the following:Find a σk ∈ V such that ∀ζ ∈ V∫

Ω
∇σk

τ · ∇ζ dx + α

∫
Γ
σk
τ ζ dHd−1 +

∫
Ω
ckσ

k
τ ζ dx =

∫
Ω
dkζ dx +

∫
Γ
σk
Γ,τζ dHd−1.

Using Lax–Milgram theorem, one can show that there exists a unique weak solution
σk
τ ∈ V .

Cahn–Hilliard equation. We consider the problem:
Dτ,kφ− ∆µk

τ = Uk − τDτ,kµ in Ω

µk
τ = −∆φk

τ +
⌣
Ψ′(φk

τ ) +
⌢
Ψ′(φk−1

τ ) + W,φ(φk
τ , ε(u

k−1
τ ), zk−1

τ ) + τDτ,kφ in Ω

∂νφ
k
τ = ∂νµ

k
τ = 0 on Γ.

(4.3.8)

The first equation in (4.3.8) can be reformulated in the equivalent form

1

τ
(I − ∆)−1φk

τ + µk
τ = (I − ∆)−1

(
Uk + µk−1

τ +
1

τ
φk−1
τ

)
, (4.3.9)

observing that I − ∆ : D(−∆) ⊆ H → H (with Neumann homogeneous boundary
condition) is a bijective operator, so γ := (I − ∆)−1 : H → H is injective. Moreover,
−∆ : D(−∆) ⊆ H → H is a linear single-valued maximal monotone operator and, as a
consequence, γ is a linear, single-valued, monotone, and contractive operator defined on
all H. Substituting µk

τ in the second equation of (4.3.8) and recalling the expression of
W,φ from (1.3.11), we obtain:

1

τ
γ(φk

τ ) − ∆φk
τ +

⌣
Ψ

′(φk
τ ) +

(
h(zk−1

τ )CR : R + 1
)
φk
τ

= γ

(
Uk + µk−1

τ +
1

τ
φk−1
τ

)
− ⌢

Ψ
′(φk−1

τ ) + φk−1
τ + h(zk−1

τ )Cε(uk−1
τ ) : R.

For brevity, we introduce the known functions

jk := γ

(
Uk + µk−1

τ +
1

τ
φk−1
τ

)
− ⌢

Ψ
′(φk−1

τ ) + φk−1
τ + h(zk−1

τ )Cε(uk−1
τ ) : R,

lk := h(zk−1
τ )CR : R + 1.

We notice that jk ∈ H and that lk is bounded from above, since h and C are bounded by
hypotheses (A4) and (A3) respectively, and satisfies lk ≥ 1, because h is non-negative
and C is strongly elliptic by hypotheses (A4) and (A3). To find a solution for

1

τ
γ(φk

τ ) − ∆φk
τ +

⌣
Ψ

′(φk
τ ) + lkφ

k
τ = jk, (4.3.10)
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we introduce
⌣
Ψδ, the Moreau–Yosida approximation of

⌣
Ψ with regularisation parameter

δ > 0. We define the operator

Bδ
τ,k :=

1

τ
γ +

⌣
Ψ

′
δ + lkI : H → H.

We can reformulate the regularised system in the abstract form:

(Bδ
τ,k − ∆)(φδ) = jk. (4.3.11)

The operator −∆ is maximal monotone. Bδ
τ,k is monotone (because it is the sum of

monotone operators) and hemicontinuous (because it is continuous). Finally, it is easy
to show that Bδ

τ,k − ∆ is coercive. So, we can apply [Bar76, Corollary 1.3, p. 48], and

conclude that Bδ
τ,k −∆ is maximal monotone and that its range is equal to H. This leads

to the fact that it exists a

φδ ∈ D(Bδ
τ,k − ∆) = H ∩ D(−∆) = W

that satisfies (4.3.11). Note that, obviously, φδ also depends on k and τ , but at this level,
they are fixed, so we omit this dependence to avoid overloading the notation. Now it
only remains to pass to the limit for δ → 0 and show that the limit satisfies (4.3.10). We
need some a priori estimates.

First a priori estimate. We test (4.3.11) with φδ:∫
Ω

(
1

τ
γ(φδ)φδ + |∇φδ|2 +

⌣
Ψ

′
δ(φδ)φδ + lkφ

2
δ

)
dx =

∫
Ω
jk φδ dx.

Using the fact that γ is monotone with γ(0) = 0, that
⌣
Ψ′

δ is monotone with
⌣
Ψ′

δ(0) = 0 and lk ≥ 1, we have

∥φδ∥2V ≤ C∥φδ∥H∥jk∥H ,

from which we get ∥φδ∥V ≤ C∥jk∥H = Cτ , where Cτ does not depend on δ.

Second a priori estimate. We test (4.3.11) with −∆φδ +
⌣
Ψ′

δ(φδ) and, since lk is
uniformly bounded from above and γ is a contraction, by the first a priori estimate
we get:

∥−∆φδ +
⌣
Ψ

′
δ(φδ)∥H ≤ ∥−1

τ
γ(φδ) − lkφδ + jk∥H ≤ Cτ .

On the other hand, we have

∥−∆φδ +
⌣
Ψ

′
δ(φδ)∥2H =

∫
Ω
| − ∆φδ|2 dx +

∫
Ω
|⌣Ψ′

δ(φδ)|2 dx + 2

∫
Ω
−∆φδ

⌣
Ψ

′
δ(φδ) dx

=

∫
Ω
| − ∆φδ|2 dx +

∫
Ω
|⌣Ψ′

δ(φδ)|2 dx + 2

∫
Ω

⌣
Ψ

′′
δ (φδ)|∇φδ|2 dx

≥ ∥−∆φδ∥2H + ∥⌣
Ψ

′
δ(φδ)∥2H

because, recalling that
⌣
Ψ′

δ is Lipschitz and non-decreasing,
⌣
Ψ′′

δ ≥ 0 a.e.
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From the first and the second a priori estimates, we get that ∥φδ∥W + ∥⌣
Ψ′

δ(φδ)∥H ≤ Cτ ,
so there exist a φk

τ ∈ W and a ρkτ ∈ H such that, along a non-relabelled subsequence,
φδ ⇀ φk

τ in W , φδ → φk
τ in H and

⌣
Ψ′

δ(φδ) ⇀ ρkτ in H. Furthermore, because of these
convergences,

lim
δ→0

∫
Ω

⌣
Ψ

′
δ(φδ)φδ dx =

∫
Ω
ρkτ φ

k
τ dx.

So, thanks to Proposition 2.14, we have that ρkτ =
⌣
Ψ′(φk

τ ). Pointing out that γ(φδ) →
γ(φk

τ ) in H since γ is a contraction, we can pass to the weak limit in (4.3.10) and deduce
that

γ(φk
τ ) − ∆φk

τ +
⌣
Ψ

′(φk
τ ) + lkφ

k
τ = jk

in H. Additionally, we remark that ∂νφ
k
τ = 0 on Γ in the sense of because ∂νφδ = 0 for

every δ and the normal trace operator is linear and continuous over H2(Ω).
Finally, we define µk

τ as in the second equation of system (4.3.8) and claim that it belongs
to the range of (I − ∆)−1, i.e.,

D(I − ∆) = W

by comparison in (4.3.9). It remains to prove that the solution (φk
τ , µ

k
τ ) is unique. We

take two solutions and the components φ1 and φ2 solving (4.3.10). They satisfy

(γ(φ1) − γ(φ2)) − ∆(φ1 − φ2) +
⌣
Ψ

′(φ1) −
⌣
Ψ

′(φ2) + lk(φ1 − φ2) = 0

in H. Testing this equation with φ1 − φ2, we have∫
Ω

(γ(φ1) − γ(φ2))(φ1 − φ2) dx +

∫
Ω
|∇(φ1 − φ2)|2 dx

+

∫
Ω

(
⌣
Ψ

′(φ1) −
⌣
Ψ

′(φ2))(φ1 − φ2) dx +

∫
Ω
lk(φ1 − φ2)

2 dx = 0.

Since γ and
⌣
Ψ′ are monotone, the first and third addends are non-negative. Moreover,

given that lk ≥ 1, we get∫
Ω

(φ1 − φ2)
2 dx +

∫
Ω
|∇(φ1 − φ2)|2 dx ≤ 0,

from which φ1 = φ2 follows. Consequently, also the components µ1 and µ2 must coincide
from (4.3.9).

Damage differential equation. We want to find a weak solution of
Dτ,kz − ∆pz

k
τ + βτ (zkτ ) + π(zk−1

τ )

+

⌣
h′(zkτ ) +

⌢
h′(zk−1

τ )

2
C[ε(uk−1

τ ) −Rφk
τ ] : [ε(uk−1

τ ) −Rφk
τ ] = 0

in Ω

(|∇zkτ |p−2∇zkτ ) · ν = 0 on Γ

(4.3.12)
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using a minimizing procedure. So we introduce the functional Fτ,k : Z → R defined as
follows:

Fτ,k(z) :=
1

2τ

∫
Ω
|z|2 dx− 1

τ

∫
Ω
zk−1
τ z dx +

1

p

∫
Ω
|∇z|p dx +

∫
Ω
β̂τ (z) dx

+

∫
Ω
π(zk−1

τ )z dx +

∫
Ω

⌣
h(z)

2
C[ε(uk−1

τ ) −Rφk
τ ] : [ε(uk−1

τ ) −Rφk
τ ] dx

+

∫
Ω

⌢
h′(zk−1

τ )

2
C[ε(uk−1

τ ) −Rφk
τ ] : [ε(uk−1

τ ) −Rφk
τ ]z dx

and we use the direct method of the Calculus of Variations. We consider a minimizing
sequence {zj}j and prove that it admits a subsequence that converges to a minimizer for
Fτ,k. We will need coercivity and weakly lower semicontinuity of Fτ,k.

Coercivity. Recalling that β̂τ and
⌣
h are nonnegative, π and

⌢
h′ are Lipschitz,

zk−1
τ ∈ Z ↪→ L∞ since p is strictly bigger than d, and C is bounded and strongly

elliptic, we obtain:

Fτ,k(z) ≥ 1

2τ

∫
Ω
|z|2 dx−C

∫
Ω
|z| dx+

1

p

∫
Ω
|∇z|p dx−C

∫
Ω
|ε(uk−1

τ )−Rφk
τ |2|z|dx.

Using the Young inequality and ε(uk−1
τ ) − Rφk

τ ∈ V ↪→ L4(Ω), the previous
inequality becomes:

Fτ,k(z) ≥ C

∫
Ω
|z|2 dx + C

∫
Ω
|∇z|p dx− C.

Weak lower semicontinuity. All terms are convex and continuous in the strong
topology and, therefore, weakly lower semicontinuous (see [Bré11, Corollary 3.9, p.
61]).

We note that it exists C ∈ R such that infZ Fτ,k < C, so we can suppose without loss of
generality that Fτ,k(zj) < C for every j. Thanks to coercivity, it trivially follows that
{zj}j is bounded in Z. Thus, there exists a subsequence that we do not relabel and a
zkτ ∈ Z such that zj ⇀ zkτ in Z. From weakly lower semicontinuity, we get that:

Fτ,k(zkτ ) ≤ lim inf
j→+∞

Fτ,k(zj) = inf
Z

Fτ,k,

so zkτ is a minimizer for Fτ,k. To conclude, we observe that Fτ,k is Fréchet differentiable,
so the minimum zkτ satisfies the following associated Euler-Lagrange equation

0 =
1

τ

∫
Ω
zkτw dx− 1

τ

∫
Ω
zk−1
τ w dx

+

∫
Ω
|∇zkτ |p−2∇zkτ · ∇w dx +

∫
Ω
βτ (zkτ )w dx +

∫
Ω
π(zk−1

τ )w dx

+

∫
Ω

⌣
h′(zkτ ) +

⌢
h′(zk−1

τ )

2
C[ε(uk−1

τ ) −Rφk
τ ] : [ε(uk−1

τ ) −Rφk
τ ]w dx

(4.3.13)
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for every w ∈ Z. By comparison in (4.3.13), since

zkτ − zk−1
τ

τ
+ βτ (z) + π(zk−1

τ ) +

⌣
h′(zkτ ) +

⌢
h′(zk−1

τ )

2
C[ε(uk−1

τ ) −Rφk
τ ] : [ε(uk−1

τ ) −Rφk
τ ]

belongs to H, it follows that also −∆pz
k
τ = −div(|∇zkτ |p−2∇zkτ ) belongs to H. This

means that zkτ ∈ D(−∆p). Now we prove that the solution is unique. If we suppose to
have two solutions to (4.3.12) z1 and z2, both of them are minimizers of Fτ,k and satisfy
(4.3.13). If we consider the difference between the two equations and we take w = z1 − z2
as a test function, we obtain:

0 =
1

τ

∫
Ω

(z1 − z2)
2 dx +

∫
Ω

(|∇z1|p−2∇z1 − |∇z2|p−2∇z2) · ∇(z1 − z2) dx

+

∫
Ω

⌣
h′(z1) −

⌣
h′(z2)

2
(z1 − z2)C[ε(uk−1

τ ) −Rφk
τ ] : [ε(uk−1

τ ) −Rφk
τ ] dx

+

∫
Ω

(βτ (z1) − βτ (z2)) (z1 − z2) dx ≥ 1

τ
∥z1 − z2∥2H ,

where the last inequality follows from the fact that −∆p, βτ , and
⌣
h′ are monotone

operators, so the related terms are non-negative. Thus, it turns out that z1 = z2.

Displacement equation. First of all, we rewrite the system{
D2

τ,ku− div
[
a(zkτ )Vε(Dτ,ku) + h(zkτ )C(ε(uk

τ ) −Rφk
τ )
]

= 0 in Ω

uk
τ = 0 on Γ

(4.3.14)

as {
−div

[
Tkε(uk

τ )
]

+ uk
τ = tk in Ω

uk
τ = 0 on Γ,

(4.3.15)

where we have introduced the following known terms:

Tk := τa(zkτ )V + τ2h(zkτ )C = (τωa(zkτ ) + τ2h(zkτ ))C = θ(zkτ )C, (4.3.16)

tk := 2uk−1
τ − uk−2

τ − div
[
τ2h(zkτ )φk

τCR + τa(zkτ )Vε(uk−1
τ )

]
. (4.3.17)

Since Tk is bounded and coercive and tk is in H, it is easy to prove using Lax–Milgram
theorem that system (4.3.15) has a (unique) weak solution uk

τ ∈ V0. It remains to be
proved that uk

τ ∈ W0, and it can be done exactly as in [HR15, Lemma 4.1, p. 4596], using
a bootstrap argument. Notice that this is the spot where we need to require V = ωC.

Given a sequence of scalar or vector-valued functions {wk
τ }

Kτ
k=0 defined over Ω, we introduce

the piecewise constant interpolations wτ , wτ and the piecewise linear interpolation wτ

over the time interval [0, T ] as

wτ (t) := wk
τ , wτ (t) := wk−1

τ , wτ (t) :=
t− tk−1

τ

τ
wk
τ +

tkτ − t

τ
wk−1
τ (4.3.18)
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for every t ∈ Ikτ . With this new notation, the time-discretised and regularised system
(4.3.2) can be written as

∂tφτ − ∆µτ =

(
λpστ

1 + |W,ε(φτ
, ε(uτ ), zτ )|

− λa + f τ

)
g(φ

τ
, zτ ) − (µτ − µ

τ
), (4.3.19a)

µτ = −∆φτ +
⌣
Ψ

′(φτ ) +
⌢
Ψ

′(φ
τ
) − h(zτ )(ε(uτ ) −Rφτ ) : CR + (φτ − φ

τ
), (4.3.19b)

∂tστ − ∆στ = −λcστg(φ
τ
, zτ ) + Λc(zτ )(σc,τ − στ ), (4.3.19c)

∂tvτ − div [a(zτ )Vε(vτ ) + h(zτ )C(ε(uτ ) −Rφτ )] = 0, (4.3.19d)

∂tzτ − ∆pzτ + βτ (zτ ) + π(zτ )

+

⌣
h′(zτ ) +

⌢
h′(zτ )

2
(ε(uτ ) −Rφτ ) : C(ε(uτ ) −Rφτ ) = 0.

(4.3.19e)

4.3.2 A priori estimates for the time-discrete system

In the following, we will need the boundedness of the nutrient variable σk
τ , so we prove a

comparison principle.

Lemma 4.14. The function σk
τ satisfies 0 ≤ σk

τ ≤ M for every k = 0, . . . ,Kτ .

Proof. Knowing that σ0
τ = σ0 satisfies this property by hypothesis (A9), we proceed by

induction on k, so we suppose that 0 ≤ σk−1
τ ≤ M and we prove that the same holds for

σk
τ . We recall that 0 ≤ σk

c,τ , σk
Γ,τ ≤ M and that, using the notation introduced in (4.3.7),

ck ≥ 1/τ and dk ≥ 0. We also recall that, given a function F , its positive and negative
parts are defined as

F+(x) := max{F (x), 0}, F−(x) := max{−F (x), 0},

and that, if F ∈ V , the following relations hold∫
Ω
F F+ dx = ∥F+∥2H ,

∫
Ω
F F− dx = −∥F−∥2H ,∫

Ω
∇F · ∇F+ dx = ∥∇F+∥2H ,

∫
Ω
∇F · ∇F− dx = −∥∇F−∥2H .

(4.3.20)

Testing (4.3.2c) with −(σk
τ )−, we obtain

−
∫
Ω
∇σk

τ · ∇[(σk
τ )−] dx−

∫
Γ
α(σk

τ − σk
Γ,τ )(σk

τ )− dHd−1 −
∫
Ω
ckσ

k
τ (σk

τ )− dx

= −
∫
Ω
dk(σk

τ )− dx.

Using (4.3.20), it holds

1

τ
∥(σk

τ )−∥2H ≤ ∥∇[(σk
τ )−]∥2H + ∥

√
ck(σk

τ )−∥2H + ∥
√
α(σk

τ )−∥2L2
Γ

= −
∫
Ω
dk(σk

τ )− dx−
∫
Γ
ασk

Γ,τ (σk
τ )− dHd−1 ≤ 0,
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so ∥(σk
τ )−∥2H = 0 (or, equivalently, σk

τ ≥ 0 a.e. in Ω).
In the same way, we test (4.3.2c) with (σk

τ −M)+, obtaining∫
Ω
∇σk

τ · ∇[(σk
τ −M)+] dx +

∫
Γ
α(σk

τ − σk
Γ,τ )(σk

τ −M)+ dHd−1

+

∫
Ω
ckσ

k
τ (σk

τ −M)+ dx =

∫
Ω
dk(σk

τ −M)+ dx,

that can be rewritten as∫
Ω
|∇[(σk

τ −M)+]|2 dx +

∫
Γ
α[(σk

τ −M)+]2 dHd−1 −
∫
Γ
α(σk

Γ,τ −M)(σk
τ −M)+ dHd−1

+

∫
Ω
ck[(σk

τ −M)+]2 dx +

∫
Ω

(ckM − dk)(σk
τ −M)+ dx = 0.

Noticing that

ckM − dk =
1

τ
(M − σk−1

τ ) + Λc(z
k−1
τ )(M − σk

c,τ ) + λcMg(φk−1
τ , zk−1

τ ) ≥ 0,

and recalling that ck ≥ 1/τ , from the previous inequality it follows that ∥(σk
τ −M)+∥2H

is equal to 0, so σk
τ ≤ M a.e. in Ω.

Remark 4.15. From Lemma 4.14 and (4.3.1) it follows that:

• Uk =

(
λpσ

k
τ

1 + |W,ε(φ
k−1
τ , ε(uk−1

τ ), zk−1
τ )|

− λa + fk
τ

)
g(φk−1

τ , zk−1
τ ) belongs to H with

∥Uk∥H ≤ C for a positive C independent of τ and k,

• Sk = −λcσ
k
τ g(φk−1

τ , zk−1
τ ) + Λc(z

k−1
τ )(σk

c,τ − σk
τ ) is in L∞(Ω) with ∥Sk∥L∞ ≤ C for

a positive C independent of τ and k.

Proposition 4.16. The time-discrete solution to the problem (4.3.19) constructed from
Proposition 4.13 satisfies the following a priori estimates uniformly in τ :

∥φτ∥L∞(V )∩L2(W ) + ∥φ
τ
∥L∞(V ) ≤ C, (4.3.21)

τ−1/2∥φτ − φ
τ
∥L2(H) ≤ C, (4.3.22)

∥∂tφτ∥L2(V ′) ≤ C, (4.3.23)

∥⌣
Ψ

′(φτ )∥L2(H) + ∥⌣
Ψ

′(φ
τ
)∥L2(H) ≤ C, (4.3.24)

∥µτ∥L2(V ) + ∥µ
τ
∥L2(V ) ≤ C, (4.3.25)

∥στ∥L∞(H)∩L2(V ) + ∥στ∥L∞(H)∩L2(V ) ≤ C, (4.3.26)

∥∂tστ∥L2(V ′) ≤ C, (4.3.27)

∥uτ∥L∞(W0) + ∥uτ∥L∞(W0) ≤ C, (4.3.28)

∥uτ∥W 1,∞(V )∩H1(W0) ≤ C, (4.3.29)
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∥vτ∥L∞(V )∩L2(W0) + ∥vτ∥L∞(V ) ≤ C, (4.3.30)

∥vτ∥L∞(V )∩H1(H) ≤ C, (4.3.31)

∥zτ∥L∞(Z)∩L2(W 1+δ,p(Ω)) + ∥zτ∥L∞(Z)∩L2(W 1+δ,p(Ω)) ≤ C, (4.3.32)

∥zτ∥L∞(Z)∩L2(W 1+δ,p(Ω))∩H1(H) ≤ C, (4.3.33)

∥−∆pzτ∥L2(H) + ∥−∆pzτ∥L2(H) ≤ C, (4.3.34)

∥βτ (zτ )∥L2(H) ≤ C, (4.3.35)

where δ ∈ (0, 1/p).

Notice that in equations (4.3.21) and (4.3.30) the estimates for the retarded piecewise
constant interpolants hold in weaker spaces because they are equal to the initial data in
[0, τ ] and the initial data are less regular than the corresponding discrete solutions at the
step k = 1, . . . ,Kτ .

Proof. Energy estimate. Testing (4.3.2a) with τµk
τ , we obtain:

τ

∫
Ω
Dτ,kφµk

τ dx + τ

∫
Ω
|∇µk

τ |2 dx = τ

∫
Ω
Uk µ

k
τ dx− τ

∫
Ω

(µk
τ − µk−1

τ )µk
τ dx.

Using the Young inequality to handle the last term, we have:

τ

∫
Ω
Dτ,kφµk

τ dx + τ

∫
Ω
|∇µk

τ |2 dx +
τ

2

∫
Ω
|µk

τ |2 dx− τ

2

∫
Ω
|µk−1

τ |2 dx

≤ τ

∫
Ω
Uk µ

k
τ dx.

(4.3.36)

Testing (4.3.2b) with −(φk
τ − φk−1

τ ),

− τ

∫
Ω
µk
τ Dτ,kφdx +

∫
Ω
∇φk

τ · ∇(φk
τ − φk−1

τ ) dx

+

∫
Ω

[
⌣
Ψ

′(φk
τ ) +

⌢
Ψ

′(φk−1
τ )

]
(φk

τ − φk−1
τ ) dx

+

∫
Ω
W,φ(φk

τ , ε(u
k−1
τ ), zk−1

τ )(φk
τ − φk−1

τ ) dx +

∫
Ω
|φk

τ − φk−1
τ |2 dx = 0.

Employing the Young inequality for the second term and Lemma 4.11 for Ψ =
⌣
Ψ +

⌢
Ψ, we

get

− τ

∫
Ω
µk
τ Dτ,kφdx +

1

2

∫
Ω
|∇φk

τ |2 dx− 1

2

∫
Ω
|∇φk−1

τ |2 dx

+

∫
Ω

Ψ(φk
τ ) dx−

∫
Ω

Ψ(φk−1
τ ) dx

+

∫
Ω
W,φ(φk

τ , ε(u
k−1
τ ), zk−1

τ )(φk
τ − φk−1

τ ) dx +

∫
Ω
|φk

τ − φk−1
τ |2 dx ≤ 0.

(4.3.37)
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Testing (4.3.2c) with τσk
τ and applying the Young inequality for the first term, we obtain:

1

2

∫
Ω
|σk

τ |2 dx− 1

2

∫
Ω
|σk−1

τ |2 dx + τ

∫
Ω
|∇σk

τ |2 dx + τ

∫
Γ
α|σk

τ |2 dHd−1

≤ τ

∫
Ω
Sk σ

k
τ dx + τ

∫
Γ
ασk

Γ,τ σ
k
τ dHd−1.

(4.3.38)

Testing (4.3.2d) with uk
τ − uk−1

τ = τvk
τ , we get:∫

Ω
(vk

τ − vk−1
τ ) · vk

τ dx + τ

∫
Ω
a(zkτ )Vε(vk

τ ) : ε(vk
τ ) dx

+

∫
Ω
W,ε(φ

k
τ , ε(u

k
τ ), zkτ ) : (ε(uk

τ ) − ε(uk−1
τ )) dx = 0.

Exploiting the Young inequality for the first term, the fact that a∗ ≤ a and that V is
uniformly elliptic for the second term, we have:

1

2

∫
Ω
|vk

τ |2 dx− 1

2

∫
Ω
|vk−1

τ |2 dx + Cτ

∫
Ω
|ε(vk

τ )|2 dx

+

∫
Ω
W,ε(φ

k
τ , ε(u

k
τ ), zkτ ) : (ε(uk

τ ) − ε(uk−1
τ )) dx ≤ 0.

(4.3.39)

Finally, we test (4.3.2e) with zkτ − zk−1
τ , obtaining:

τ

∫
Ω
|Dτ,kz|2 dx +

∫
Ω
|∇zkτ |p−2∇zkτ · ∇(zkτ − zk−1

τ ) dx

+

∫
Ω
βτ (zkτ )(zkτ − zk−1

τ ) dx +

∫
Ω
π(zk−1

τ )(zkτ − zk−1
τ ) dx

+

∫
Ω

[
⌣
W 3,z(φk

τ , ε(u
k−1
τ ), zkτ ) +

⌢
W 3,z(φk

τ , ε(u
k−1
τ ), zk−1

τ )
]
(zkτ − zk−1

τ ) dx = 0.

Employing the Young inequality for the second term, the convexity of β̂τ for the third,
and moving the term with π to the right-hand side, we get:

τ

∫
Ω
|Dτ,kz|2 dx +

1

p

∫
Ω
|∇zkτ |p dx− 1

p

∫
Ω
|∇zk−1

τ |p dx

+

∫
Ω
β̂τ (zkτ ) dx−

∫
Ω
β̂τ (zk−1

τ ) dx

+

∫
Ω

[
⌣
W 3,z(φk

τ , ε(u
k−1
τ ), zkτ ) +

⌢
W 3,z(φk

τ , ε(u
k−1
τ ), zk−1

τ )
]
(zkτ − zk−1

τ ) dx

≤ −
∫
Ω
π(zk−1

τ )(zkτ − zk−1
τ ) dx = −τ

∫
Ω
π(zk−1

τ )Dτ,kz dx.

(4.3.40)

Now we notice that, since W is convex with respect to its first and second variables, and

83



Chapter 4. A phase field tumor growth model with damage and mechanical effects

since we can apply Lemma 4.11 to W =
⌣
W 3 +

⌢
W 3, we have:

W,φ(φk
τ , ε(u

k−1
τ ), zk−1

τ )(φk
τ − φk−1

τ ) ≥ W (φk
τ , ε(u

k−1
τ ), zk−1

τ ) −W (φk−1
τ , ε(uk−1

τ ), zk−1
τ ),

W,ε(φ
k
τ , ε(u

k
τ ), zk−1

τ ) : (ε(uk
τ ) − ε(uk−1

τ )) ≥ W (φk
τ , ε(u

k
τ ), zkτ ) −W (φk

τ , ε(u
k−1
τ ), zkτ ),[

⌣
W 3,z(φk

τ , ε(u
k−1
τ ), zkτ ) +

⌢
W 3,z(φk

τ , ε(u
k−1
τ ), zk−1

τ )
]
(zkτ − zk−1

τ )

≥ W (φk
τ , ε(u

k−1
τ ), zkτ ) −W (φk

τ , ε(u
k−1
τ ), zk−1

τ ).

So, by summing the three above inequalities, we obtain that the left-hand side is greater
than or equal to

W (φk
τ , ε(u

k
τ ), zkτ ) −W (φk−1

τ , ε(uk−1
τ ), zk−1

τ ).

Adding (4.3.36), (4.3.37), (4.3.38), (4.3.39), (4.3.40) and employing the previous inequal-
ity regarding W , we infer that:

τ

2

∫
Ω

|µk
τ |2 dx− τ

2

∫
Ω

|µk−1
τ |2 dx +

1

2

∫
Ω

|∇φk
τ |2 dx− 1

2

∫
Ω

|∇φk−1
τ |2 dx

+

∫
Ω

Ψ(φk
τ ) dx−

∫
Ω

Ψ(φk−1
τ ) dx +

1

2

∫
Ω

|σk
τ |2 dx− 1

2

∫
Ω

|σk−1
τ |2 dx

+
1

2

∫
Ω

|vk
τ |2 dx − 1

2

∫
Ω

|vk−1
τ |2 dx +

1

p

∫
Ω

|∇zkτ |p dx− 1

p

∫
Ω

|∇zk−1
τ |p dx

+

∫
Ω

β̂τ (zkτ ) dx−
∫
Ω

β̂τ (zk−1
τ ) dx +

∫
Ω

W (φk
τ , ε(u

k
τ ), zkτ ) dx

−
∫
Ω

W (φk−1
τ , ε(uk−1

τ ), zk−1
τ ) dx + τ

[ ∫
Ω

|∇µk
τ |2 dx +

∫
Ω

|φk
τ − φk−1

τ |2

τ
dx

+

∫
Ω

|∇σk
τ |2 dx +

∫
Γ

α|σk
τ |2 dHd−1 + C

∫
Ω

|ε(vk
τ )|2 dx +

∫
Ω

|Dτ,kz|2 dx

]
≤ τ

[ ∫
Ω

Uk µ
k
τ dx +

∫
Ω

Sk σ
k
τ dx +

∫
Γ

ασk
Γ,τ σ

k
τ dHd−1 −

∫
Ω

π(zk−1
τ )Dτ,kz dx

]
≤ τ

[ ∫
Ω

Uk µ
k
τ dx + C +

∫
Ω

|π(zk−1
τ )||Dτ,kz|dx

]
,

(4.3.41)

where the latter inequality follows from the fact that Sk, σk
τ and σk

Γ,τ are bounded in
L∞(Ω) uniformly with respect to k and τ . Then, by the Hölder, Poincaré–Wirtinger,
and Young inequalities, recalling that ∥Uk∥H ≤ C, we have∫

Ω
Uk µ

k
τ dx ≤ ∥Uk∥H∥µk

τ∥H ≤ C
(
∥µk

τ − ⟨µk
τ ⟩∥H + |Ω|

1
2 |⟨µk

τ ⟩|
)

≤ C
(
∥∇µk

τ∥H + |Ω|
1
2 |⟨µk

τ ⟩|
)
≤ η

∫
Ω
|∇µk

τ |2 dx + Cη + C|⟨µk
τ ⟩|,

(4.3.42)

where ⟨µk
τ ⟩ denotes the mean value of µk

τ and η is a small positive constant yet to be
defined. Testing (4.3.2b) with 1 and dividing by |Ω|, we obtain

⟨µk
τ ⟩ =

1

|Ω|

∫
Ω
µk
τ dx =

1

|Ω|

∫
Ω

⌣
Ψ

′(φk
τ ) +

⌢
Ψ

′(φk−1
τ ) + W,φ(φk

τ , ε(u
k−1
τ ), zk−1

τ ) + τDτ,kφdx.
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Adding and subtracting
⌢
Ψ′(φk

τ ) and Rφk−1
τ , employing growth assumption (4.1.7) of Ψ,

the Lipschitz continuity of
⌢
Ψ′, and the boundedness of h, we have

|⟨µk
τ ⟩| ≤

1

|Ω|

∫
Ω

∣∣⌣Ψ′(φk
τ ) +

⌢
Ψ

′(φk−1
τ )

∣∣ + Ch(zk−1
τ )|ε(uk−1

τ ) −Rφk
τ | + τ |Dτ,kφ|dx

≤ C

[ ∫
Ω

∣∣Ψ′(φk
τ )
∣∣ +

∣∣⌢Ψ′(φk
τ ) − ⌢

Ψ
′(φk−1

τ )
∣∣dx

+

∫
Ω

h(zk−1
τ )|ε(uk−1

τ ) −Rφk−1
τ | + h∗|Rφk−1

τ −Rφk
τ | + τ |Dτ,kφ|dx

]
≤ C

∫
Ω

Ψ(φk
τ ) + h(zk−1

τ )|ε(uk−1
τ ) −Rφk−1

τ | + τ |Dτ,kφ|dx.

(4.3.43)

Using the Young inequality twice and the strong ellipticity of C from hypothesis (A3),
from the above inequality, we obtain

|⟨µk
τ ⟩| ≤ C

∫
Ω

Ψ(φk
τ ) + h(zk−1

τ )|ε(uk−1
τ ) −Rφk−1

τ |2 dx + τ

∫
η|Dτ,kφ|2 + Cη dx

≤ C

∫
Ω

Ψ(φk
τ ) + W (φk−1

τ , ε(uk−1
τ ), zk−1

τ ) dx + η

∫
Ω
τ−1|φk

τ − φk−1
τ |2 dx + Cη,

where η is the same small, positive constant introduced before. So, substituting in
(4.3.42), we deduce that∫

Ω
Uk µ

k
τ dx ≤C

∫
Ω

Ψ(φk
τ ) + W (φk−1

τ , ε(uk−1
τ ), zk−1

τ ) dx

+ η

∫
Ω
|∇µk

τ |2 dx + η

∫
Ω
τ−1|φk

τ − φk−1
τ |2 dx + Cη.

(4.3.44)

Moreover, recalling that, by hypothesis (A6), π is Lipschitz continuous, using the Hölder
inequality and the Young inequality with a small constant η yet to be defined, we get∫

Ω
|π(zk−1

τ )||Dτ,kz|dx ≤ C

∫
Ω

(|zk−1
τ | + 1)|Dτ,kz| dx

≤ C(∥zk−1
τ ∥H + 1)∥Dτ,kz∥H ≤ η∥Dτ,kz∥2H + Cη(∥zk−1

τ ∥2H + 1)

≤ η∥Dτ,kz∥2H + Cη

( k−1∑
i=1

τ∥Dτ,iz∥2H + 1

)
,

(4.3.45)

where we have also used the fact that zk−1
τ = z0 +

∑k−1
i=1 τDτ,iz if k ≥ 2 and zk−1

τ = z0 if
k = 1. Finally, using inequalities (4.3.44) and (4.3.45) in (4.3.41), moving to the left-hand
side the terms with η (fixing η small enough) and summing from k = 1 to j, we obtain

τ

2

∫
Ω
|µj

τ |2 dx +
1

2

∫
Ω
|∇φj

τ |2 dx +

∫
Ω

Ψ(φj
τ ) dx +

1

2

∫
Ω
|σj

τ |2 dx +
1

2

∫
Ω
|vj

τ |2 dx

+
1

p

∫
Ω
|∇zjτ |p dx +

∫
Ω
β̂τ (zjτ ) dx +

∫
Ω
W (φj

τ , ε(u
j
τ ), zjτ ) dx
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+

j∑
k=1

[
τ

(
1

2

∫
Ω
|∇µk

τ |2 dx +
1

2

∫
Ω
τ−1|φk

τ − φk−1
τ |2 dx +

∫
Ω
|∇σk

τ |2 dx (4.3.46)

+

∫
Γ
α|σk

τ |2 dHd−1 + C

∫
Ω
|ε(vk

τ )|2 dx +
1

2

∫
Ω
|Dτ,kz|2 dx

)]
≤ C0 + C

j∑
k=1

[
τ

(∫
Ω

Ψ(φk
τ ) dx +

∫
Ω
W (φk−1

τ , ε(uk−1
τ ), zk−1

τ ) dx

+
k−1∑
i=1

τ

∫
Ω
|Dτ,iz|2 dx

)]
,

where C does not depend on the initial data, while

C0 =
1

2

∫
Ω
|∇φ0|2 dx +

∫
Ω

Ψ(φ0) dx +
1

2

∫
Ω
|σ0|2 dx +

1

2

∫
Ω
|v0|2 dx +

1

p

∫
Ω
|∇z0|p dx

+

∫
Ω
β̂τ (z0) dx +

∫
Ω
W (φ0, ε(u0), z0) dx

≤C

[
∥φ0∥2V + ∥σ0∥2H + ∥v0∥2H + ∥u0∥2V + ∥z0∥pZ +

∫
Ω

Ψ(φ0) dx +

∫
Ω
β̂(z0) dx

]
.

Here we used the fact that β̂τ (z0) ≤ β̂(z0) a.e. that comes directly from the definition of
β̂τ (see Lemma 2.20) and the following inequality regarding the elastic energy∫

Ω
W (φ0, ε(u0), z0) dx =

∫
Ω

h(z0)

2
C(ε(u0) −Rφ0) : (ε(u0) −Rφ0) dx

≤ Ch∗
∫
Ω
|ε(u0) −Rφ0|2 dx ≤ C(∥u0∥2V + ∥φ0∥2).

Applying the discrete Gronwall inequality stated in Lemma 2.4 to (4.3.46) leads to the
boundedness of the left-hand side, from which we have

∥φj
τ∥V + ∥Ψ(φj

τ )∥L1(Ω) + ∥σj
τ∥H + ∥vj

τ∥H

+ ∥∇zjτ∥Lp(Ω) + ∥β̂(zjτ )∥H + ∥ε(uj
τ )∥H +

Kτ∑
k=1

[ ∫ tkτ

tk−1
τ

(
∥∇µk

τ∥2H

+ ∥τ−1/2(φk
τ − φk−1

τ )∥2H + ∥∇σk
τ ∥2H + ∥ε(vk

τ )∥2H + ∥Dτ,kz∥2H
)

ds

]
≤ C

(4.3.47)

and, as a consequence, (4.3.22) and (4.3.26).

Consequences of the energy estimate. From the equality

zjτ = z0 +

j∑
k=1

∫ tkτ

tk−1
τ

Dτ,kz ds,
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and (4.3.47), we have ∥zjτ∥H ≤ C. By the Poincaré–Wirtinger inequality,

∥zjτ∥Z ≤ C
(
∥∇zjτ∥Lp(Ω) + |⟨zjτ ⟩|

)
≤ C. (4.3.48)

Here we used ∥∇zjτ∥Lp(Ω) ≤ C by (4.3.47) and we controlled the mean value of zjτ with

its bounded H norm. We can also gain a mean value estimate for µk
τ . Combining the first

line from (4.3.43) with (4.3.47), we immediately obtain |⟨µk
τ ⟩| ≤ C. As a consequence,

exploiting the Poincaré–Wirtinger inequality, it follows that

∥µj
τ∥H ≤ ∥µj

τ − ⟨µj
τ ⟩∥H + C|⟨µj

τ ⟩| ≤ C
(
∥∇µj

τ∥H + 1
)

and, thanks to (4.3.47), we get (4.3.25). Notice that here we also employ µ
τ

= 0 in [0, τ ]
to obtain the estimate for µ

τ
. Finally, by comparison in (4.3.19a) and (4.3.19c), we have

(4.3.23) and (4.3.27).

Higher order estimate for the displacement. We test equation (4.3.2d) with
−τ div

[
Vε(vk

τ )
]
, obtaining

−
∫
Ω

(vk
τ − vk−1

τ ) · div
[
Vε(vk

τ )
]

dx + τ

∫
Ω

div
[
h(zkτ )Cε(uk

τ )
]
· div

[
Vε(vk

τ )
]

dx

+ τ

∫
Ω

div
[
a(zkτ )Vε(vk

τ )
]
· div

[
Vε(vk

τ )
]

dx

= τ

∫
Ω

div
[
h(zkτ )CRφk

τ

]
· div

[
Vε(vk

τ )
]

dx.

Developing the obvious calculations in the second and third terms on the left-hand side
and moving some terms to the right-hand side, we have

−
∫
Ω
(vk

τ − vk−1
τ )·div

[
Vε(vk

τ )
]
dx + τ

∫
Ω
a(zkτ ) div

[
Vε(vk

τ )
]
·div

[
Vε(vk

τ )
]
dx

= −τ

∫
Ω

(
h′(zkτ )Cε(uk

τ )∇zkτ

)
·div

[
Vε(vk

τ )
]
dx− τ

∫
Ω
h(zkτ ) div

[
Cε(uk

τ )
]
·div

[
Vε(vk

τ )
]
dx

− τ

∫
Ω

(
a′(zkτ )Vε(vk

τ )∇zkτ

)
·div

[
Vε(vk

τ )
]
dx + τ

∫
Ω

div
[
h(zkτ )CRφk

τ

]
·div

[
Vε(vk

τ )
]
dx.

Concerning the first term on the left-hand side, recall that for every k it holds uk
τ = 0 on

Γ and, consequently, vk
τ = 0 on Γ. Thus, it can be estimated as follows:

−
∫
Ω

(vk
τ − vk−1

τ ) · div
[
Vε(vk

τ )
]

dx =

∫
Ω

[
ε(vk

τ ) − ε(vk−1
τ )

]
:
[
Vε(vk

τ )
]

dx

≥ 1

2

∫
Ω
ε(vk

τ ) : Vε(vk
τ ) dx− 1

2

∫
Ω
ε(vk−1

τ ) : Vε(vk−1
τ ) dx,

(4.3.49)

where the inequality holds because V is symmetric and positive-definite, so the associated
quadratic form is convex. For the second left-hand term, since a is bounded from below
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by a strictly positive constant by hypothesis (A4), using Lemma 2.23 (and the fact that
vk
τ = 0 on Γ), we obtain

τ

∫
Ω

(
a(zkτ ) div

[
Vε(vk

τ )
])

· div
[
Vε(vk

τ )
]

dx

≥ a∗τ

∫
Ω

∣∣∣div
[
Vε(vk

τ )
] ∣∣∣2 dx ≥ C∗τ∥vk

τ∥2W .

(4.3.50)

The first term on the right-hand side can be estimated as follows:∣∣∣∣− τ

∫
Ω

(
h′(zkτ )Cε(uk

τ )∇zkτ

)
· div

[
Vε(vk

τ )
]

dx

∣∣∣∣
≤ Cτ∥ε(uk

τ )∥Lq(Ω)∥∇zkτ ∥Lp(Ω)∥div[Vε(vk
τ )]∥H ,

thanks to Hölder inequality. Here q is chosen to satisfy 1
q + 1

p + 1
2 = 1 and, since p > d

and d = 2 or d = 3, it is easy to check that q ∈ [2, 6). So, because of the embedding
V ↪→ Lq(Ω), Lemma 2.23, the energy estimate (4.3.47) and the Young inequality, it
follows:∣∣∣∣− τ

∫
Ω

(
h′(zkτ )Cε(uk

τ )∇zkτ

)
· div

[
Vε(vk

τ )
]

dx

∣∣∣∣ ≤ Cητ∥uk
τ∥2W + ητ∥vk

τ∥2W , (4.3.51)

where η > 0 is small and yet to be chosen.
Regarding the second term on the right-hand side, since h is bounded, we deduce that∣∣∣∣− τ

∫
Ω

(
h(zkτ ) div

[
Cε(uk

τ )
])

· div
[
Vε(vk

τ )
]

dx

∣∣∣∣
≤ Cτ∥div[Cε(uk

τ )]∥H∥div[Vε(vk
τ )]∥H ≤ Cτ∥uk

τ∥W ∥vk
τ∥W

≤ τCη∥uk
τ∥2W + ητ∥vk

τ∥2W .

(4.3.52)

We handle the third term on the right-hand side using the fact that a is Lipschitz
continuous by hypothesis (A4), the Hölder inequality, previous estimates, the Young
inequality, the embedding V ↪→ Lq(Ω), and Ehrling’s Lemma stated in Theorem 2.7,
obtaining∣∣∣∣− τ

∫
Ω

[
a′(zkτ )Vε(vk

τ )∇zkτ

]
· div

[
Vε(vk

τ )
]

dx

∣∣∣∣
≤ Cτ∥ε(vk

τ )∥Lq(Ω)∥∇zkτ ∥Lp(Ω)∥div[Vε(vk
τ )]∥H

≤ Cτ∥ε(vk
τ )∥Lq(Ω)∥vk

τ∥W ≤ Cητ∥ε(vk
τ )∥2Lq(Ω) + η∥vk

τ∥2W

≤ ητ∥vk
τ∥2W +

(
θτ∥vk

τ∥2W + Cη,θτ∥vk
τ∥2H

)
≤ (η + θ)τ∥vk

τ∥2W + Cη,θτ

(4.3.53)

where η, θ > 0 are small and yet to be chosen.
Finally, we turn our attention to the last term on the right-hand side. After noticing that

div
[
h(zkτ )CRφk

τ

]
= CR

(
h′(zkτ )φk

τ∇zkτ + h(zkτ )∇φk
τ

)
+ h(zkτ )φk

τ div(CR),
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we use the Hölder and the Young inequalities and the previous estimates. We get∣∣∣∣τ ∫
Ω

div
[
h(zkτ )CRφk

τ

]
· div

[
Vε(vk

τ )
]

dx

∣∣∣∣
≤ Cτ

(
∥φk

τ∥Lq(Ω)∥∇zkτ ∥Lp(Ω) + ∥∇φk
τ∥H + ∥φk

τ∥H
)
∥div[Vε(vk

τ )]∥H

≤ Cτ∥vk
τ∥W ≤ ητ∥vk

τ∥2W + Cητ.

(4.3.54)

Combining (4.3.49)–(4.3.54) and fixing η and θ small enough lead to

1

2

∫
Ω
ε(vk

τ ) : Vε(vk
τ ) dx− 1

2

∫
Ω
ε(vk−1

τ ) : Vε(vk−1
τ ) dx +

C∗
2
τ∥vk

τ∥2W ≤ Cτ(1 + ∥uk
τ∥2W ).

So, summing for k = 1 to j and recalling that V is coercive by hypothesis (A3), we get

∥ε(vk
τ )∥2H +

j∑
k=1

τ∥vk
τ∥2W ≤ C0 + C

j∑
k=1

τ∥uk
τ∥2W

≤ C0 + C

j∑
k=1

τ

[
k∑

l=1

τ∥vl
τ∥2W + ∥u0∥2W

]
= C0 + C

j∑
k=1

τ

[
k∑

l=1

τ∥vl
τ∥2W

]
,

where the last equality holds, changing the constant C0. So, applying the discrete
Gronwall inequality stated in Lemma 2.4 leads to

∥ε(vk
τ )∥2H +

j∑
k=1

τ∥vk
τ∥2W ≤ C.

Since we already know that ∥vk
τ∥H ≤ C thanks to (4.3.46), (4.3.30) follows. Moreover,

recalling the trivial identity

uk
τ = u0 +

k∑
l=1

τvl
τ ,

also (4.3.28) holds true. Finally, by equation (4.3.19d), we can write ∂tvτ as

∂tvτ = div [h(zτ )Cε(uτ )] − div [h(zτ )CRφτ ] + div [a(zτ )Vε(vτ )]

and deduce, by comparison, that ∂tvτ is uniformly bounded in L2(0, T ;H). Indeed, h, a,
C and V are bounded and Lipschitz continuous. The term ∥∇zτ∥L∞(Lp(Ω)) is uniformly
bounded thanks to (4.3.47). Moreover,

∥ε(uτ )∥L∞(V ) + ∥φτ∥L∞(V ) + ∥ε(vτ )∥L2(V ) ≤ C

thanks to estimates (4.3.28), (4.3.47), (4.3.30), and V ↪→ Lq(Ω) were q is the Hölder
conjugate of 2p

p+2 . So, estimate (4.3.31) follows. Since ∂tuτ = vτ , (4.3.28) and (4.3.30)
imply (4.3.29).
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Higher order estimate for the order parameter. Equation (4.3.19b) can be rewritten
as

⌣
Ψ

′(φτ ) − ∆φτ = µτ −
⌢
Ψ

′(φ
τ
) + h(zτ )C(ε(uτ ) −Rφτ ) : R− (φτ − φ

τ
).

The right-hand side belongs to L2(0, T ;H) because
⌢
Ψ′ is Lipschitz continuous by hypoth-

esis (A2), h and C are bounded by hypotheses (A4) and (A3). More specifically, the
following estimate holds:

∥⌣
Ψ

′(φτ ) − ∆φτ∥L2(H) ≤∥µτ∥L2(H) + C
(
∥φ

τ
∥L2(H) + 1

)
+ C

(
∥ε(uτ )∥L2(H) + ∥φτ∥L2(H)

)
+ ∥φτ − φ

τ
∥L2(H) ≤ C.

On the other hand, we have that

∥⌣
Ψ

′(φτ ) − ∆φτ∥2L2(H)

= ∥⌣
Ψ

′(φτ )∥2L2(H) + ∥−∆φτ∥2L2(H) + 2

∫ t

0

∫
Ω
−∆φτ

⌣
Ψ

′(φτ ) dx ds

≥ ∥⌣
Ψ

′(φτ )∥2L2(H) + ∥−∆φτ∥2L2(H),

(4.3.55)

from which estimate (4.3.24) follows. Observe that the inequality in (4.3.55) holds
because

⌣
Ψ′ is an increasing continuous function and, therefore, a maximal monotone

graph. More explicitly, if we consider its Yosida approximation
⌣
Ψ′

δ , we have∫ t

0

∫
Ω
−∆φτ

⌣
Ψ

′
δ(φτ ) dx ds =

∫ t

0

∫
Ω

⌣
Ψ

′′
δ (φτ )|∇φτ |2 dx ds ≥ 0,

because
⌣
Ψ′

δ is monotone and Lipschitz continuous, so
⌣
Ψ′′

δ exists a.e. and it is non-negative.

Moreover,
⌣
Ψ′

δ(φτ ) → ⌣
Ψ′(φτ ) strongly in L2(0, T ;H) as δ → 0+ (see Proposition 2.16).

So, passing to the limit in the previous expression, we deduce what we claimed. Taking
into account (4.3.47), we deduce that (4.3.21) holds. Notice that the asymmetry between
φτ and φ

τ
in estimate (4.3.21) is a consequence of the fact that φ

τ
= φ0 in [0, τ ] and φ0

belongs to V , not to W .

More estimates for the damage. From (4.3.19e), we have

−∆pzτ + βτ (zτ ) = −∂tzτ − π(zτ ) −
⌣
h′(zτ ) +

⌢
h′(zτ )

2
C[ε(uτ ) −Rφτ ] : [ε(uτ ) −Rφτ ]

in L2(0, T ;H). More specifically, we know that

∥−∆pzτ + βτ (zτ )∥L2(H)

≤ ∥∂tzτ∥L2(H) + C
(
∥zτ∥L2(H) + 1 + ∥ε(uτ )∥2L4(L4(Ω)) + ∥φτ∥2L4(L4(Ω))

)
≤ C

(
∥∂tzτ∥L2(H) + ∥zτ∥L2(H) + ∥uτ∥2L∞(W0)

+ ∥φτ∥2L∞(V ) + 1
)
≤ C,
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making use of the previous estimates, hypothesis (A6) according to which π is Lipschitz

continuous, the fact that
⌣
h and

⌢
h are continuous, the uniform boundedness of ∥zτ∥L∞(Q)+

∥zτ∥L∞(Q) from (4.3.48), and the embedding Z ↪→ C0(Ω). On the other hand,

∥−∆pzτ + βτ (zτ )∥2L2(H)

= ∥−∆pzτ∥2L2(H) + ∥βτ (zτ )∥2L2(H) + 2

∫ t

0

∫
Ω
−∆pzτ βτ (zτ ) dx ds

= ∥−∆pzτ∥2L2(H) + ∥βτ (zτ )∥2L2(H) + 2

∫ t

0

∫
Ω
β′
τ (zτ )|∇zτ |p dx ds

≥ ∥−∆pzτ∥2L2(H) + ∥βτ (zτ )∥2L2(H),

where the inequality stands because β′
τ is monotone and Lipschitz continuous (so it is

a.e. differentiable with positive derivative). Thus, we have proved (4.3.34) and (4.3.35),
employing the fact that z0 ∈ D(−∆p) by hypothesis (A9). Finally, to conclude estimate
(4.3.32), we make use of the inequality stated in Lemma 2.21, from which

∥zτ∥W 1+δ,p + ∥zτ∥W 1+δ,p ≤ Cδ (∥−∆pzτ∥H + ∥−∆pzτ∥H + ∥zτ∥H + ∥zτ∥H) ,

for any δ ∈ (0, 1/p). Thanks to (4.3.48) that we have already proved, we get (4.3.32).
Combining (4.3.32) with the energy estimate (4.3.47), we obtain (4.3.33).

4.3.3 Compactness assertions

Lemma 4.17. There exists a quintuple (φ, µ, σ, u, z) that satisfy the regularity of
Theorem 4.8 such that, for a non-relabelled subsequence, we have

φτ → φ weakly-∗ in L∞(0, T ;V ) ∩H1(0, T ;V ′), (4.3.56)

strongly in C0([0, T ];Lr(Ω)), (4.3.57)

φτ → φ weakly-∗ in L∞(0, T ;V ) ∩ L2(0, T ;W ), (4.3.58)

φτ , φτ
→ φ strongly in Lr(0, T ;Lr(Ω)) and a.e. in Q, (4.3.59)

⌣
Ψ

′(φτ ) → ⌣
Ψ

′(φ) weakly in L2(0, T ;H), (4.3.60)
⌢
Ψ

′(φ
τ
) → ⌢

Ψ
′(φ) strongly in L2(0, T ;H), (4.3.61)

µτ , µτ
→ µ weakly in L2(0, T ;V ), (4.3.62)

στ → σ weakly-∗ in L∞(0, T ;H) ∩ L2(0, T ;V ) ∩H1(0, T ;V ′), (4.3.63)

strongly in L2(0, T ;Lr(Ω)) and a.e. in Q, (4.3.64)

στ → σ weakly-∗ in L∞(0, T ;H) ∩ L2(0, T ;V ), (4.3.65)

uτ → u weakly-∗ in W 1,∞(0, T ;V0) ∩H1(0, T ;W0), (4.3.66)

strongly in C0([0, T ];X), (4.3.67)

uτ ,uτ → u weakly-∗ in L∞(0, T ;W0), (4.3.68)

strongly in L∞(0, T ;X), (4.3.69)

vτ → ∂tu weakly-∗ in L∞(0, T ;V0) ∩H1(0, T ;H), (4.3.70)
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vτ → ∂tu weakly-∗ in L∞(0, T ;V0) ∩ L2(0, T ;W0), (4.3.71)

zτ → z weakly-∗ in L∞(0, T ;Z) ∩ L2(0, T ;W 1+δ,p(Ω)) ∩H1(0, T ;H), (4.3.72)

strongly in Ls(0, T ;Z) and a.e. in Q, (4.3.73)

zτ , zτ → z weakly-∗ in L∞(0, T ;Z) ∩ L2(0, T ;W 1+δ,p(Ω)), (4.3.74)

strongly in Ls(0, T ;Z) and a.e. in Q, (4.3.75)

− ∆pzτ → −∆pz weakly in L2(0, T ;H), (4.3.76)

βτ (zτ ) → ξ weakly in L2(0, T ;H) with ξ ∈ β(z), (4.3.77)

for any r ∈ [1, 6), s ∈ [1,+∞), δ ∈ (0, 1/p), and X such that W0 ↪→↪→ X ↪→ H.

Proof. Most of the convergences are obvious from Proposition 4.16 and standard com-
pactness results (Banach—Alaoglu theorem and Aubin–Lions theorem); this way, we
immediately obtain (4.3.58), (4.3.56)–(4.3.57), (4.3.62)–(4.3.68), (4.3.71)–(4.3.74). In the
following, we will prove the other ones, focusing on the case d = 3, which is the most
challenging due to weaker embeddings and interpolation inequalities available. The case
d = 2 can be treated in a similar but easier way. Notice that it is easy to identify the
limit of a piecewise constant interpolant and its retarded function. For example, let’s
prove that µ

τ
and µτ converge to the same limit. From (4.3.25), we know that µ

τ
→ µ

and µτ → ν weakly in L2(0, T ;V ) ↪→ L2(0, T ;H). Moreover, we recall that, by definition,

µτ (t) = µ
τ
(t + τ) for a.e. t ∈ (0, T − τ). (4.3.78)

Take a test function ρ ∈ C∞
c (Ω × (0, T )). Since it has compact support, there exists a

ϵ > 0 such that supp(ρ) ⊆ Ω × (ϵ, T − ϵ) and we can assume 2τ < ϵ. By a simple change
of variables, taking (4.3.78) into account, we have∫ t

0

∫
Ω
µτρ dx dt =

∫ T−ϵ

ϵ

∫
Ω
µ
τ
(x, t + τ)ρ(x, t) dx dt =

∫ T+τ−ϵ

ϵ+τ

∫
Ω
µ
τ
(x, s)ρ(x, s− τ) dx ds

=

∫ t

0

∫
Ω
µ
τ
(x, s)ρ(x, s− τ) dx ds →

∫ t

0

∫
Ω
µρdx ds.

Here we used the fact that ρ(·, · − τ) is still a test function with compact support in
(ϵ+τ, T +τ − ϵ) ⊆ (0, T −τ) and then we passed to the limit because we have the product
of a weakly convergent sequence and a strongly convergent one in L2(0, T ;H). On the
other hand, we also know that∫ t

0

∫
Ω
µτρdx dt →

∫ t

0

∫
Ω
νρdx dt.

Thus, by uniqueness of the limit and the Fundamental Lemma of the Calculus of Variations,
we conclude that µ = ν. In the following, we will discuss the less straightforward limits
of the statement. To prove (4.3.59), we initially show that φτ , φτ

→ φ strongly in

L2(0, T ;H). Rewriting the piecewise linear interpolant φτ as

φτ (t) = φ
τ
(t) +

t− tk−1

τ

[
φτ (t) − φ

τ
(t)

]
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for every t ∈ Ikτ , then

∥φτ − φ
τ
∥2L2(H) =

Kτ∑
k=1

∫ tkτ

tk−1
τ

∫
Ω

(
t− tk−1

τ

)2

(φτ (t) − φ
τ
(t))2 dx dt

≤ ∥φτ − φ
τ
∥2L2(H) ≤ τC → 0,

where the last inequality is due to (4.3.22). On the other hand, by (4.3.57), φτ goes
to φ strongly in L2(0, T ;H), so also φ

τ
→ φ in L2(0, T ;H) and, using again (4.3.22),

the same holds for φτ . We can also deduce that, along a non-relabelled subsequence,
φτ , φτ

→ φ a.e. in Q. Since ∥φ
τ
∥L6(L6(Ω)), ∥φτ∥L6(L6(Ω)) ≤ C, as ensured by (4.3.21) and

by the embedding L∞(0, T ;V ) ↪→ L∞(0, T ;L6(Ω)), and given that φτ , φτ
→ φ pointwise

a.e., it follows that φτ , φτ
→ φ in Lr(0, T ;Lr(Ω)) for every r ∈ [1, 6), so (4.3.59) holds.

From (4.3.24), ∥⌣
Ψ′(φτ )∥L2(H) ≤ C; moreover,

⌣
Ψ is continuous and φτ → φ a.e., so

⌣
Ψ′(φτ ) → ⌣

Ψ′(φ) a.e. in Q. Hence, we have also (4.3.60). By (4.3.59) and the Lipschitz
continuity of

⌢
Ψ′, we get (4.3.61). In order to prove (4.3.69), we start by noticing that for

every t ∈ Ikτ

uτ (t) = uτ (t) +
t− tk−1

τ
[uτ (t) − uτ (t)] = uτ (t) +

t− tk−1

τ

∫
Ikτ

vτ ds,

from which, using (4.3.30) and W0 ↪→ X, it follows that

∥uτ − uτ∥X ≤ ∥vτ∥L2(X)τ
1/2 ≤ Cτ1/2 → 0.

Since we already know that uτ → u strongly in L∞(0, T ;X) by (4.3.67), this inequality
leads to (4.3.69). Finally, we prove the convergences regarding the damage. From Aubin–
Lions compactness result, L2(0, T ;W 1+δ,p(Ω)) ∩H1(0, T ;H) ↪→↪→ L2(0, T ;Z) so, using
(4.3.33) and (4.3.32), along a subsequence zτ → z strongly in L2(0, T ;Z). Since zτ is
bounded in L∞(0, T ;Z), we obtain (4.3.73). As we have already observed before, for
every t ∈ Ikτ it holds

zτ (t) = zτ (t) − tk − t

τ

∫
Ikτ

∂tzτ ds

and, as a consequence,

∥zτ − zτ∥L∞(H) ≤ ∥∂tzτ∥L2(H)τ
1/2 ≤ Cτ1/2 → 0.

Hence, we deduce that, along a subsequence, zτ − zτ → 0 a.e. in Q. Since we know that

∥zτ − zτ∥L∞(Q) ≤ C∥zτ∥L∞(Z) + ∥zτ∥L∞(Z) ≤ C,

we obtain that zτ − zτ → 0 strongly in Ls(0, T ;Ls) for every s ∈ [0,+∞). It trivially
follows that zτ − zτ → 0 strongly in Ls(0, T ;Lt) for every s, t ∈ [0,+∞). Now we want
to prove that a subsequence converges strongly in L2(0, T ;Z). To reach our purpose,
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we employ the following inequality of Gagliardo–Nirenberg type for fractional Sobolev
spaces (see [BM18, Theorem 1, p. 1356] for further details)

∥zτ − zτ∥Z ≤ C∥zτ − zτ∥θLp(Ω)∥zτ − zτ∥1−θ
W 1+δ,p

with θ = δ/(1 + δ). Taking the square of this inequality, integrating over the time interval
(0, T ), and using the Hölder inequality leads to∫ t

0
∥zτ − zτ∥2Z dt ≤ C

∫ t

0
∥zτ − zτ∥2θLp(Ω)∥zτ − zτ∥2(1−θ)

W 1+δ,p dt

≤ C

[∫ t

0
∥zτ − zτ∥2θqLp(Ω) dt

]1/q [∫ t

0
∥zτ − zτ∥2(1−θ)q′

W 1+δ,p dt

]1/q′
where q = 1/θ = (1 + δ)/δ and q′ = q/(1 − q) = 1/(1 − θ) (so that 2θq′ = 2(1 − θ)q = 2).
Hence, we have

∥zτ − zτ∥L2(Z) ≤ C∥zτ − zτ∥2/qL2(Lp(Ω))
∥zτ − zτ∥2/q

′

L2(W 1+δ,p)
≤ C∥zτ − zτ∥2/qL2(Lp(Ω))

→ 0.

This strong convergence, combined with the boundedness of zτ − zτ in L∞(0, T ;Z) (that
we have from (4.3.32)), gives us ∥zτ − zτ∥Ls(Z) → 0 for every s ∈ [0,+∞). Since we
already know (4.3.73), we have (4.3.75). Because of (4.3.34), it exists a w ∈ L2(0, T ;H)
such that, along a non-relabeled subsequence, −∆pzτ ⇀ w in L2(0, T ;H). Then, recalling
that zτ → z strongly in L2(0, T ;H) and that the operator −∆p : H → H is maximal
monotone so it is strong-weak closed (see Proposition 2.14), we may identify w = −∆pz,
which proves (4.3.76). Finally, from (4.3.35), we deduce that it exits a ξ ∈ L2(0, T ;H)
such that βτ (zτ ) ⇀ ξ in L2(0, T ;H). Since β is maximal monotone, βτ is its Yosida
approximation and zτ → z strongly in L2(0, T ;H), using [Bar76, Proposition 1.1, p. 42],
we deduce that ξ ∈ β(z) so (4.3.77) holds.

4.3.4 Passage to the limit in the discrete system

Now we have all the instruments necessary to prove our main result, Theorem 4.8. We
want to exploit the compactness result Lemma 4.17, proving that the limit we found is a
weak solution to our problem in the sense of Definition 4.5.

Cahn–Hilliard equation. In (4.3.19a), we can easily pass to the weak limit in the terms
on the left-hand side and in the second term on the right-hand side using convergence
(4.3.56) and (4.3.62). Given a function ζ ∈ L2(0, T ;V ), we want to prove that∫ t

0

∫
Ω

(
λpστ

1 + |W,ε(φτ
, ε(uτ ), zτ )|

− λa + f τ

)
g(φ

τ
, zτ )ζ dtdx

→
∫ t

0

∫
Ω

(
λpσ

1 + |W,ε(φ, ε(u), z)|
− λa + f

)
g(φ, z)ζ dt dx.
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First, we note that φ
τ

(resp. zτ , ε(uτ )) converges to φ (resp. z, ε(u)) a.e. in Q because of
(4.3.59) (resp. (4.3.75), (4.3.69)). Since g and W,ε are continuous, g(φ

τ
, zτ ) → g(φ, z) and

W,ε(φτ
, ε(uτ ), zτ ) → W,ε(φ, ε(u), z) a.e. in Q. Moreover, g is bounded and 1 + |W,ε| ≥ 1.

Finally, we recall that στ ⇀ σ weakly in L2(0, T ;H) from (4.3.65), and f τ → f strongly
in L2(0, T ;H), so the above convergence holds. In (4.3.19b), exploiting convergences
(4.3.62), (4.3.58), (4.3.60), and (4.3.61), we can immediately pass to the weak limit in all
the terms except in W,φ(φτ , ε(uτ ), zτ ). However, for every ρ ∈ L2(0, T ;H), we have

−
∫ t

0

∫
Ω
h(zτ )(ε(uτ ) −Rφτ ) : CRρdx dt → −

∫ t

0

∫
Ω
h(z)(ε(u) −Rφ) : CRρ dx dt,

because ε(uτ ) −Rφτ ⇀ ε(u) −Rφ weakly in L2(0, T ;H) (from (4.3.68) and (4.3.58))
and CRh(zτ )ρ → CRh(z)ρ strongly in L2(0, T ;H). This last convergence holds true
since C is bounded, h is continuous and bounded, zτ → z a.e. in Q from (4.3.75), so we
can apply the Dominated Convergence Theorem.

Nutrient equation. Rewriting explicitly (4.3.19c), it holds

∫ t

0
⟨∂tστ , ζ⟩V dt +

∫ t

0

∫
Ω
∇στ · ∇ζ dx dt + α

∫ T

0

∫
Γ
(στ − σΓ,τ )ζ dHd−1 dt

=

∫ t

0

∫
Ω

[
−λcστg(φ

τ
, zτ ) + Λc(zτ )(σc,τ − στ )

]
ζ dx dt

for every ζ ∈ L2(0, T ;V ). As we have already pointed out, g(φ
τ
, zτ )ζ → g(φ, z)ζ strongly

in L2(0, T ;H) and in the same way one can prove that Λc(zτ )ζ → Λc(z)ζ strongly in
L2(0, T ;H). So,

∫ t

0

∫
Ω

[
−λcστg(φ

τ
, zτ ) + Λc(zτ )(σc,τ − στ )

]
ζ dx dt

→
∫ t

0

∫
Ω

[−λcσg(φ, z) + Λc(z)(σc − σ)] ζ dx dt

because we also know that στ ⇀ σ weakly in L2(0, T ;H) thanks to (4.3.65). Regarding
the term with the boundary integral, we recall that the trace operator H1 → HΓ is linear
and continuous. Thus, the weak convergence στ − σΓ,τ ⇀ σ − σΓ in L2(0, T ;V ), that
we have from (4.3.65) and by construction of σΓ,τ , leads to the weak convergences of
the traces in L2(0, T ;L2(Γ)). All the other terms converge using (4.3.63) and (4.3.65).
Finally, 0 ≤ σ ≤ M because στ satisfies this property and, thanks to (4.3.64), we have
pointwise convergence a.e. in Q.
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Displacement equation. For every ρ ∈ L2(0, T ;H), the following equality holds:∫ t

0

∫
Ω
∂tvτ · ρdx dt−

∫ t

0

∫
Ω
h′(zτ )C [ε(uτ ) −Rφτ ]∇zτ · ρ dx dt

−
∫ t

0

∫
Ω
h(zτ ) div (Cε(uτ ) − CRφτ ) · ρdx dt−

∫ t

0

∫
Ω
a′(zτ )Vε(vτ )∇zτ · ρdx dt

−
∫ t

0

∫
Ω
a(zτ ) div (Vε(vτ )) · ρdx dt = 0.

Thanks to (4.3.70), we can pass to the weak limit in the first term. For the other,
more complicated addends, we proceed explicitly. Regarding the second term, we want
to prove that∫ t

0

∫
Ω
h′(zτ )C [ε(uτ ) −Rφτ ]∇zτ · ρdx dt →

∫ t

0

∫
Ω
h′(z)C [ε(u) −Rφ]∇z · ρdx dt.

As we have already exploited, zτ → z a.e. in Q and h′ is continuous, so h′(zτ ) →
h′(z) a.e. in Q. Moreover, from (4.3.32) we know that ∥zτ∥L∞(Q) ≤ C so, since h′ is
continuous, ∥h′(zτ )∥L∞(Q) ≤ C. From (4.3.75), choosing s = p, we get that ∇zτ → ∇z
in Lp(0, T ;Lp(Ω)). Hence, h′(zτ )∇zτ · ρ → h′(z)∇z · ρ strongly in Lq(0, T ;Lq(Ω)) with
q = 2p

p+2 . Let q′ be the Hölder conjugate of q, then it is easy to verify that q′ ∈ [2, 6) if

d = 3 and q′ ∈ [2,+∞) if d = 2. From the boundedness of C, (4.3.58) and (4.3.68), we
have that C [ε(uτ ) −Rφτ ] ⇀ C [ε(u) −Rφ] weakly in Lq′(0, T ;Lq′(Ω)), so the desired
convergence follows. To prove that∫ t

0

∫
Ω
h(zτ ) div (Cε(uτ ) − CRφτ ) · ρdx dt →

∫ t

0

∫
Ω
h(z) div (Cε(u) − CRφ) · ρ dx dt,

we observe that h is continuous and bounded and zτ → z a.e., so, thanks to the Dominated
Convergence Theorem, h(zτ )ρ → h(z)ρ in L2(0, T ;H). Moreover, by (4.3.68), (4.3.58),
and since C is bounded and Lipschitz, div (Cε(uτ ) − CRφτ ) ⇀ div (Cε(u) − CRφ) weakly
in L2(0, T ;H). Now we take into consideration the fourth term, and we are going to
show that ∫ t

0

∫
Ω
a′(zτ )Vε(vτ )∇zτ · ρdx dt →

∫ t

0

∫
Ω
a′(z)Vε(v)∇z · ρdx dt.

Since a′ is continuous and zτ → z a.e. by (4.3.75), a′(zτ ) → a′(z) a.e. in Q. Ex-
ploiting the boundedness of a′ (which follows from the fact that a is Lipschitz), by
the Dominated Convergence Theorem a′(zτ )ρ → a′(z)ρ strongly in L2(0, T ;H). More-

over, by (4.3.71) and (4.3.58), ε(vτ )
∗
⇀ ε(∂tu) weakly-∗ in L∞(0, T ;H) ∩ L2(0, T ;V ) ↪→

L2p/d(0, T ;L2p/(p−2)(Ω)), where the embedding holds true because of the Gagliardo–
Nirenberg inequality. More precisely, we apply Theorem 2.5 with

r ∈
(

2,
2d

d− 2

)
, q = 2, s = 1, α = d

(
1

r
− d− 2

2d

)
.
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Finally, from (4.3.75) with s = 2p/(p − d), we get ∇zτ → ∇z strongly in the space
L2p/(p−d)(0, T ;Lp(Ω)). So, we have concluded, because

1

2
+

1

2p/d
+

1

2p/(p− d)
= 1,

1

2
+

1

2p/(p− 2)
+

1

p
= 1.

Lastly, we aim to show that∫ t

0

∫
Ω
a(zτ ) div (Vε(vτ )) · ρ dx dt →

∫ t

0

∫
Ω
a(z) div (Vε(v)) · ρdx dt.

Continuity and boundedness of a, convergences a.e. of zτ from (4.3.75), and the Dom-
inated Convergence Theorem lead to a(zτ )ρ → a(z)ρ strongly in L2(0, T ;H). From
(4.3.71) we have that vτ ⇀ ∂tu weakly in L2(0, T ;W0) and from hypothesis (A4) V is
bounded and Lipschitz continuous. Thus, the last term of the displacement equation
passes to the limit.

Damage equation. We discuss only the least immediate term. Consider a test function
ρ ∈ L2(0, T ;H). We will prove that∫ t

0

∫
Ω

⌣
h′(zτ ) +

⌢
h′(zτ )

2
(ε(uτ ) −Rφτ ) : C(ε(uτ ) −Rφτ )ρdx dt

→
∫ t

0

∫
Ω

h′(z)

2
(ε(u) −Rφ) : C(ε(u) −Rφ)ρdx dt.

Since zτ , zτ → z a.e. in Ω,
⌣
h′,

⌢
h′ are continuous, and

⌣
h′+

⌢
h′ = h′, we have

⌣
h ′(zτ )+

⌢
h ′(zτ )

2 →
h′(z)
2 a.e. in Ω. Moreover, ∥zτ∥L∞(Q), ∥zτ∥L∞(Q) are uniformly bounded by (4.3.32). It

follows that ∥⌣h′(zτ )∥L∞(Q), ∥
⌣
h′(zτ )∥L∞(Q) ≤ C. Using the Dominated Convergence Theo-

rem, we deduce that
⌣
h ′(zτ )+

⌢
h ′(zτ )

2 ρ → h′(z)
2 ρ strongly in L2(0, T ;H). From (4.3.69), choos-

ing X = W 1,4(Ω), and from (4.3.59), choosing r = 4, we get that ε(uτ )−Rφτ → ε(u)−Rφ
strongly in L4(0, T ;L4(Ω)). Since C is bounded, we have the desired convergence.

4.4 Continuous dependence for a modified system

Continuous dependence and uniqueness are not addressed in [Cav25] and remain open
problems. The main difficulty to overcome is the p-Laplace operator’s degeneracy. To
clarify the core of the issue, we proceed as is commonly done when proving continuous
dependence. We take the differences of the equations in system (1.3.5), written for two
solutions (φi, µi, σi,ui, zi)i=1,2, and we focus on the resulting damage equation, choosing
z := z1 − z2 as a test function. Recalling that −∆p and β are monotone operators, we
infer

1

2

d

dt
∥z∥2H +

∫
Ω

0≤︷ ︸︸ ︷[
|∇z1|p−2∇z1 − |∇z2|p−2∇z2

]
· ∇z dx +

∫
Ω

0≤︷ ︸︸ ︷
(ξ1 − ξ2)z dx

= −
∫
Ω

(π(z1) − π(z2)) z dx−
∫
Ω

(W,z(φ1, ε(u1), z1) −W,z(φ2, ε(u2), z2)) z dx.
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Chapter 4. A phase field tumor growth model with damage and mechanical effects

Thus, on the left-hand side, we lack a ∇z term which, present in a suitable norm, would
allow us to absorb similar addends coming from the other equations and, in the end, to
apply the Gronwall inequality. To bypass this difficulty, in the literature it is sometimes
considered a modified damage equation (1.3.5e), in which the p-Laplacian is replaced by
another nondegenerate operator (see [RR14]). Following this approach, in this section,
we consider the PDE system

∂tφ− ∆µ = U(φ, σ, ε(u), z), (4.4.1a)

µ = −∆φ + Ψ′(φ) + W,φ(φ, ε(u), z), (4.4.1b)

∂tσ − ∆σ = S(φ, σ, z), (4.4.1c)

∂ttu− div [a(z)Vε(∂tu) + W,ε(φ, ε(u), z)] = 0, (4.4.1d)

∂tz − div(d(·,∇z)) + β(z) + π(z) + W,z(φ, ε(u), z) ∋ 0, (4.4.1e)

coupled with the boundary conditions

∂νφ = ∂νµ = 0, (4.4.2a)

∂νσ + α(σ − σΓ) = 0, (4.4.2b)

u = 0, (4.4.2c)

d(·,∇z) · ν = 0, (4.4.2d)

and the initial conditions

φ(0) = φ0, σ(0) = σ0, u(0) = u0, ∂tu(0) = v0, z(0) = z0. (4.4.3)

As already pointed out, the only difference with respect to (1.3.5)–(1.3.7) is the presence
of the operator Bz := −div(d(·,∇z)) in place of −∆pz in equation (4.4.1e) and, as a
consequence, the modified boundary condition (4.4.2d). All the sources, the constants,
and assigned functions remain the same, and we assume that hypotheses (A1)–(A4),
(A6)–(A9) hold with only one obvious change, which is requiring

z0 ∈ D(B) (4.4.4)

instead of z0 ∈ D(−∆p). Hypothesis (A5) is replaced by the following set of assumptions,
where we properly introduce B.

(B1) Let ϕ : Ω × Rd → [0,+∞) be a Carathéodory function, i.e.,

x → ϕ(x, ζ) is Lebesgue-measurable for all ζ ∈ Rd, (4.4.5)

ζ → ϕ(x, ζ) is continuous for a.e. x ∈ Ω. (4.4.6)

We assume that for a.e. x ∈ Ω the function ϕ(x, ·) : Rd → [0,+∞)

belongs to C1(Rd), (4.4.7)

is convex with ϕ(x, 0) = 0. (4.4.8)
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We introduce the notation d := ∇ζϕ and require that the following growth conditions
hold for certain constants C5, C6, C7, and a.e. x ∈ Ω, for all ζ ∈ Rd

ϕ(x, ζ) ≥ C5|ζ|p − C6, (4.4.9)

|d(x, ζ)| ≤ C7(1 + |ζ|p−1) (4.4.10)

and for an exponent p that satisfies

p > d. (4.4.11)

We define Φ : H → [0,+∞] as follows

Φ(z) :=


∫
Ω
ϕ(x,∇z(x)) dx ϕ(·,∇z) ∈ L1(Ω),

+∞ otherwise.

Then, thanks to hypothesis (B1), we claim that

Φ is proper, lower semi-continuous, and convex, (4.4.12)

with domain D(Φ) = Z. (4.4.13)

As a consequence, its subdifferential B := ∂Φ is a (single-valued) maximal monotone
operator with domain

D(B) = {z ∈ Z : −div(d(·,∇z)) ∈ H, d(·,∇z) · ν = 0}

=

{
z ∈ Z : sup

ω∈Z\{0}

∫
Ω d(x,∇z(x)) · ∇ω(x) dx

∥ω∥H
< +∞

}
.

(4.4.14)

For every z ∈ D(B) it acts as follows∫
Ω
Bz ω dx =

∫
Ω
d(x,∇z(x)) · ∇ω(x) dx ∀ω ∈ Z.

Thus, we have that
Bz = −div(d(·,∇z))

in the sense of distributions.

Remark 4.18. The prototypical example of B is the classical p-Laplace operator with
homogeneous Neumann boundary conditions. To obtain it, we set

ϕp(x, ζ) =
1

p
|ζ|p

and, consequently, dp(x, ζ) = |ζ|p−2ζ. This way we have

−∆pz := Bz = −div
(
|∇z|p−2∇z

)
.
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Chapter 4. A phase field tumor growth model with damage and mechanical effects

Another example is the so-called non-degenerate p-Laplace operator, again with homoge-
neous Neumann boundary conditions. It is defined starting from

ϕnd
p (x, ζ) =

1

p
(1 + |ζ|2)

p
2

and dnd
p (x, ζ) = (1 + |ζ|2)

p−2
2 ζ. We obtain

−∆nd
p z := Bz = −div

(
(1 + |∇z|2)

p−2
2 ∇z

)
.

It is easy to check that both operators satisfy hypothesis (B1).

(B2) We suppose that ϕ is Lipschitz continuous with respect to x and more precisely
that there exists a non-negative constant L such that

|ϕ(x, ζ) − ϕ(y, ζ)| ≤ L|x− y|(1 + |ζ|p) (4.4.15)

for all x, y ∈ Ω and for all ζ ∈ Rd. We require that ϕ satisfies the p-coercivity
condition

(d(x, ζ) − d(x, η)) · (ζ − η) ≥ C6|ζ − η|p (4.4.16)

for a positive constant C6 and for every x ∈ Ω, ζ, η ∈ Rd.

Remark 4.19. Once again, this hypothesis is fulfilled by the p-Laplace operator and
by the non-degenerate p-Laplace operator. Even though it will not be necessary for the
existence result, it guarantees more regularity for the solution. In fact, if the operator
B satisfies hypotheses (B1)–(B2), then D(B) ⊆ W 1+δ,p(Ω) for all 0 < δ < 1

p . Moreover,

there exists a Cδ > 0 such that, for all v ∈ W 1+δ,p(Ω),

∥v∥W 1+δ,p ≤ Cδ(∥−∆pv∥H + ∥v∥H). (4.4.17)

See [Sav98, Theorem 2, Remark 3.5]) for further details.

Assuming all the hypotheses enlisted above, the following existence result holds.

Theorem 4.20 (Existence). Let hypotheses (A1)–(A4), (A6)–(A9) and (B1) be satisfied.
Then, there exists a weak solution to the PDE system (4.4.1)–(4.4.3), i.e., a quintuple
(φ, µ, σ, u, z) with the following regularity

φ ∈ L2(0, T ;W ) ∩ L∞(0, T ;V ) ∩H1(0, T ;V ′), µ ∈ L2(0, T ;V ),

σ ∈ L2(0, T ;V ) ∩H1(0, T ;V ′),

u ∈ H1(0, T ;W0) ∩W 1,∞(0, T ;V0) ∩H2(0, T ;H),

z ∈ L∞(0, T ;Z) ∩H1(0, T ;H)

which complies with the initial conditions

φ(0) = φ0, σ(0) = σ0, u(0) = u0, ∂tu(0) = v0, z(0) = z0 a.e. in Ω,
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and satisfies the following equations a.e. in (0, T ), and for all ζ ∈ V , ω ∈ V0 and ρ ∈ Z

⟨∂tφ, ζ⟩V +

∫
Ω
∇µ · ∇ζ dx =

∫
Ω
U(φ, σ, ε(u), z) ζ dx, (4.4.18a)∫

Ω
µζ dx =

∫
Ω
∇φ · ∇ζ dx +

∫
Ω

Ψ′(φ)ζ dx +

∫
Ω
W,φ(φ, ε(u), z)ζ dx, (4.4.18b)

⟨∂tσ, ζ⟩V +

∫
Ω
∇σ · ∇ζ dx + α

∫
Γ
(σ − σΓ)ζ dHd−1 =

∫
Ω
S(φ, σ, z)ζ dx, (4.4.18c)∫

Ω
∂ttu · ω dx +

∫
Ω

[a(z)Vε(∂tu) + W,ε(φ, ε(u), z)] : ε(ω) dx = 0, (4.4.18d)∫
Ω
∂tzρdx +

∫
Ω
d(·,∇z) · ∇ρ dx

+

∫
Ω
ξρ dx +

∫
Ω
π(z)ρdx +

∫
Ω
W,z(φ, ε(u), z)ρ dx = 0,

(4.4.18e)

where
ξ ∈ L2(0, T ;H) with ξ ∈ β(z) a.e. in Q.

Moreover,
0 ≤ σ ≤ M a.e. in Q.

Finally, if hypothesis (B2) holds, then

z ∈ L2(0, T ;W 1+δ,p) (4.4.19)

for all 0 < δ < 1/p.

The proof is omitted as it is analogous to the one in [Cav25], besides the obvious
modifications. The only difference is the use of the more general operator B instead of
−∆p. In particular, the p-Laplace operator enjoys the additional hypothesis (B2), thus
(1.3.5d) can be rewritten as

∂ttu− a′(z)Vε(∂tu)∇z − a(z) div [Vε(∂tu)]

− h′(z)C (ε(∂tu) −Rφ)∇z − h(z) div [Cε(∂tu) − CRφ] = 0

and is satisfied pointwise a.e. in Q. This is no longer true in the more general case we
are considering, where z does not belong to W 1+δ,p(Ω) and equation (4.2.1d) is satisfied
in a weaker sense.

To derive the continuous dependence property we aim for, it is necessary to introduce
more restrictive assumptions.

(C1) We require that ϕ(x, ·) ∈ C2(Rd \ {0}) for every x ∈ Ω and that it complies with
the convexity requirement

D2
ζϕ(x, ζ)η · η ≥ C8(1 + |ζ|)p−2|η|2 (4.4.20)

for a positive constant C8, for all x ∈ Ω, ζ ∈ Rd \ {0} and η ∈ Rd.
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Remark 4.21. As done in [Kne05, Lemma A.1, p. 149], it can be easily proved that
hypothesis (C1) implies the existence of a positive constant C9 such that

(d(x, ζ) − d(x, η)) · (ζ − η) ≥ C9(1 + |ζ| + |η|)p−2|ζ − η|2 (4.4.21)

for every x ∈ Ω and for every ζ, η ∈ Rd.

Remark 4.22. Notice that hypothesis (C1) is satisfied by the non-degenerative p-
Laplacian but not by the p-Laplacian. In fact, the latter operator satisfies the weaker
inequality

D2
ζϕp(x, ζ)η · η ≥ C8|ζ|p−2|η|2

and consequently

(dp(x, ζ) − dp(x, η)) · (ζ − η) ≥ C9(|ζ| + |η|)p−2|ζ − η|2

which will not be enough to prove uniqueness (see also Remark 4.24).

(C2) We assume that

g is Lipschitz continuous, (4.4.22)

Λc is Lipschitz continuous, (4.4.23)

(C3) We ask that the convex part of the potential Ψ satisfies the following growth
condition

|⌣Ψ′(s) − ⌣
Ψ

′(r)| ≤ C(1 + |s|4 + |r|4)|s− r| (4.4.24)

for a certain constant C and for all s, r ∈ R.

Notice that, since the derivative of the concave part of Ψ is Lipschitz continuous by
hypothesis (A2), the very same inequality with a different constant holds also for Ψ′.

(C4) We require that the elastic coefficient satisfies

h′ is Lipschitz continuous, (4.4.25)

and that viscous coefficient

a is constant. (4.4.26)

In the following, when we use this hypothesis, we will incorporate the constant a into the
viscosity tensor V, to simplify the notation.

Theorem 4.23 (Continuous dependence). Let hypotheses (A1)–(A4), (A6)–(A9), (B1),
and (C1)–(C4) be satisfied. Then, for every pair {(φi, µi, σi,ui, zi)}i=1,2 of weak solutions
to (4.4.1)–(4.4.3) corresponding to the initial data {(φ0,i, σ0,i,u0,i,v0,i, z0,i)}i=1,2 and to
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the assigned functions {(fi, σc,i, σΓ,i)}i=1,2, the following continuous dependence inequality
holds

∥φ1 − φ2∥L∞(V ′)∩L2(V ) + ∥µ1 − µ2∥L2(V ′) + ∥σ1 − σ2∥L∞(H)∩L2(V )

+ ∥u1 − u2∥W 1,∞(H)∩H1(V ) + ∥z1 − z2∥L∞(H)∩L2(V ) + ∥∇z1 −∇z2∥p/2Lp(Lp(Ω))

≤ C
(
∥φ0,1 − φ0,2∥V ′ + ∥σ0,1 − σ0,2∥H + ∥u0,1 − u0,2∥V + ∥v0,1 − v0,2∥H

+ ∥z0,1 − z0,2∥H + ∥f1 − f2∥L2(H) + ∥σc,1 − σc,2∥L2(H) + ∥σΓ,1 − σΓ,2∥L2(L2(Γ))

)
for a positive constant C that depends on T , and on ∥φi∥L∞(L6(Ω)), Mi, ∥ε(ui)∥L∞(L6(Ω)),
∥zi∥L∞(Q), ∥fi∥L∞(H) for i = 1, 2. In particular, the solution of (4.4.1) coupled with the
boundary conditions (4.4.2) and the initial conditions (4.4.3) is unique.

Remark 4.24. As it will be pointed out throughout the proof, hypothesis (C1) is a
crucial assumption because it guarantees that inequality (4.4.21) holds. The fact that
the p-Laplace operator does not satisfy it is the reason why we are not able to prove
uniqueness in this case.

4.4.1 Proof of the continuous dependence theorem

Consider two pairs {(φi, µi, σi,ui, zi)}i=1,2 of weak solution corresponding to the assigned
functions {(fi, σc,i, σΓ,i)}i=1,2 and to the initial data {(φ0,i, σ0,i,u0,i,v0,i, z0,i)}i=1,2. For
the sake of brevity, in the following, we will use the shorter notation

φ := φ1 − φ2, σ := σ1 − σ2, u := u1 − u2, z := z1 − z2,

φ0 := φ0,1 − φ0,2, σ0 := σ0,1 − σ0,2, u0 := u0,1 − u0,2, v0 := v0,1 − v0,2,

z0 := z0,1 − z0,2, f := f1 − f2, σc := σc,1 − σc,2, σΓ := σΓ,1 − σΓ,2.

Moreover, we introduce

W,φ,i := W,φ(φi, ε(ui), zi), W,ϵ,i := W,ϵ(φi, ε(ui), zi), W,z,i := W,z(φi, ε(ui), zi),

gi := g(φi, zi), Ψ′
i := Ψ′(φi), Λc,i := Λc(zi),

hi := h(zi), Bi := B(zi), πi := π(zi),

and the related differences

W ,φ := W,φ,1 −W,φ,2, W ,ϵ := W,ϵ,1 −W,ϵ,2, W ,z := W,z,1 −W,z,2,

g := g1 − g2, Ψ
′
:= Ψ′

1 − Ψ′
2, Λc := Λc,1 − Λc,2,

h := h1 − h2, B := B1 − B2, π := π1 − π2.

The derivation of the following estimates takes inspiration from [GLS21a, Theorem 4]
for the Cahn–Hilliard and nutrient equations, and from [RR14, Theorem 3] for the
displacement and damage equations, suitably adapted to our setting.
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Cahn–Hilliard equation. In the following, it will be useful to write the equation in a
more abstract setting. For this reason, we introduce the Riesz isomorphism A : V → V ′

classically defined as follows:

⟨Au, v⟩V := (u, v)V =

∫
Ω
∇u · ∇v + u v dx

for all u, v ∈ V . We recall that the restriction of A to W is itself an isomorphism from
W onto H given by

Aw = −∆w + w

for all w ∈ W . We report here, for the reader’s convenience, some of the properties
enjoyed by the operator A:

(P1) ⟨Au,A−1v∗⟩V = ⟨v∗, u⟩V for all u ∈ V , v∗ ∈ V ′,

(P2) ∥A−1v∗∥V ≤ ∥v∗∥V ′ for all v∗ ∈ V ′,

(P3)
1

2

d

dt
∥v∗(t)∥2V ′ = ⟨∂tv∗(t),A−1v∗(t)⟩V for all v∗ ∈ H1(0, T ;V ′) and for a.e. t ∈ (0, T ).

In particular, property (P2), together with the continuous embedding V ↪→ Lq(Ω) for an
exponent q ∈ [2, 6], yields the straightforward inequality

∥A−1v∗∥Lq(Ω) ≤ C∥v∗∥V ′ ∀v∗ ∈ V ′, (4.4.27)

which will be frequently used in the following. Our aim is to make A appear in the
Cahn–Hilliard equation in place of the Laplace operator. With this end, we add the term
µ to both sides of equation (4.4.1a) and φ to both sides of equation (4.4.1b). Moreover,
to simplify the notation, we introduce the shifted potential

F (φ) := Ψ(φ) − 1

2
φ2,

and the related term
F

′
:= F ′(φ1) − F ′(φ2) = Ψ

′ − φ.

Notice that F as well as its convex and concave parts enjoy the same properties (A2),
(C3) of Ψ. Writing the equations (4.4.18a)–(4.4.18b) for φ1, µ1 and φ2, µ2 with the
modifications we have discussed and taking their difference, we obtain

⟨∂tφ, ζ⟩V + ⟨Aµ, ζ⟩V =

∫
Ω
µζ dx +

∫
Ω

(
λpσ1

1 + |W,ε,1|
− λa + f1

)
gζ dx

+

∫
Ω

(
λpσ

1 + |W,ε,1|
+ f

)
g2ζ dx +

∫
Ω

|W,ε,2| − |W,ε,1|
(1 + |W,ε,1|)(1 + |W,ε,2|)

λpσ2g2ζ dx,

(4.4.28a)

−
∫
Ω
µζ dx + ⟨Aφ, ζ⟩V +

∫
Ω
F

′
ζ dx

=

∫
Ω

h

2
C[ε(u1) −Rφ1] : Rζ dx +

∫
Ω

h2
2
C[ε(u) −Rφ] : Rζ dx,

(4.4.28b)

104



4.4. Continuous dependence for a modified system

for any ζ ∈ V . Notice that we have also rewritten the differences between the mass
sources in equation (4.4.28a), as well as W ,φ in (4.4.28b), adding and subtracting some
addends. We test equation (4.4.28a) with A−1φ and resort to property (P3) and (P1).
We test equation (4.4.28b) with φ and exploit the definition of A. Then we sum what
we got and notice that the terms ⟨Aµ,A−1φ⟩V and (µ, φ)H cancel out. We obtain:

1

2

d

dt
∥φ∥2V ′ + ∥φ∥2V +

∫
Ω
F

′
φdx =

∫
Ω
µA−1φdx

+

∫
Ω

(
λpσ1

1 + |W,ε,1|
− λa + f1

)
gA−1φdx +

∫
Ω

(
λpσ

1 + |W,ε,1|
+ f

)
g2A−1φdx

+

∫
Ω

|W,ε,2| − |W,ε,1|
(1 + |W,ε,1|)(1 + |W,ε,2|)

λpσ2g2A−1φdx

+

∫
Ω

h

2
C[ε(u1) −Rφ1] : Rφdx +

∫
Ω

h2
2
C[ε(u) −Rφ] : Rφdx

=: I1 + I2 + I3 + I4 + I5 + I6.

(4.4.29)

First, we observe that we can estimate from below the F
′

term on the left-hand side
by exploiting the convex-concave splitting for Ψ, the monotonicity of

⌣
Ψ′, and the fact

that
⌢
Ψ′ is Lipschitz continuous. Then, we use the interpolation inequality (2.1.1) and

the Young inequality with a small constant η yet to be chosen. We end up with:∫
Ω
F

′
φdx =

∫
Ω

(
⌣
Ψ

′(φ1) −
⌣
Ψ

′(φ2))φdx +

∫
Ω

(
⌢
Ψ

′(φ1) −
⌢
Ψ

′(φ2) − φ)φdx

≥
∫
Ω

(
⌢
Ψ

′(φ1) −
⌢
Ψ

′(φ2) − φ)φdx ≥ −C∥φ∥2H

≥ −C∥φ∥V ∥φ∥V ′ ≥ −η∥φ∥2V − Cη∥φ∥2V ′ .

(4.4.30)

The next step is estimating from above all the terms on the right-hand side of the
equality (4.4.29). First, we rewrite I1 thanks to equation (4.4.28b) with A−1φ as a
test function. We exploit property (P1), the growth condition (C3), the fact that h is
Lipschitz continuous and bounded, and the boundedness of C and R. Then, we use the
interpolation inequality (2.1.1) and the Hölder inequality, leading to:

I1 = ⟨Aφ,A−1φ⟩V +

∫
Ω

[
F

′ − h

2
C[ε(u1) −Rφ1] : R− h2

2
C[ε(u) −Rφ] : R

]
A−1φdx

≤ ∥φ∥2H + C

∫
Ω

[(
1 + |φ1|4 + |φ2|4

)
|φ| + |z| (|ε(u1)| + |φ1|) + |ε(u)|

]
|A−1φ|dx

≤ ∥φ∥V ∥φ∥V ′ + C
(

1 + ∥φ1∥4L6(Ω) + ∥φ2∥4L6(Ω)

)
∥φ∥L6(Ω)∥A−1φ∥L6(Ω)

+ C∥z∥H
(
∥ε(u1)∥L6(Ω) + ∥φ1∥L6(Ω)

)
∥A−1φ∥L3(Ω) + C∥ε(u)∥H∥A−1φ∥H .

Recalling inequality (4.4.27), and that φ1, φ2, ε(u1) ∈ L∞(0, T ;V ), we employ the Young
inequality choosing η as the small parameter introduced above. We have:

I1 ≤ C (∥φ∥V + ∥z∥H + ∥ε(u)∥H) ∥φ∥V ′

≤ η∥φ∥2V + Cη∥φ∥2V ′ + C
(
∥z∥2H + ∥ε(u)∥2H

)
.

(4.4.31)
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Next, we turn our attention to I2. Keeping in mind that σ1 ∈ L∞(Q), f1 ∈ L∞(0, T ;H),
and that g is Lipschitz continuous, we first apply the Hölder and the Young inequalities,
and then the interpolation inequalities (2.3.3), (4.4.27). We infer

I2 ≤ C

∫
Ω

(1 + |f1|) (|φ| + |z|) |A−1φ| dx

≤ C∥1 + f1∥L∞(H)

(
∥φ∥L3(Ω) + ∥z∥L3(Ω)

)
∥A−1φ∥L6(Ω)

≤ C
(
∥φ∥V + ∥z∥L3(Ω)

)
∥φ∥V ′ ≤ η

(
∥φ∥2V + ∥∇z∥2H

)
+ Cη

(
∥φ∥2V ′ + ∥z∥2H

)
.

(4.4.32)

The term I3 can be handled by g boundedness, Hölder’s and Young’s inequalities, yielding
to

I3 ≤ C (∥σ∥H + ∥f∥H) ∥A−1φ∥H ≤ C (∥σ∥H + ∥f∥H) ∥φ∥V ′

≤ C
(
∥σ∥2H + ∥f∥2H + ∥φ∥2V ′

)
.

(4.4.33)

Regarding I4, we notice that

||W,ε,2| − |W,ε,1|| ≤ |W,ε,2 −W,ε,1| = | − hC[ε(u1) −Rφ1] − h2C[ε(u) −Rφ]|

≤ C
(
|z|(|ε(u1)| + |φ1|) + |ε(u)| + |φ|

)
,

where the last inequality follows from the boundedness of C, R and h. Consequently,
since σ2 and g2 are bounded, proceeding as before, we have

I4 ≤ C∥z∥H
(
∥ε(u1)∥L6(Ω) + ∥φ1∥L6(Ω)

)
∥A−1φ∥L3(Ω)

+ C (∥ε(u)∥H + ∥φ∥H) ∥A−1φ∥H
≤ C (∥z∥H + ∥ε(u)∥H + ∥φ∥H) ∥φ∥V ′

≤ C
(
∥φ∥2V ′ + ∥z∥2H + ∥ε(u)∥2H + ∥φ∥2H

)
≤ C

(
∥φ∥2V ′ + ∥z∥2H + ∥ε(u)∥2H

)
+ η∥φ∥2V + Cη∥φ∥2V ′ .

(4.4.34)

Regarding I5, we exploit the fact that h is Lipschitz continuous and the boundedness of
the tensors C,R. As before, we have

I5 ≤ C

∫
Ω
|z|(|ε(u1)| + |φ1|)|φ|dx

≤ C∥z∥H
(
∥ε(u1)∥L6(Ω) + ∥φ1∥L6(Ω)

)
∥φ∥L3(Ω)

≤ C∥z∥H∥φ∥V ≤ Cη∥z∥2H + η∥φ∥2V .

(4.4.35)

Similarly, we estimate the last addend I6 as follows:

I6 ≤ C

∫
Ω

(
|ε(u)| + |φ|

)
|φ|dx ≤ C

(
∥ε(u)∥2H + ∥φ∥2H

)
≤ C∥ε(u)∥2H + η∥φ∥2V + Cη∥φ∥2V ′ .

(4.4.36)
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Going back to (4.4.29), owing to (4.4.30)–(4.4.36), we infer that

1

2

d

dt
∥φ∥2V ′ + ∥φ∥2V ≤ η

(
∥φ∥2V + ∥∇z∥2H

)
+ Cη

(
∥φ∥2V ′ + ∥z∥2H

)
+ C

(
∥σ∥2H + ∥ε(u)∥2H + ∥f∥2H

) (4.4.37)

for a certain renamed constant η, small and yet to be chosen. Recall that Cη depends
also on ∥u1∥L∞(W 1,6(Ω)), ∥f1∥L∞(H), and ∥φi∥L∞(L6(Ω)) with i = 1, 2.

Nutrient equation. Taking the difference of (4.4.18c) written for σ1 and σ2 with a test
function ζ ∈ V , we obtain:

⟨∂tσ, ζ⟩V +

∫
Ω
∇σ · ∇ζ dx + α

∫
Γ
(σ − σΓ)ζ dHd−1

=

∫
Ω

[
−λcσ1g − λcσg2 + Λc(σc,1 − σ1) + Λc,2(σc − σ)

]
ζ dx.

Choosing σ as the test function, we get

1

2

d

dt
∥σ∥2H + ∥∇σ∥2H + α∥σ∥2L2(Γ) =

∫
Ω

[
−λcσ1g + Λc(σc,1 − σ1) + Λc,2σc

]
σ dx

−
∫
Ω

(λcg2 + Λc,2)σ
2 dx +

∫
Γ
σΓσ dHd−1.

We recall that σ1, g2,Λc,2 are bounded, and that, by hypothesis (C2), the functions g and
Λc are Lipschitz continuous. Employing this information and the Young and the Hölder
inequalities, we obtain

1

2

d

dt
∥σ∥2H + ∥∇σ∥2H + α∥σ∥2L2(Γ)

≤ C

(∫
Ω

(|φ| + |z| + |σc|) |σ|dx +

∫
Ω
|σ|2 dx +

∫
Γ
|σΓ||σ|dHd−1

)
≤ C

(
∥φ∥2H + ∥z∥2H + ∥σc∥2H + ∥σ∥2H + ∥σΓ∥2L2(Γ)

)
+

α

2
∥σ∥2L2(Γ).

We handle the term ∥φ∥2H with the interpolation inequality (2.1.1) and then we employ
the Young inequality. Moreover, we move to the left-hand side the term multiplied by
α/2 and then we get rid of it, since it is nonnegative. We infer that

d

dt
∥σ∥2H + ∥∇σ∥2H

≤ η∥φ∥2V + Cη∥φ∥2V ′ + C
(
∥z∥2H + ∥σc∥2H + ∥σ∥2H + ∥σΓ∥2L2(Γ)

)
.

(4.4.38)

Displacement equation. We take the difference of (4.4.18d) written for u1 and u2

with a test function ω ∈ V0 and we rewrite the term W ,ϵ. We get:∫
Ω
∂ttu · ω dx +

∫
Ω

[
Vε(∂tu) +

(
hC[ε(u1) −Rφ1] + h2C[ε(u) −Rφ]

) ]
: ε(ω) dx = 0.
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Choosing ω = ∂tu and recalling that V is strongly elliptic from hypothesis (A3) leads to

1

2

d

dt
∥∂tu∥2H + CV∥ε(∂tu)∥2H ≤ 1

2

d

dt
∥∂tu∥2H +

∫
Ω
Vε(∂tu) : ε(∂tu) dx

= −
∫
Ω

(
hC[ε(u1) −Rφ1] + h2C[ε(u) −Rφ]

)
: ε(∂tu) dx.

(4.4.39)

We aim to bound the right-hand side. By (C4), h is Lipschitz continuous and bounded,
and, by (A3), the tensors V, C are bounded. The Hölder inequality leads to

1

2

d

dt
∥∂tu∥2H + CV∥ε(∂tu)∥2H

≤ C

∫
Ω
|z| (|ε(u1)| + |φ1|) |ε(∂tu)| + (|ε(u)| + |φ|) |ε(∂tu)|dx

≤ C
[
∥z∥L3(Ω)

(
∥ε(u1)∥L6(Ω) + ∥φ1∥L6(Ω)

)
+ ∥ε(u)∥H + ∥φ∥H

]
∥ε(∂tu)∥H .

Recalling that ε(u1), φ1 ∈ L∞(0, T ;L6(Ω)), employing inequalities (2.3.3) and (2.1.1),
and the Young inequality, we have

1

2

d

dt
∥∂tu∥2H + CV∥ε(∂tu)∥2H

≤ C
(
∥z∥L3(Ω) + ∥ε(u)∥H + ∥φ∥H

)
∥ε(∂tu)∥H

≤ η∥ε(∂tu)∥2H + Cη

(
∥z∥2L3(Ω) + ∥ε(u)∥2H + ∥φ∥2H

)
≤ η

(
∥ε(∂tu)∥2H + ∥∇z∥2H + ∥φ∥2V

)
+ Cη

(
∥z∥2H + ∥φ∥2V ′ + ∥ε(u)∥2H

)
,

(4.4.40)

where η is the already introduced small constant yet to be fixed.

Damage equation. Writing equation (4.4.18e) for z1 and z2 and taking their difference,
we obtain∫
Ω
∂tzρdx +

∫
Ω

(d(·,∇z1) − d(·,∇z2)) · ∇ρdx +

∫
Ω
ξρ dx +

∫
Ω
πρdx +

∫
Ω
W ,zρdx = 0,

for any ρ ∈ Z. Then we choose ρ = z. We employ the fact that β is monotone, hence the
term with ξ is nonnegative. Moreover, from the pivotal inequality (4.4.21), we deduce∫

Ω
(d(·,∇z1) − d(·,∇z2)) · ∇z dx ≥ C9

∫
Ω

(1 + |∇z1| + |∇z2|)p−2|∇z|2 dx

≥ C9

2

∫
Ω
|∇z|2 dx +

C9

2

∫
Ω

(1 + |∇z|)p−2|∇z|2 dx ≥ C9

2
∥∇z∥2H +

C9

2
∥∇z∥pLp(Ω).

Finally, we rewrite W ,z by adding and subtracting some addends. Combining these
elements, we obtain

1

2

d

dt
∥z∥2H +

C9

2
∥∇z∥2H +

C9

2
∥∇z∥pLp(Ω)

≤−
∫
Ω
π z dx−

∫
Ω

h
′

2
C[ε(u1) −Rφ1] : [ε(u1) −Rφ1]z dx

−
∫
Ω

h′2
2

[ε(u) −Rφ] : [ε(u1) −Rφ1 + ε(u2) −Rφ2]z dx =: I7 + I8 + I9.

(4.4.41)
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Since π is Lipschitz continuous by hypothesis (A6), we have

|I7| ≤ C∥z∥2H . (4.4.42)

Regarding the term I8, we exploit the fact that h′ is Lipschitz continuous by (C4), and
the boundedness of the tensors V, C by hypothesis (A3). Applying the Hölder inequality
and the Young inequalities leads to

|I8| ≤ C

∫
Ω
|z|

(
|ε(u1)|2 + |φ1|2

)
|z| dx

≤ C∥z∥H
(
∥ε(u1)∥2L6(Ω) + ∥φ1∥2L6(Ω)

)
∥z∥L6(Ω)

≤ C∥z∥H∥z∥V ≤ η∥∇z∥2H + Cη∥z∥2H ,

(4.4.43)

where, as always, η is a small positive constant. Concerning the last addend I9, we
recall that z2 ∈ L∞(0, T ;Z) ↪→ L∞(Q). As a consequence, since h′ is continuous, h′2 is
bounded. Proceeding as before, we obtain

|I9| ≤ C

∫
Ω

(|ε(u)| + |φ|) (|ε(u1)| + |φ1| + |ε(u2)| + |φ2|) |z|dx

≤ C (∥ε(u)∥H + ∥φ∥H)

×
(
∥ε(u1)∥L6(Ω) + ∥φ1∥L6(Ω) + ∥ε(u2)∥L6(Ω) + ∥φ2∥L6(Ω)

)
∥z∥L3(Ω)

≤ C
(
∥ε(u)∥2H + ∥φ∥2H + ∥z∥2L3(Ω)

)
≤ η

(
∥φ∥2V + ∥∇z∥2H

)
+ Cη

(
∥φ∥2V ′ + ∥z∥2H

)
+ C∥ε(u)∥2H .

(4.4.44)

Using (4.4.42)–(4.4.44) in (4.4.41), we deduce

d

dt
∥z∥2H + ∥∇z∥2H + ∥∇z∥pLp(Ω)

≤ η
(
∥φ∥2V + ∥∇z∥2H

)
+ Cη

(
∥φ∥2V ′ + ∥z∥2H

)
+ C∥ε(u)∥2H .

(4.4.45)

Conclusion. We sum inequalities (4.4.37), (4.4.38), (4.4.40), (4.4.45) and move the
remaining terms multiplied by η to the left-hand side, choosing η small enough. Then,
observing that

∥ε(u)∥2H ≤ C

(
∥ε(u0)∥2H +

∫ t

0
∥ε(∂tu)∥2H ds

)
,

we obtain

d

dt

(
∥φ∥2V ′ + ∥σ∥2H + ∥∂tu∥2H + ∥z∥2H

)
+ ∥φ∥2V + ∥σ∥2V + ∥ε(∂tu)∥2H + ∥∇z∥2H + ∥∇z∥pLp(Ω)

≤ C

(
∥φ∥2V ′ + ∥σ∥2H + ∥z∥2H +

∫ t

0
∥ε(∂tu)∥2H ds

+ ∥σc∥2H + ∥σΓ∥2L2(Γ) + ∥u0∥2V + ∥f∥2H
)
,
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where the constant C depends on the quantities ∥f1∥L∞(H), ∥z2∥L∞(Q), ∥φi∥L∞(L6(Ω)),
∥ε(ui)∥L∞(L6(Ω)) for i = 1, 2. Integrating in time for t ∈ (0, τ) we have

∥φ∥2V ′ + ∥σ∥2H + ∥∂tu∥2H + ∥z∥2H

+

∫ τ

0

(
∥φ∥2V + ∥σ∥2V + ∥ε(∂tu)∥2H + ∥∇z∥2H + ∥∇z∥pLp(Ω)

)
dt

≤ C

(
∥φ0∥2V ′ + ∥σ0∥2H + ∥u0∥2V + ∥v0∥2H + ∥z0∥2H + ∥σc∥2L2(H) + ∥σΓ∥2L2(L2(Γ))

+ ∥f∥2L2(H) +

∫ τ

0

[
∥φ∥2V ′ + ∥z∥2H +

∫ t

0
∥ε(∂tu)∥2H ds

]
dt

)
,

where C now depends also on T . By the Gronwall inequality, we get

∥φ∥L∞(V ′)∩L2(V ) + ∥σ∥L∞(H)∩L2(V ) + ∥u∥W 1,∞(H)∩H1(V )

+ ∥z∥L∞(H)∩L2(V ) + ∥∇z∥p/2Lp(Lp(Ω))

≤ C
(
∥φ0∥V ′ + ∥σ0∥H + ∥u0∥V + ∥v0∥H + ∥z0∥H

+ ∥σc∥L2(H) + ∥σΓ∥L2(L2(Γ)) + ∥f∥L2(H)

)
.

(4.4.46)

To conclude the proof, we only need to derive the estimate for µ. To this end, we proceed
by comparison in equation (4.4.28b). With calculations similar to the ones we have
already performed and exploiting estimates (4.4.46), we obtain the following:

∥µ∥V ′ ≤ ∥Aφ∥V ′ + ∥F ′∥V ′

+
1

2
∥hC[ε(u1) −Rφ1] : R∥V ′ +

1

2
∥h2C[ε(u) −Rφ] : R∥V ′

≤ ∥φ∥V + ∥F ′∥V ′ + C∥|z|(|ε(u1)| + |φ1|)∥H + C∥ε(u)∥H + C∥φ∥H
≤ C

(
∥φ∥V + ∥F ′∥V ′ + ∥z∥V + ∥u∥V

)
.

It only remains to bound the F
′

term. By the embedding L6/5(Ω) ↪→ V ′, the growth
hypothesis (C3), and the Hölder inequality with exponents 5/4 and 5, we get

∥F ′∥6/5V ′ ≤ ∥F ′∥6/5
L6/5(Ω)

=

∫
Ω
|F ′|6/5 dx ≤ C

∫
Ω

(1 + |φ1|24/5 + |φ2|24/5)|φ|6/5 dx

≤ C(1 + ∥φ1∥24/5L6(Ω)
+ ∥φ2∥24/5L6(Ω)

)∥φ∥6/5
L6(Ω)

≤ C∥φ∥6/5V .

(4.4.47)

Thus, we infer that

∥µ∥L2(V ′) ≤ C
(
∥φ∥L2(V ) + ∥z∥L2(V ) + ∥u∥L2(V )

)
.

By the already proven estimate (4.4.46), the proof is concluded.
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Chapter 5

Optimal control for a brain tumor
growth model with damage

In this chapter, we investigate the nonlinear PDE system (1.3.14)–(1.3.16), hereafter
referred to as the state system. For each pair of fixed controls χ := (χ1, χ2), representing a
combination of chemotherapeutic and lactate-targeting drugs, the first question concerns
the well-posedness of the associated initial–boundary value problem. As we will show in
Section 5.1, the answer is affirmative. In particular, existence is established by combining
a suitable maximum principle with Moser-type estimates to prove the boundedness of φ
and σ, together with a fixed-point argument, a time discretization of the displacement
equation (1.3.14c), and a Moreau–Yosida approximation of the convex part of the potential
Ψ. The main mathematical challenges arise from the nonlinear coupling of the equations
and, in particular, from the dependence of the elasticity and viscosity matrices in (1.3.14c)
on φ and z. Strengthening the assumptions on the initial data and assigned functions,
it is possible to prove more regularity and thus a continuous dependence result. Once
well-posedness has been established, it is then natural to introduce the following cost
functional:

J ((φ, σ,u, z),χ) :=
α1

2
∥φ− φQ∥2L2(Q) +

α2

2
∥φ(T ) − φΩ∥2H + α3

∫
Ω
φ(T ) dx

+
α4

2
∥σ − σQ∥2L2(Q) +

α5

2
∥σ(T ) − σΩ∥2H

+
α6

2
∥
√
γ(φ)ε(u)∥2L2(Q) +

α7

2
∥z − zQ∥2L2(Q)

+ α8

∫
Ω
z(T ) dx +

α9

2
∥χ∥2L2(Q).

(5.0.1)

The non-negative constants α1, . . . , α9 are weights that cannot simultaneously vanish,
while φQ, φΩ, σQ, σΩ, zQ are target functions. More explicitly, the term φQ (resp. σQ,
zQ) is a desired evolution for the tumor (resp. the lactate, the damage), while φΩ (resp.
σΩ) is a desired final configuration of the tumor (resp. concentration of the lactate). The
third and eighth addends measure the size of the tumor and the magnitude of the damage
at the end of the treatment. Since the presence of high mechanical stress, especially in
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certain areas of the brain, can compromise its functionality, we are interested in keeping
it low. The sixth term serves this purpose, and γ may be, for instance, the indicator
function of a subdomain of Ω where the stress is intended to remain low. Finally, the
last addend is a L2-regularization for the controls. We are interested in studying the
minimizers of the cost functional (5.0.1) subject to the PDE system (1.3.14)–(1.3.16) and
constrained to a suitable admissible control set. We define it as Uad = U1

ad × U2
ad with

U1
ad := {χ1 ∈ L2(0, T ;V ) ∩ L∞(Q) : ∥χ1∥L2(V ) ≤ Cad, χ

1
≤ χ1 ≤ χ1 a.e.},

U2
ad := {χ2 ∈ L∞(Q) : χ

2
≤ χ2 ≤ χ2 a.e.},

where Cad > 0 is a fixed constant and χ
1
, χ1, χ2

, χ2 ∈ L∞(Q) are given nonnegative
threshold functions such that Uad is nonempty. The admissible control set Uad is a subset
of

U = U1 × U2 :=
[
L2(0, T ;V ) ∩ L∞(Q)

]
× L∞(Q)

equipped with its natural norm that we denote with ∥·∥U .

Remark 5.1. Notice that Uad is a nonempty, closed, and convex subset of U . Moreover,
there exists a positive constant R such that

Uad ⊆ UR := {χ ∈ U : ∥χ∥U < R}.

Thus, the optimal control problem we are interested in can be stated as

Minimize the cost functional J ((φ, σ,u, z),χ) subject to the control constraint
χ ∈ Uad and to the state system (1.3.14)–(1.3.16)

which is a nonlinear and nonconvex minimisation problem subject to PDE constraints, and
will be treated through the direct method of the Calculus of Variations (see Section 5.2).
Then, a major objective is to derive first-order necessary optimality conditions, expressed
in the form of a variational inequality. This is achieved by proving the differentiability
of the control-to-state operator, which, in turn, requires linearizing the state system,
and then introducing the so-called adjoint system. Even though numerical aspects are
beyond the scope of this thesis, recall that the necessary conditions for optimality are
the starting point for finding a numerical approximation of the optimal controls through
gradient-descent-like methods. Among the huge literature regarding optimal control for
tumor growth models (see, e.g., [BAD15], [Col+21], [GL16], [GLR18], [EK19], [Sig20],
and the references cited therein) we would like to recall [Che+24], where the authors deal
with a brain tumor-specific model. The resulting PDE system couples three parabolic
equations, one for the tumor cell density, and the other two for the intracellular lactate
concentration and the capillary lactate concentration, respectively. Another perspective
related to the present work is the one from [GLS21b], in which the authors consider a
phase field model of Cahn–Hilliard type taking into account the presence of a nutrient
(such as oxygen or glucose) and mechanical effects.
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5.1 Analytic results regarding the state system

In this section, we begin by listing the basic assumptions that will be used through-
out the chapter and by introducing the notion of weak solution for the state system
(1.3.14)–(1.3.16). Then, we prove that weak solutions do exist. Under strengthened
hypotheses, we subsequently derive additional regularity and prove the continuous depen-
dence of solutions on the given data (in particular, on the control). All of these results
together yield the well-posedness of the system, which constitutes the essential starting
point for the analysis of the associated control problem.

5.1.1 Hypotheses

We now introduce a set of basic structural assumptions that will remain in force throughout
the chapter.

(A1) We suppose that

p, g : R2 → R are continuous functions, (5.1.1)

0 ≤ p ≤ p∗, 0 ≤ g ≤ g∗, (5.1.2)

where p∗, g∗ are positive constants, and that

N is a positive constant. (5.1.3)

(A2) We assume that

k1, k2, S : R2 → R are continuous and (5.1.4)

0 ≤ k1 ≤ k∗1, 0 < k2∗ ≤ k2 ≤ k∗2, 0 ≤ S ≤ S∗, (5.1.5)

where k∗1, k2∗, k
∗
2, S∗ denote fixed positive constants.

(A3) We require that A = (aijkh),B = (bijkh) : R2 → Rn×n×n×n are symmetric fourth-
order tensors such that

A, B are of class C1 and bounded along with their partial derivatives, (5.1.6)

A is strictly positive definite, (5.1.7)

B is positive definite. (5.1.8)

Moreover, we assume
f ∈ L∞(H). (5.1.9)

(A4) We suppose that there exists a β̂ : R → [0,+∞] such that

D(β̂) ⊆ [0, 1], β̂ is proper, l.s.c. and convex (5.1.10)

and we denote its subdifferential by β := ∂β̂ : R ⇒ R.
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(A5) We consider a function π̂ ∈ C1(R) and we denote by π := π̂′ its derivative, requiring
that

π̂ is concave, (5.1.11)

π is Lipschitz continuous. (5.1.12)

(A6) We suppose that

ι ∈ L∞(0, T ;H). (5.1.13)

(A7) We assume that F : Ω × R× Rn×n → R is

a Carathéodory function. (5.1.14)

Moreover, we require that

F (x, ·, ·) : R× Rn×n → R is Lipschitz continuous , i.e.,

∃CF > 0 s.t. |F (x, φ1, ϵ1) − F (x, φ2, ϵ2)| ≤ CF (|φ1 − φ2| + |ϵ1 − ϵ2|)
(5.1.15)

for a.e. x ∈ Ω, for all ϵ1, ϵ2 ∈ Rn×n, φ1, φ2 ∈ R, and that

F̂ (x) := F (x, 0,0) ∈ H. (5.1.16)

Remark 5.2. Notice that from the requirements (5.1.15) and (5.1.16) we trivially deduce
that

|F (x, φ, ϵ)| ≤ |F (x, φ, ϵ) − F (x, 0,0)| + |F (x, 0,0)| ≤ CF (|φ| + |ϵ|) + |F̂ (x)| (5.1.17)

for a.e. x ∈ Ω and for all φ ∈ R, ϵ ∈ Rn×n.

In the following, for the sake of brevity, we will omit the dependence of F on the point x
in the notation, using F (φ, ϵ) instead of F (x, φ, ϵ).

(A8) Regarding the boundary conditions, we suppose that

σΓ ∈ L2(0, T ;L2(Γ)), 0 ≤ σΓ ≤ M0, (5.1.18)

where M0 is a fixed positive constant.

(A9) The initial conditions satisfy

φ0 ∈ V, 0 ≤ φ0 ≤ N, (5.1.19)

σ0 ∈ H, 0 ≤ σ0 ≤ M0, (5.1.20)

u0 ∈ V0, (5.1.21)

z0 ∈ V, β̂(z0) ∈ L1(Ω). (5.1.22)
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To establish a continuous dependence result, additional regularity of the solutions is
required. This, in turn, demands stronger assumptions on the given functions and on the
initial data.

(B1) p, g ∈ C0,1(R2) ∩ C1(R2),

(B2) k1, k2, S ∈ C0,1(R2),

(B3) ι ∈ H1(0, T ;H),

(B4) φ0 ∈ W , u0 ∈ W0, z0 ∈ W and β0(z0) ∈ H, where β0 is the minimal section of β.

5.1.2 Definition of weak solution and main results

Definition 5.3. We say that the quadruple (φ, σ, u, z) is a weak solution to the PDE
system (1.3.14) endowed with the boundary and initial conditions (1.3.15)–(1.3.16) if

φ ∈ H1(0, T ;H) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W ), 0 ≤ φ ≤ N,

σ ∈ H1(0, T ;V ′) ∩ L∞(0, T ;H) ∩ L2(0, T ;V ), 0 ≤ σ ≤ M,

u ∈ W 1,∞(0, T ;V0),

z ∈ H1(0, T ;H) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W ),

where M = M(M0, S
∗), with

φ(0) = φ0, σ(0) = σ0, u(0) = u0, z(0) = z0

a.e. in Ω and there exists a subgradient

ξ ∈ L2(0, T ;H), ξ ∈ β(z) a.e. in Q

such that∫
Ω

[∂tφζ + ∇φ · ∇ζ] dx =

∫
Ω

[
(p(σ, z) − χ1)φ

(
1 − φ

N

)
− φg(σ, z)

]
ζ dx, (5.1.23a)

⟨∂tσ, ζ⟩V +

∫
Ω

[
∇σ · ∇ζ +

k1(φ, z)σζ

k2(φ, z) + σ

]
dx +

∫
Γ
(σ − σΓ)ζ dHd−1

=

∫
Ω
χ2S(φ, z)ζ dx,

(5.1.23b)

∫
Ω

[A(φ, z)ε(∂tu) + B(φ, z)ε(u)] : ε(v) dx =

∫
Ω
f · v dx, (5.1.23c)∫

Ω
[∂tzζ + ∇z · ∇ζ + ξζ + π(z)ζ] dx =

∫
Ω

[ι− F (φ, ε(u))] ζ dx, (5.1.23d)

a.e. in (0, T ), for every ζ ∈ V and v ∈ V0.
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Remark 5.4. Notice that, with the regularity we require, a solution of (1.3.14)–(1.3.16)
in the sense of Definition 5.3 satisfies equation (1.3.14a) and inclusion (1.3.14d) a.e. in
Q.

Theorem 5.5 (Existence). Under the set of hypotheses (A1)–(A9), for every χ ∈ U , the
PDE system (1.3.14) endowed with the boundary and initial conditions (1.3.15)–(1.3.16)
admits at least one weak solution in the sense of Definition 5.3.

Remark 5.6. As mentioned in the Introduction, it is possible to allow the tensors A, B
to depend on the lactate σ. However, this would require σ to have the same regularity as
φ and z (see Step IV of the existence proof). To ensure this, we would need the additional
assumptions σ0 ∈ V and σΓ ∈ H1(0, T ;L2(Γ)) ∩ L2(0, T ;H1/2(Γ)). Nevertheless, we do
not point out this additional regularity for σ in the statement of the following regularity
theorem, also because it is not needed for the continuous dependence result stated in
Theorem 5.8.

Imposing the additional hypotheses (B1)–(B4), an improvement of the solution regularity
can be achieved.

Theorem 5.7 (Regularity). Under the set of hypotheses (A1)–(A9) and (B1)–(B4), for
every χ ∈ UR, the solution to the PDE system (1.3.14)–(1.3.16) we found in Theorem 5.5
enjoys the further regularity

φ ∈ H1(0, T ;V ) ∩ L∞(0, T ;W ) ∩ L2(0, T ;H3(Ω)),

u ∈ W 1,∞(0, T ;W0),

z ∈ H1(0, T ;V ) ∩ L∞(0, T ;W ),

and the subgradient satisfies

ξ ∈ L∞(0, T ;H).

Moreover, the following estimate is satisfied

∥φ∥H1(V )∩L∞(W )∩L2(H3(Ω)) + ∥σ∥H1(V ′)∩L∞(H)∩L2(V )

+ ∥u∥W 1,∞(W0) + ∥z∥H1(V )∩L∞(W ) ≤ CR

(5.1.24)

for a positive constant CR that depends on the initial data, the assigned functions, and,
in particular, on R.

The improved regularity obtained in Theorem 5.7 is enough to prove the following
continuous dependence result.

Theorem 5.8 (Continuous dependence). Under the set of hypotheses (A1)–(A9) and
(B1)–(B4), for every pair {(φi, σi,ui, zi)}i=1,2 of weak solutions to (1.3.14)–(1.3.16)
having the regularity prescribed in Theorem 5.7 and corresponding to the initial data

116



5.1. Analytic results regarding the state system

{(φ0,i, σ0,i,u0,i, z0,i)}i=1,2, the controls {χi}i=1,2 ∈ [UR]2, and the assigned functions
{(f i, ιi, σΓ,i)}i=1,2, the following continuous dependence inequality holds

∥φ1 − φ2∥L∞(H)∩L2(V ) + ∥σ1 − σ2∥L∞(H)∩L2(V ) + ∥u1 − u2∥H1(V0)

+ ∥z1 − z2∥L∞(H)∩L2(V )

≤ CR

(
∥φ0,1 − φ0,2∥H + ∥σ0,1 − σ0,2∥H + ∥u0,1 − u0,2∥H + ∥z0,1 − z0,2∥H

+ ∥χ1 − χ2∥L2(H) + ∥f1 − f2∥L2(H) + ∥ι1 − ι2∥L2(H) + ∥σΓ,1 − σΓ,2∥L2(L2(Γ))

)
for a positive constant CR that only depends on the initial data, the assigned functions,
and on R.

In particular, the solution of (1.3.14) coupled with the boundary conditions (1.3.15) and
the initial conditions (1.3.16) is unique.

5.1.3 Existence of weak solutions

The proof of Theorem 5.5 will be performed through a Schauder fixed-point argument.
To do it properly, the first step consists in proving the existence of weak solutions for an
approximate system.

The approximate system. The approximate problem is obtained by replacing the
maximal monotone operator β with its Yosida approximation βλ := (β̂λ)′, where λ ∈
(0, λ∗) is intended to go to 0 in the limit. Moreover, we introduce the truncation function

α(φ) :=

{
φ
(

1 − φ

N

)
if 0 ≤ φ ≤ N,

0 otherwise,
(5.1.25)

and we use it in (1.3.14a) in order to have a bounded term on the right-hand side
instead of a quadratic one. Finally, in equation (1.3.14b) we substitute the denominator
k2(φ, z) + σ with k2(φ, z) + |σ| to be sure that it does not vanish. This way, we get the
approximate PDE system:

∂tφ− ∆φ = (p(σ, z) − χ1)α(φ) − φg(σ, z), (5.1.26a)

∂tσ − ∆σ +
k1(φ, z)σ

k2(φ, z) + |σ|
= χ2S(φ, z), (5.1.26b)

− div [A(φ, z)ε(∂tu) + B(φ, z)ε(u)] = f , (5.1.26c)

∂tz − ∆z + βλ(z) + π(z) = ι− F (φ, ε(u)). (5.1.26d)

Definition 5.9. We say that the quadruple (φ, σ, u, z) is a weak solution to the approx-
imate PDE system (5.1.26) endowed with the boundary and initial conditions (1.3.15)–
(1.3.16) if

φ ∈ H1(0, T ;H) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W ),
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σ ∈ H1(0, T ;V ′) ∩ L∞(0, T ;H) ∩ L2(0, T ;V ),

u ∈ W 1,∞(0, T ;V0),

z ∈ H1(0, T ;H) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W ),

with

φ(0) = φ0, σ(0) = σ0, u(0) = u0, z(0) = z0 a.e. in Ω,

and it satisfies∫
Ω

[∂tφζ + ∇φ · ∇ζ] dx =

∫
Ω

[(p(σ, z) − χ1)α(φ) − φg(σ, z)] ζ dx, (5.1.27a)

⟨∂tσ, ζ⟩V +

∫
Ω

[
∇σ · ∇ζ +

k1(φ, z)σζ

k2(φ, z) + |σ|

]
dx +

∫
Γ
(σ − σΓ)ζ dHd−1

=

∫
Ω
χ2S(φ, z)ζ dx,

(5.1.27b)

∫
Ω

[A(φ, z)ε(∂tu) + B(φ, z)ε(u)] : ε(v) dx =

∫
Ω
f · v dx, (5.1.27c)∫

Ω
[∂tzζ + ∇z · ∇ζ + βλ(z)ζ + π(z)ζ] dx =

∫
Ω

[ι− F (φ, ε(u))] ζ dx, (5.1.27d)

a.e. in (0, T ), for every ζ ∈ V and v ∈ V0.

Notice that, if (φ, σ,u, z) is a solution of (5.1.26), (1.3.15), (1.3.16) in the sense of
Definition 5.9 and we are able to prove that 0 ≤ φ ≤ N and 0 ≤ σ ≤ M , then the
truncation function in equation (5.1.26a) and the modulus in equation (5.1.26b) can be
removed.

Proposition 5.10. Assume that the set of hypotheses (A1)–(A9) holds. Then, for all
λ ∈ (0, λ∗), the approximate PDE system (5.1.26) endowed with the boundary and initial
conditions (1.3.15)–(1.3.16) admits at least one weak solution (φλ, σλ,uλ, zλ) in the sense
of Definition 5.9. Moreover, we have that

0 ≤ φλ ≤ N, 0 ≤ σλ ≤ M (5.1.28)

a.e. in Q, where M = (M0 +S∗)eT . Finally, there exists a positive constant C depending
only on the data of the problem and not depending on λ such that

∥φλ∥H1(H)∩L∞(V )∩L2(W ) ≤ C, (5.1.29)

∥σλ∥H1(V ′)∩L∞(H)∩L2(V ) ≤ C, (5.1.30)

∥uλ∥W 1,∞(V0) ≤ C, (5.1.31)

∥zλ∥H1(H)∩L∞(V )∩L2(W ) ≤ C, (5.1.32)

∥βλ(zλ)∥L2(H) ≤ C. (5.1.33)
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Proof. The proof is based on the Schauder fixed-point argument (see e.g. [Bré11, p. 179]).
We introduce the Banach space

X := {(σ, z) ∈ L2(0, T ;H) × L2(0, T ;L∞(Ω))}

endowed with the standard norm

∥(σ, z)∥X := ∥σ∥L2(H) + ∥z∥L2(L∞(Ω)).

In what follows, we construct an operator γ : X → X , to which we intend to apply the
Schauder fixed-point argument.

Step 1. Starting from (σ, z) ∈ X , we find φ ∈ H1(0, T ;H) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W )
as the unique solution of the semilinear parabolic equation with Lipschitz continuous
nonlinearity 

∂tφ− ∆φ = (p(σ, z) − χ1)α(φ) − φg(σ, z) in Q,

∂νφ = 0 on Σ,

φ(0) = φ0 in Ω,

(5.1.34)

exploiting that g(σ, z) ∈ L∞(Q) and (p(σ, z) − χ1) ∈ L∞(Q). The well-posedness of this
system can be proved in several classical ways, such as Galerkin discretization (see, e.g.,
[Trö10, Lemma 5.3, p. 373]) or semigroup theory (see, e.g., [Pat19, Chapter 20]). The
regularity can be shown by standard results for linear parabolic equations (see [DL92;
Lio61]), from which we obtain the estimate

∥φ∥H1(H)∩L∞(V )∩L2(W ) ≤ C, (5.1.35)

for a certain positive constant C independent from λ and (σ, z). Next, we aim to prove
that

0 ≤ φ ≤ N. (5.1.36)

To do so, we test the first equation of system (5.1.34) with (φ−N)+ and we integrate
over Ω. Thanks to the boundary condition, we obtain:

1

2

d

dt

∫
Ω
|(φ−N)+|2 dx ≤ 1

2

d

dt

∫
Ω
|(φ−N)+|2 dx +

∫
Ω
|∇[(φ−N)+]|2 dx

=

∫
Ω

(p(φ, z) − χ1)α(φ)(φ−N)+ dx−
∫
Ω
φg(σ, z)(φ−N)+ dx ≤ 0,

where the last inequality holds because where φ ≥ N by definition α(φ) = 0 (so the first
addend is equal to 0) and φ is trivially positive (so the second addend is non-positive).
Integrating in time, it follows that∫

Ω
|(φ−N)+|2 dx ≤

∫
Ω
|(φ0 −N)+|2 dx = 0,
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employing hypothesis (A9) according to which φ0 ≤ N . As a consequence, φ ≤ N a.e.
in Q. In a very similar way, we test the same equation by −φ− and integrate over Ω,
obtaining:

1

2

d

dt

∫
Ω
|φ−|2 dx ≤ 1

2

d

dt

∫
Ω
|φ−|2 dx +

∫
Ω
|∇φ−|2 dx

= −
∫
Ω

(p(σ, z) − χ1)α(φ)φ− dx−
∫
Ω
|φ−|2g(σ, z) dx ≤ 0.

Integrating in time, it follows that∫
Ω
|φ−|2 dx ≤

∫
Ω
|φ−

0 |
2 dx = 0,

since φ0 ≥ 0 by hypothesis (A9), so φ ≥ 0 a.e. in Q. Notice that we can consequently
remove the truncation α.

Step 2. Starting from (σ, z) and φ, we find σ ∈ H1(0, T ;V ′) ∩ L∞(0, T ;H) ∩ L2(0, T ;V )
as the unique solution of the following linear parabolic equation

∂tσ − ∆σ +
k1(φ, z)σ

k2(φ, z) + |σ|
= χ2S(φ, z) in Q,

∂νσ + σ − σΓ = 0 on Σ,

σ(0) = σ0 in Ω.

(5.1.37)

Using hypothesis (A2) and standard regularity results (see, e.g., [Lio61]), we also have
that

∥σ∥H1(V ′)∩L∞(H)∩L2(V ) ≤ C, (5.1.38)

for a positive constant C that does not depend on λ, (σ, z) and φ. Now we want to prove
that there exists a positive constant M that depends only on M0, R, S∗, and T such that

0 ≤ σ ≤ M (5.1.39)

almost everywhere in Q. Multiplying the first equation in (5.1.37) with −σ−, integrating
over Ω and employing the boundary condition, we get

1

2

d

dt

∫
Ω
|σ−|2 dx

≤ 1

2

d

dt

∫
Ω
|σ−|2 dx +

∫
Ω
|∇σ−|2 dx +

∫
Γ
|σ−|2 dHd−1 +

∫
Ω

k1(φ, z)|σ−|2

k2(φ, z) + |σ|
dx

= −
∫
Ω
χ2S(φ, z)σ− dx−

∫
Γ
σΓσ

− dHd−1 ≤ 0.

Integrating in time over (0, t), we have

1

2

∫
Ω
|σ−|2 dt ≤ 1

2

∫
Ω
|σ−

0 |
2 dt = 0,
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where the last equality stands because of hypothesis (A9). As a consequence, σ ≥ 0 a.e.
in Q. Finally, we employ a standard Moser–Alikakos technique to prove that σ ≤ M for
a certain M > 0 yet to be found. We multiply the first equation in (5.1.37) by qσq−1

with q > 2 and integrate in space over Ω. Notice that, in order to be sure that all the
integrals are well-defined, one should introduce a truncation of σ,

σk :=

{
σ if σ ≤ k,

k otherwise,

for k ∈ N, multiply the previous equation by q(σk)q−1 and proceed as we will do. In the
end, having obtained an estimate that does not depend on k, one should pass to the
limit as k → +∞ and recover the thesis. We will not do it in this rigorous way to avoid
overloading the exposition, and we proceed formally testing the first equation in (5.1.37)
by qσq−1, obtaining

d

dt

∫
Ω
σq dx + q(q − 1)

∫
Ω
σq−2|∇σ|2 dx + q

∫
Γ
σq dHd−1 + q

∫
Ω

k1(φ, z)σq

k2(φ, z) + |σ|
dx

= q

∫
Γ
σΓσ

q−1 dHd−1 + q

∫
Ω
χ2S(φ, z)σq−1 dx

≤ qM0

∫
Γ
σq−1 dHd−1 + qRS∗

∫
Ω
σq−1 dx

≤ (q − 1)

∫
Γ
σq dHd−1 + (M0)

q|Γ| + (q − 1)

∫
Ω
σq dx + (RS∗)q|Ω|

using the boundedness of σΓ and S from hypotheses (A8) and (A2), together with the fact
that χ2 ∈ U2 = L∞(Q), and finally applying Young’s inequality with exponents q/(q− 1)
and q. Doing the obvious simplification in the previous inequality and employing the
fact that σ is non-negative, we obtain:

d

dt

∫
Ω
σq dx

≤ d

dt

∫
Ω
σq dx + q(q − 1)

∫
Ω
σq−2|∇σ|2 dx +

∫
Γ
σq dHd−1 + q

∫
Ω

k1(φ, z)σq

k2(φ, z) + |σ|
dx

≤ (M0)
q|Γ| + (q − 1)

∫
Ω
σq dx + (RS∗)q|Ω|.

Integrating with respect to time over (0, t), recalling that by hypothesis (A9) σ0 ≤ M0,
we find∫

Ω
σq(t) dx ≤

∫
Ω
σq
0 dx + (M0)

q|Γ|T + (RS∗)q|Ω|T + (q − 1)

∫ t

0

∫
Ω
σq dx dt

≤ (M0)
q(|Ω| + |Γ|T ) + (RS∗)q|Ω|T + (q − 1)

∫ t

0

∫
Ω
σq dx dt,

whence we deduce

∥σ(t)∥Lq(Ω) ≤
[
M0(|Ω| + |Γ|T )

1
q + RS∗|Ω|

1
q T

1
q

]
e

q−1
q

T
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using the Gronwall inequality and then taking the qth-root of both sides of the inequality.
Passing to the limit as q → +∞, we have

∥σ(t)∥L∞(Ω) ≤ M := (M0 + RS∗)eT

for a.e. t ∈ (0, T ).

Step 3. Starting from φ and z, we find u ∈ W 1,∞(0, T ;V0) as the unique solution of
∫
Ω

[A(φ, z)ε(∂tu) + B(φ, z)ε(u)] : ε(v) dx =

∫
Ω
f · v dx ∀v ∈ V0,

u(0) = u0 a.e. in Ω.
(5.1.40)

To do so, we proceed by time discretization. We consider a uniform partition of [0, T ]
with time step τ > 0 and equidistant nodes 0 = t0 < t1 < · · · < tKτ = T . We also
introduce the notation:

Ikτ :=

{
[0, τ ] if k = 1,

(tk−1
τ , tkτ ] if k = 2 . . .Kτ .

We approximate φ, z, and f with their local means, i.e., we define

fk
τ :=

1

τ

∫ tkτ

tk−1
τ

f ds, φk
τ :=

1

τ

∫ tkτ

tk−1
τ

φds, zkτ :=
1

τ

∫ tkτ

tk−1
τ

z ds,

for every k = 1, . . . ,Kτ . To keep the notation short, we also introduce

Ak
τ := A(φk

τ , z
k
τ ), Bk

τ := B(φk
τ , z

k
τ ).

Remark 5.11. It is obvious that, since φ, z ∈ L∞(0, T ;V ) and f ∈ L∞(0, T ;H), then
φk
τ , z

k
τ ∈ V and fk

τ ∈ H with

∥φk
τ∥V ≤ ∥φ∥L∞(V ), ∥zkτ ∥V ≤ ∥z∥L∞(V ), ∥fk

τ ∥H ≤ ∥f∥L∞(H), (5.1.41)

for every k = 1, . . . ,Kτ .

Starting from u0
τ = u0 ∈ V0, we solve recursively the following time-discrete problem:Given uk−1

τ ∈ V0, find uk
τ ∈ V0 s.t. for all v ∈ V0∫

Ω
Ak

τε

(
uk
τ − uk−1

τ

τ

)
: ε(v) dx +

∫
Ω
Bk
τ ε(u

k
τ ) : ε(v) dx =

∫
Ω
fk
τ · v dx.

(5.1.42)

Since the equation in (5.1.42) can be rewritten as∫
Ω

(Ak
τ + τBk

τ )ε(uk
τ ) : ε(v) dx =

∫
Ω
τfk

τ · v + Ak
τε(u

k−1
τ ) : ε(v) dx (5.1.43)

where Ak
τ +τBk

τ is strictly positive definite and the right-hand side yields a linear bounded
functional on V ′

0 , the existence follows from Lax–Milgram Theorem. Now our aim is to
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pass to the limit in the discrete equation, recovering a solution to the original problem.
For the sake of brevity, we introduce the shorter notation

vk
τ :=

uk
τ − uk−1

τ

τ

to denote the discrete velocity. Taking vk
τ as a test function in equation (5.1.42), it is

easy to prove that

∥vk
τ∥V0 ≤ C

(
∥f∥L∞(H) + ∥u0∥V0

)
, (5.1.44)

where the constant C depends on T but non on k, λ, φk
τ , and zkτ . As a consequence, since

uk
τ = τ

k∑
j=1

vj
τ + u0,

we also have that

∥uk
τ∥V0 ≤ C (5.1.45)

where, again C depends on f , u0 and T but not on k, λ, φk
τ , and zkτ . Given any sequence

of scalar, vector-valued or tensor-valued functions {wk
τ }Kτ

k=0 defined over Ω, we introduce
the piecewise constant interpolations wτ and the piecewise linear interpolation ŵτ over
the time interval [0, T ] as

wτ (t) := wk
τ , ŵτ (t) :=

t− tk−1
τ

τ
wk
τ +

tkτ − t

τ
wk−1
τ

for every t ∈ Ikτ . With this new notation, notice that ∂tûτ = vτ and estimates (5.1.44),
(5.1.45) trivially lead to

∥ûτ∥W 1,∞(V0) + ∥uτ∥L∞(V0) ≤ C.

By standard compactness results, we obtain the existence of a function u ∈ W 1,∞(0, T ;V0)
such that

ûτ → u weakly-∗ in W 1,∞(0, T ;V0),

uτ → u weakly-∗ in L∞(0, T ;V0).

Moreover, by their definition as local means in time, it holds true that

f τ → f strongly in L2(0, T ;H)

and that

φτ → φ, zτ → z a.e. in Q.

Recalling that A and B are continuous and bounded by hypothesis (A3), it follows that

Aτ → A(φ, z), Bτ → B(φ, z) strongly in L2(0, T ;H)
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by the Dominated Convergence Theorem. These convergences are enough to pass to the
limit in the equation∫

Ω
Aτε(vτ ) : ε(v) dx +

∫
Ω
Bτε(uτ ) : ε(v) dx =

∫
Ω
f τ · v dx

for every v ∈ V0 and a.e. t ∈ (0, T ), showing that u is a solution to the original system.
Notice that from lower semi-continuity of the norm with respect to weak-∗ convergence
and estimate (5.1.3), we also have that

∥u∥W 1,∞(V0) ≤ C, (5.1.46)

where C depends on T , f , and u0 but is independent of λ and (φ, z). Finally, we should
prove that the solution is unique, but this easily derives from the fact that the equation
is linear in u, A is strictly positive definite, and B is bounded.

Step 4. Starting from φ and u, we find z ∈ H1(0, T ;H) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W )
as the unique solution of the semilinear parabolic equation with Lipschitz continuous
nonlinearity 

∂tz − ∆z + βλ(z) + π(z) = ι− F (φ, ε(u)) in Q,

∂νz = 0 on Σ,

z(0) = z0 in Ω.

(5.1.47)

Notice that, thanks to hypothesis (A6), inequality (5.1.17), and estimates (5.1.35),
(5.1.46), ι−F (φ, ε(u)) is uniformly bounded in L∞(0, T ;H). Now we want to prove that
there exists a positive constant C (which does not depend on λ and (σ, z)) such that

∥z∥H1(H)∩L∞(V )∩L2(W ) ≤ C. (5.1.48)

Testing the first equation in (5.1.47) by ∂tz and integrating over Ω, we have∫
Ω
|∂tz|2 dx +

1

2

d

dt

∫
Ω
|∇z|2 dx +

d

dt

∫
Ω
β̂λ(z) dx

= −
∫
Ω
π(z)∂tz dx +

∫
Ω

[ι− F (φ, ε(u))] ∂tz dx

≤ C

∫
Ω

(
|z| + 1 + |ι| + |φ| + |ε(u)| + |F̂ |

)
|∂tz| dx

≤ 1

2

∫
Ω
|∂tz|2 dx + C

∫
Ω

(
|z|2 + 1 + |ι|2 + |φ|2 + |ε(u)|2 + |F̂ |2

)
dx

≤ 1

2

∫
Ω
|∂tz|2 dx + C

∫
Ω
|z0|2 dx + C

∫ t

0

∫
Ω
|∂tz|2 dx ds

+ C

∫
Ω

(
1 + |ι|2 + |φ|2 + |ε(u)|2 + |F̂ |2

)
dx,
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where we have used the fact that π is Lipschitz continuous by hypothesis (A5), inequality
(5.1.17) (cf. hypothesis (A7)), applied the Young inequality and the fact that

z(t) = z0 +

∫ t

0
∂tz ds.

Integrating in time over (0, τ), we obtain

1

2

∫ τ

0

∫
Ω
|∂tz|2 dxdt +

1

2

∫
Ω
|∇z|2 dx +

∫
Ω
β̂λ(z) dx

≤ 1

2

∫
Ω
|∇z0|2 dx +

∫
Ω
β̂λ(z0) dx + C

∫
Ω
|z0|2 dx + C

∫ τ

0

∫ t

0

∫
Ω
|∂tz|2 dxdsdt

+ C

∫ τ

0

∫
Ω

(
1 + |ι|2 + |φ|2 + |ε(u)|2 + |F̂ |2

)
dxdt

≤ C0 + C + C

∫ τ

0

∫ t

0

∫
Ω
|∂tz|2 dxdsdt,

where we have used the fact that β̂λ ≤ β̂ by definition of Yosida approximation (cf.
Section 2.5.1). Applying the Gronwall inequality, we obtain

∥z∥H1(H)∩L∞(V ) ≤ C,

where C > 0 does not depend on (σ, z). By comparison in the first equation in (5.1.47),
we have

∥−∆z + βλ(z)∥L2(H) = ∥−∂tz − π(z) + ι− F (φ, ε(u))∥L2(H)

≤ C
(
∥z∥H1(H) + 1 + ∥ι− F (φ, ε(u))∥L∞(H)

)
≤ C

where C does not depend on λ and (σ, z). On the other hand, we observe that

∥−∆z + βλ(z)∥2L2(H) = ∥−∆z∥2L2(H) + ∥βλ(z)∥2L2(H) + 2

∫ t

0

∫
Ω
−∆z βλ(z) dx ds

= ∥−∆z∥2L2(H) + ∥βλ(z)∥2L2(H) + 2

∫ t

0

∫
Ω
β′
λ(z)|∇z|2 dx ds

≥ ∥−∆z∥2L2(H) + ∥βλ(z)∥2L2(H),

where the inequality holds because β′
λ is monotone and Lipschitz continuous (so it is a.e.

differentiable with non-negative derivative). Combining the previous two inequalities, we
have proved

∥−∆z∥L2(H) + ∥βλ(z)∥L2(H) ≤ C

and, as a consequence, by elliptic regularity, we finally obtain estimate (5.1.48).

In the previous steps, we have built an operator γ : X → X such that γ(σ, z) := (σ, z).
From what we have already proved, it is straightforward that
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γ is well-defined,

because each of the problems (5.1.34), (5.1.37), (5.1.40), (5.1.47) is well-posed, and that

γ(X ) is a compact subset of X ,

because the following compact embeddings hold

H1(0, T ;V ′) ∩ L∞(0, T ;H) ∩ L2(0, T ;V ) ↪→↪→ L2(0, T ;H),

H1(0, T ;H) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W ) ↪→↪→ L2(0, T ;L∞(Ω))

by the Aubin–Lions Theorem (see Lemma 2.8). To apply the Schauder fixed point
Theorem, it remains to prove that

γ is continuous with respect to the norm ∥·∥X .

Thus, given a sequence (σk, zk) strongly converging to (σ, z) in X , i.e. such that

σk → σ strongly in L2(0, T ;H), (5.1.49)

zk → z strongly in L2(0, T ;L∞(Ω)), (5.1.50)

we aim to verify that (σk, zk) → (σ, z) strongly in X . By the uniform estimates (5.1.38),
(5.1.48) and standard compactness results, we know that there exists a pair (ρ, ζ) such
that, along a subsequence that we do not relabel,

σk → ρ weakly-∗ in H1(0, T ;V ′) ∩ L∞(0, T ;H) ∩ L2(0, T ;V ), (5.1.51)

strongly in L2(0, T ;H), (5.1.52)

a.e. in Q, (5.1.53)

zk → ζ weakly-∗ in H1(0, T ;H) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W ), (5.1.54)

strongly in L2(0, T ;L∞(Ω)), (5.1.55)

a.e. in Q. (5.1.56)

The proof is complete if we show that (ρ, ζ) = (σ, z), i.e. that ρ (resp. ζ) is the solution
of problem (5.1.37) (resp. (5.1.47)) corresponding to the datum (σ, z). In fact, at this
point, since every subsequence admits a sub-subsequence that converges to the same
limit, the convergences (5.1.52) and (5.1.55) hold for the whole sequence. To do so, we
pass to the limit as k → +∞ in the systems (5.1.34), (5.1.37), (5.1.40), (5.1.47) with
initial datum (σk, zk) that, by definition of γ, are satisfied by φk, σk, uk and zk.

Step I. We know that φk satisfies

∂tφk − ∆φk = (p(σk, zk) − χ1)α(φk) − φkg(σk, zk)

in L2(0, T ;H) and we aim to pass to the weak limit in this equation as k → +∞. From
the uniform estimate (5.1.35) and standard compactness results, we assert that there
exists a ϕ such that, along a further subsequence that we do not relabel,

φk → ϕ weakly-∗ in H1(0, T ;H) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W ), (5.1.57)
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strongly in C0([0, T ];H1−ϵ(Ω)) ∩ L2(0, T ;H2−ϵ(Ω)), (5.1.58)

a.e in Q. (5.1.59)

for every 0 < ϵ < 1. Moreover, since σk → σ strongly in L2(0, T ;H) and zk → z strongly
in L2(0, T ;L∞(Ω)), it holds

σk → σ, zk → z a.e in Q, (5.1.60)

possibly extracting a further subsequence. This implies that we can pass to the limit in
the equation: the terms on the left-hand side are trivial and the terms on the right-hand
side converge strongly in L2(0, T ;H) because we can apply the Lebesgue Convergence
Theorem. In fact p, α and g are continuous and uniformly bounded (thanks to hypothesis
(A1) and by definition of α in (5.1.25)), and their arguments converge a.e. (thanks to
(5.1.59), (5.1.60)). So, ϕ actually solves system (5.1.34) with data (σ, z): by uniqueness
of the solution, we may identify ϕ with φ.

Step II. The passage to the limit in the equation

∂tσk − ∆σk +
k1(φk, zk)σk

k2(φk, zk) + |σk|
= χ2S(φk, zk)

is quite similar to the previous one, so we will not do it in detail. It allows us to assert
that ρ = σ and satisfies (5.1.37) for the data φ and (σ, z).

Step III. Regarding uk, the solution of (5.1.40) from the data (φk, zk), there exists a ω
such that, along a non-relabeled subsequence,

uk → ω weakly- ∗ in W 1,∞(0, T ;V0) (5.1.61)

from (5.1.46) and standard compactness results. Thanks to this convergence, we are able
to pass to the limit in the equation∫

Ω
A(φk, zk)ε(∂tuk) : ε(v) dx +

∫
Ω
B(φk, zk)ε(uk) : ε(v) dx =

∫
Ω
f · v dx

for every fixed v ∈ V0. In fact, A and B are continuous from hypothesis (A3) and φk, zk
converge a.e. to φ, z employing (5.1.59) and (5.1.60), which implies that

A(φk, zk) → A(φ, z), B(φk, zk) → B(φ, z)

a.e. in Q. Moreover, A and B are bounded by hypothesis (A3). Thus, (5.1.61) is enough
to pass to the limit in the previous equation, and we may identify ω with u since it is
the unique solution of system (5.1.40) with initial data φ and z.

Step IV. The passage to the limit in the equation

∂tzk − ∆zk + βλ(zk) + π(zk) = ι− F (φk, ε(uk)),
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is obvious in all the terms with the exception of F (φk, ε(uk)), because of the convergence
(5.1.54), (5.1.55) and the Lipschitz continuity of βλ and π. However, we need to prove
stronger convergence for ε(uk) to treat the last one. Thus, we take the difference of the
equations satisfied by uk and ul and test it with ∂tv, where v := uk−ul. After summing
and subtracting some terms, we obtain:∫

Ω
A(φk, zk)ε(∂tv) : ε(∂tv) dx = −

∫
Ω

[A(φk, zk) −A(φl, zl)] ε(∂tul) : ε(∂tv) dx

−
∫
Ω
B(φk, zk)ε(v) : ε(∂tv) dx−

∫
Ω

[B(φk, zk) − B(φl, zl)] ε(ul) : ε(∂tv) dx.

Exploiting strictly positive definiteness of A, Lipschitz continuity of A and B, boundedness
of B from hypothesis (A3), and using the Hölder and the Young inequalities, for a.e.
t ∈ (0, T ) we get

CA∗

∫
Ω
|ε(∂tv)|2 dx ≤ η

∫
Ω
|ε(∂tv)|2 dx + Cη

∫
Ω
|ε(v)|2 dx

+ Cη

(
∥φk − φl∥2L∞(Ω) + ∥zk − zl∥2L∞(Ω)

)∫
Ω

(
|ε(∂tul)|2 + |ε(ul)|2

)
dx

for a positive η small enough. Then we integrate in time over the interval (0, t) and
move to the left-hand side the term multiplied by the small coefficient η. Moreover, from
(5.1.46), we know that ∥ε(ul)∥H and ∥ε(∂tul)∥H are uniformly bounded in time and the
following equality holds

ε(v(s)) = ε(v(0)) +

∫ s

0
ε(∂tv) dτ =

∫ s

0
ε(∂tv) dτ,

where we have used the fact that uk(0) = ul(0) = u0. Combining all these elements, the
previous inequality becomes∫ t

0

∫
Ω
|ε(∂tv)|2 ds ≤C

[ ∫ t

0

(∫ s

0

∫
Ω
|ε(∂tv)|2 dxdτ

)
ds

+ ∥φk − φl∥2L2(L∞(Ω)) + ∥zk − zl∥2L2(L∞(Ω))

]
.

Applying the Gronwall inequality, we obtain

∥ε(∂tv)∥2L2(H) ≤ CeCT
[
∥φk − φl∥2L2(L∞(Ω)) + ∥zk − zl∥2L2(L∞(Ω))

]
→ 0

as k, l → +∞ thanks to the strong convergences (5.1.55) and (5.1.58) with ϵ small enough
(so that the embedding H2−ϵ ↪→↪→ C0(Ω) holds). This implies that also ∥ε(v)∥L∞(H)

vanishes in the limit. So, {uk} is a Cauchy sequence in H1(0, T ;V0) and consequently
converges. Thus, we have proved that

uk → u strongly in H1(0, T ;V0), (5.1.62)
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where we are able to identify the limit with u because of the known convergence (5.1.61).
Now we can conclude the passage to the limit in the damage equation. In fact, F is
Lipschitz continuous by hypothesis (A7), φk → φ strongly in L2(0, T ;H) by (5.1.58) and
ε(uk) → ε(u) strongly in L2(0, T ;H) by (5.1.62), so F (φk, ε(uk)) → F (φ, ε(u)) strongly
in L2(0, T ;H). Finally, since ζ satisfies (5.1.47) with input data φ and u, we can deduce
the identification ζ = z.

Applying the Schauder fixed point Theorem, it follows that there exists a pair (σλ, zλ)
such that (σλ, zλ) = γ(σλ, zλ). By construction of γ, we have proved the existence of a
quadruple (φλ, σλ,uλ, zλ) that is a weak solution of the approximate problem in the sense
of Definition 5.9. Moreover, this solution satisfies the uniform estimates we obtained
throughout the proof since they did not depend on λ, so (5.1.29)–(5.1.33) hold.

Conclusion of the proof of Theorem 5.5. Let us consider a sequence of weak
solutions of the approximate problem {(φλ, σλ,uλ, zλ)}λ. Now we want to pass to the
limit as λ → 0. Employing the uniform estimates (5.1.29), (5.1.30), (5.1.31), (5.1.32),
(5.1.33), there exist a quadruple (φ, σ,u, z) and a ξ such that

φλ → φ weakly-∗ in H1(0, T ;H) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W ), (5.1.63)

σλ → σ weakly-∗ in H1(0, T ;V ′) ∩ L∞(0, T ;H) ∩ L2(0, T ;V ), (5.1.64)

uλ → u weakly-∗ in W 1,∞(0, T ;V0), (5.1.65)

zλ → z weakly-∗ in H1(0, T ;H) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W ), (5.1.66)

βλ(zλ) → ξ weakly in L2(0, T ;H) (5.1.67)

along a subsequence of λ that we do not relabel. The passage to the limit in the
approximate system can be performed exactly as in the proof of Proposition 5.10, proving
strong convergence where needed through standard compactness results and directly
for the displacement equation. The only difference that needs further discussion is the
Yosida approximation in the damage equation, because we need to justify that ξ ∈ β(z).
From (5.1.32) and the Aubin–Lions compact embedding

H1(0, T ;H) ∩ L2(0, T ;W ) ↪→↪→ L2(0, T ;V ),

we gather that zλ → z strongly in L2(0, T ;H) along a further non-relabeled subsequence.
Thus, since β is maximal monotone and βλ is its Yosida approximation, we exploit
Proposition 2.14 and deduce that ξ ∈ β(z) a.e. in Q. This concludes the proof of
Theorem 5.5.

5.1.4 Regularity

As we will comment further later on, the prescribed regularity can be proved on the
approximate level using standard regularity results. Then, the only thing to be shown is
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that such regularity passes to the limit, and this will be done by proving some a priori
estimates in the stronger norms we need.

Lemma 5.12. Under hypotheses (A1)–(A9)–(B1)–(B4), the solution to the approximate
problem found in Proposition 5.10 enjoys the further regularity

φλ ∈ H1(0, T ;V ) ∩ L∞(0, T ;W ) ∩ L2(0, T ;H3(Ω)),

uλ ∈ W 1,∞(0, T ;W0),

zλ ∈ W 1,∞(0, T ;H) ∩H1(0, T ;V ) ∩ L∞(0, T ;W ).

Moreover, it satisfies

∥φλ∥H1(V )∩L∞(W )∩L2(H3(Ω)) ≤ C, (5.1.68)

∥uλ∥W 1,∞(W0) ≤ C, (5.1.69)

∥zλ∥H1(V )∩L∞(W ) ≤ C, (5.1.70)

∥βλ(zλ)∥L∞(H) ≤ C, (5.1.71)

for a positive constant C depending only on the problem data and not on λ.

Proof. To simplify the notation, since here λ is fixed, we will omit it.

Estimate for φ. The right-hand side of equation (5.1.26a) is

h := (p(σ, z) − χ1)φ
(

1 − φ

N

)
− φg(σ, z).

Notice that we have removed the truncation α because we have already proved that
0 ≤ φ ≤ N (cf. (5.1.28) in Proposition 5.10). From well-known regularity theory for
parabolic equations (see [DL92; Lio61]), since h ∈ L2(0, T ;V ), φ enjoys the regularity
declared in the statement and it holds

∥φ∥H1(V )∩L∞(W )∩L2(H3(Ω)) ≤ C(∥h∥L2(V ) + ∥φ0∥W ). (5.1.72)

We aim to bound ∥h∥L2(V ). Since p, g are bounded by hypothesis (A1), and χ1 ∈ U1
ad ⊆

L∞(Q), it follows that

∥h∥L2(H) ≤ (p∗ + R + g∗)N |Ω|
1
2 .

Moreover, we have that

∇h = (p,σ∇σ + p,z∇z −∇χ1)φ
(

1 − φ

N

)
+ (p(σ, z) − χ1)

[
∇φ

(
1 − φ

N

)
− φ

∇φ

N

]
− g(σ, z)∇φ− (g,σ∇σ + g,z∇z)φ.

Recalling that φ and z are bounded, p, g are bounded along with their partial derivatives
by hypotheses (A1), (B1), and that χ1 ∈ U1

ad, we have

|∇h| ≤ C(|∇σ| + |∇z| + |∇χ1| + |∇φ|).
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Thus, since we have already proved (5.1.30), (5.1.32), (5.1.29), we get that ∥∇h∥L2(H) is
uniformly bounded. Hence, from (5.1.72), we obtain (5.1.68).

Estimate for z and βλ(z). Observing that the term

ι− F (φ, ε(u)) − βλ(z) − π(z)

belongs to H1(0, T ;H), by standard parabolic regularity results (see [DL92; Lio61]), z
has the desired regularity. Unfortunately, estimate (5.1.70) (which is independent of λ)
cannot be deduced as we have done for φ because the Lipschitz constant of the Yosida
approximation βλ depends on λ. To overcome this difficulty, we aim to test equation
(5.1.26d) by ∂t(−∆z + βλ(z)) and integrate over the time interval (0, t). Notice that the
following calculations are formal, since ∂t(−∆z + βλ(z)) does not possess the regularity
L2(0, T ;H), which would be suitable for Equation (5.1.26d). However, the same estimate
can be performed rigorously at the discrete level in a Galerkin scheme, so we will not
enter into technical details. We have:∫ t

0

∫
Ω
|∇(∂tz)|2 dx dτ +

∫ t

0

∫
Ω
β′
λ(z)|∂tz|2 dx dτ

+
1

2

[∫
Ω
| − ∆z + βλ(z)|2 dx−

∫
Ω
| − ∆z0 + βλ(z0)|2 dx

]
= −

∫ t

0

∫
Ω

(π(z) + F (φ, ε(u)) − ι)∂t(−∆z + βλ(z)) dx dτ.

Then we integrate by parts the term on the right-hand side with respect to time, obtaining:∫ t

0

∫
Ω
|∇(∂tz)|2 dx dτ +

∫ t

0

∫
Ω
β′
λ(z)|∂tz|2 dx dτ +

1

2

∫
Ω
| − ∆z + βλ(z)|2 dx

=

∫
Ω

(π(z0) + F (φ0, ε(u0)) − ι(0))(−∆z0 + βλ(z0)) dx

−
∫
Ω

(π(z) + F (φ, ε(u)) − ι)(−∆z + βλ(z)) dx

+

∫ t

0

∫
Ω

(
π′(z)∂tz + ∂tF (φ, ε(u)) − ∂tι

)
(−∆z + βλ(z)) dx dτ

+
1

2

∫
Ω
| − ∆z0 + βλ(z0)|2 dx

=: I1 + I2 + I3 + I4.

(5.1.73)

Regarding the left-hand side, since β′
λ is non negative because βλ is monotone, we have∫ t

0

∫
Ω
|∇(∂tz)|2 dx dτ +

1

2

∫
Ω
| − ∆z + βλ(z)|2 dx

≤
∫ t

0

∫
Ω
|∇(∂tz)|2 dx dτ +

∫ t

0

∫
Ω
β′
λ(z)|∂tz|2 dx dτ

+
1

2

∫
Ω
| − ∆z + βλ(z)|2 dx.

(5.1.74)
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Next, we aim to bound the terms on the right-hand side. As regards I1 and I4, which
depend on the initial data, we only observe that, by well-known properties of the Yosida
approximation (see Section 2.5.1),

|βλ(z0)| ≤ |β0(z0)|,

where the right-hand side is bounded because of hypothesis (B4). All the other addends
in I1 and I4 do not depend on λ and are bounded because of the hypotheses we imposed
on the initial data. Concerning I2, we recall that π and F are Lipschitz continuous by
hypotheses (A5) and (A7). Then we apply the Young inequality. We get

I2 ≤ C

∫
Ω

(|z| + 1 + |ε(u)| + |φ| + |ι|) | − ∆z + βλ(z)|dx

≤ 1

4

∫
Ω
| − ∆z + βλ(z)|2 dx + C

∫
Ω

(
|z|2 + 1 + |ε(u)|2 + |φ|2 + |ι|2

)
dx

≤ 1

4

∫
Ω
| − ∆z + βλ(z)|2 dx + C,

(5.1.75)

where the last inequality is due to hypothesis (A6) and to the fact that z, ε(u), and φ
are uniformly bounded in L∞(0, T ;H) by (5.1.29), (5.1.31) and (5.1.32). The term I3
can be handled similarly, by using in particular (A7). We have

I3 ≤ C

∫ t

0

∫
Ω

(|∂tz| + |ε(∂tu)| + |∂tφ| + |∂tι|) | − ∆z + βλ(z)| dx dτ

≤ C

∫ t

0

∫
Ω
| − ∆z + βλ(z)|2 dx dτ

+ C

∫ t

0

∫
Ω

(
|∂tz|2 + |ε(∂tu)|2 + |∂tφ|2 + |∂tι|2

)
dx dτ

≤ C

∫ t

0

∫
Ω
| − ∆z + βλ(z)|2 dx dτ + C,

(5.1.76)

recalling hypothesis (B3) and the fact that ∂tz, ε(∂tu) and ∂tφ are uniformly bounded in
L2(0, T ;H) again by (5.1.29), (5.1.31), (5.1.32). Combining (5.1.73), (5.1.74), (5.1.75),
(5.1.76) leads to∫ t

0

∫
Ω
|∇(∂tz)|2 dx dτ +

1

4

∫
Ω
|−∆z+βλ(z)|2 dx ≤ C +C

∫ t

0

∫
Ω
|−∆z+βλ(z)|2 dx dτ.

Thus, applying the Gronwall Lemma, we conclude that the left-hand side is uniformly
bounded. Moreover, since β′

λ is non-negative, it holds

C ≥
∫
Ω
| − ∆z + βλ(z)|2 dx =

∫
Ω
| − ∆z|2 + |βλ(z)|2 − 2∆zβλ(z) dx

=

∫
Ω
| − ∆z|2 + |βλ(z)|2 + 2β′

λ(z)|∇z|2 dx ≥
∫
Ω
| − ∆z|2 + |βλ(z)|2 dx.
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and, consequently, estimates (5.1.71) and (5.1.70) are satisfied.

Estimate for u. The additional regularity for u can be proved at the time-discrete level,
noticing that, starting from u0 ∈ W0, the right-hand side in equation (5.1.43) can be
represented as a linear functional on H. As a consequence, applying the regularity result
[MH94, Theorem 1.11, p. 322], the time-discrete solution is in W . To prove that the limit
solution preserves this regularity, one should prove an estimate uniform with respect to
the time-step τ . Anyway, we are going to omit these calculations since they are similar
to the ones we are going to perform in the continuous setting, where we search for an
estimate uniform in λ.
Since u ∈ W 1,∞(0, T ;W0), equation (5.1.26c) can be rewritten as

−A(φ, z) div[ε(∂tu)] =B(φ, z) div[ε(u)] + ε(∂tu) [A,φ(φ, z)∇φ + A,z(φ, z)∇z]

+ ε(u) [B,φ(φ, z)∇φ + B,z(φ, z)∇z] + f

which is satisfied in H for a.e. t ∈ (0, T ). Multiplying it by −div[ε(∂tu)] and integrating
over Ω, one gets∫

Ω
A(φ, z) div[ε(∂tu)] · div[ε(∂tu)] dx = −

∫
Ω
B(φ, z) div[ε(u)] · div[ε(∂tu)] dx

−
∫
Ω
ε(∂tu) [A,φ(φ, z)∇φ + A,z(φ, z)∇z] · div[ε(∂tu)] dx

−
∫
Ω
ε(u) [B,φ(φ, z)∇φ + B,z(φ, z)∇z] · div[ε(∂tu)] dx

−
∫
Ω
f · div[ε(∂tu)] dx =: I1 + I2 + I3 + I4.

(5.1.77)

Recalling that, by hypothesis (A3), A is strictly positive definite,

CA∗∥div[ε(∂tu)]∥2H ≤
∫
Ω
A(φ, z) div[ε(∂tu)] · div[ε(∂tu)] dx. (5.1.78)

Now we are going to estimate the terms on the right-hand side of equation (5.1.77).
Starting from I1, we employ the boundedness of B from hypothesis (A3), the Young
inequality with a small parameter η yet to be determined, and the following equality

div[ε(u)](τ) = div[ε(u0)] +

∫ τ

0
div[ε(∂tu)] dt

and we obtain

I1 ≤ η∥div[ε(∂tu)]∥2H + Cη∥div[ε(u)]∥2H

≤ η∥div[ε(∂tu)]∥2H + Cη

(
∥div[ε(u0)]∥2H +

∫ τ

0
∥div[ε(∂tu)]∥2H dt

)
,

(5.1.79)

where the constant Cη has changed in the passage from the first to the second line.
Regarding I2, by Lipschitz continuity of A and B, the Hölder inequality and the Young
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inequality with a small η, we get

I2 ≤ η∥div[ε(∂tu)]∥2H + Cη∥ε(∂tu)∥2L4(Ω)

(
∥∇φ∥2L4(Ω) + ∥∇z∥2L4(Ω)

)
. (5.1.80)

Since we have already shown that ∥φ∥W , ∥z∥W ≤ C from (5.1.68), (5.1.70), by the
continuous embedding W ↪→ W 1,4(Ω) it follows

∥∇φ∥2L4(Ω) + ∥∇z∥2L4(Ω) ≤ C. (5.1.81)

Employing Ehrling’s Lemma with W ↪→↪→ W 1,4(Ω) ↪→ H and a small constant θ yet to
be determined, it holds

∥ε(∂tu)∥2L4(Ω) ≤ C∥∂tu∥2W 1,4(Ω) ≤ θ∥∂tu∥2W + Cθ∥∂tu∥2H
≤ θ∥div[ε(∂tu)]∥2H + Cθ.

The last inequality follows from Lemma 2.23 and the previous estimate (5.1.31), renaming
the constant involved. Combining these elements, starting from (5.1.80) we have proved
that

I2 ≤ (η + θ)∥div[ε(∂tu)]∥2H + Cη,θ. (5.1.82)

The term I3 can be treated similarly. Proceeding as in equation (5.1.80) and taking into
account equation (5.1.81), yields

I3 ≤ η∥div[ε(∂tu)]∥2H + Cη∥ε(u)∥2L4(Ω) ≤ η∥div[ε(∂tu)]∥2H + Cη∥u∥2W .

Since

u(τ) = u0 +

∫ τ

0
∂tudt,

we have

I3 ≤ η∥div[ε(∂tu)]∥2H + Cη

(
∥u0∥2W +

∫ τ

0
∥∂tu∥2W dt

)
≤ η∥div[ε(∂tu)]∥2H + Cη

(
1 +

∫ τ

0
∥div[ε(∂tu)]∥2H dt

)
,

(5.1.83)

where the last inequality follows from Lemma 2.23, changing the constant Cη. Finally,
by the Young and the Hölder inequalities,

I4 ≤ ∥f∥H∥div[ε(∂tu)]∥H ≤ Cη∥f∥2H + η∥div[ε(∂tu)]∥2H . (5.1.84)

Now we combine (5.1.77) with (5.1.78), (5.1.79), (5.1.82), (5.1.83), (5.1.84) and we move
to the left-hand side the terms with η and θ, fixing them small enough. We obtain:

∥div[ε(∂tu)]∥2H(τ) ≤ C

(
1 + ∥f∥2L∞(H) +

∫ τ

0
∥div[ε(∂tu)]∥2H dt

)
.

Applying Gronwall’s inequality, it follows that ∥div[ε(∂tu)]∥L∞(H) is uniformly bounded,
and, thanks to Lemma 2.23, that ∥∂tu∥L∞(W ) is in turn uniformly bounded. Thus,
(5.1.69) holds. This concludes the proof of Theorem 5.7.
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5.1.5 Continuous dependence

Consider two pairs {(φi, σi,ui, zi)}i=1,2 of weak solutions corresponding to the assigned
functions {(χi,f i, wi, σΓ,i)}i=1,2 and to the initial data {(φ0,i, σ0,i,u0,i, z0,i)}i=1,2. For
the sake of brevity, in the following, we will use the shorter notation

φ := φ1 − φ2, σ := σ1 − σ2, u := u1 − u2, z := z1 − z2,

φ0 := φ0,1 − φ0,2, σ0 := σ0,1 − σ0,2, u0 := u0,1 − u0,2, z0 := z0,1 − z0,2,

χ := χ1 − χ2, f := f1 − f2, ι := ι1 − ι2, σΓ := σΓ,1 − σΓ,2,

and we will denote M := maxi=1,2Mi. We specify that we write each vector χ1,χ2 as
follows

χ1 = ((χ1)1, (χ1)2) , χ2 = ((χ2)1, (χ2)2) .

Thus, χ = (χ1, χ2) with

χ1 = (χ1)1 − (χ2)1, χ2 = (χ1)2 − (χ2)2.

Taking the difference of (5.1.23a) written for φ1 and φ2, testing it by φ, we obtain

1

2

d

dt

∫
Ω
|φ|2 dx +

∫
Ω
|∇φ|2 dx = −

∫
Ω

(g(σ1, z1) − g(σ2, z2))φ1φdx

−
∫
Ω
g(σ2, z2)φ

2 dx +

∫
Ω

(p(σ1, z1) − p(σ2, z2) − χ1)φ1

(
1 − φ1

N

)
φdx

+

∫
Ω

(p(σ2, z2) − (χ2)2)

[
φ1

(
1 − φ1

N

)
− φ2

(
1 − φ2

N

)]
φdx

≤ C

[ ∫
Ω

(|σ| + |z| + |χ1|)|φ|dx +

∫
Ω
|φ|2 dx

]
≤ C

[ ∫
Ω

(
|σ|2 + |z|2 + |χ1|2 + |φ|2

)
dx

]
,

(5.1.85)

where the inequality follows from the Young inequality and the constant C depends on
N , g∗, p∗, R, and the Lipschitz constants of p and g. Taking the difference of (5.1.23b)
written for σ1 and σ2, testing it by σ, we obtain

1

2

d

dt

∫
Ω
|σ|2 dx +

∫
Ω
|∇σ|2 dx +

∫
Γ
|σ|2 dHd−1 +

∫
Ω

k1(φ1, z1)

k2(φ1, z1) + σ1
σ2 dx

=

∫
Γ
σΓσ dHd−1 −

∫
Ω

k1(φ1, z1) − k1(φ2, z2)

k2(φ1, z1) + σ1
σ2σ dx

−
∫
Ω

(
k1(φ2, z2)

k2(φ1, z1) + σ1
− k1(φ2, z2)

k2(φ2, z2) + σ2

)
σ2σ dx

+

∫
Ω

[(χ1)2 (S(φ1, z1) − S(φ2, z2)) + χ2S(φ2, z2)]σ dx

≤ 1

2

∫
Γ
|σΓ|2 dHd−1 +

1

2

∫
Γ
|σ|2 dHd−1 + C

∫
Ω

(|φ| + |z| + |χ2| + |σ|)|σ|dx
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where we have used hypotheses (A2) and (B2) for k1, k2 and S, the fact that χi ∈ Uad,
0 ≤ σi ≤ M , and the Young inequality. Here the constant C depends on M , k∗1, k2∗, R,
S∗ and the Lipschitz constant of k1, k2, S. It follows that

1

2

d

dt

∫
Ω
|σ|2 dx +

∫
Ω
|∇σ|2 dx +

1

2

∫
Γ
|σ|2 dHd−1

≤ 1

2

∫
Γ
|σΓ|2 dHd−1 + C

∫
Ω

(
|φ|2 + |z|2 + |χ2|2 + |σ|2

)
dx.

(5.1.86)

We take the difference of (5.1.23c) written for u1 and u2 and test it by ∂tu. Integrating
over Ω, summing and subtracting some terms and using the positive definiteness of A,
we get

CA∗

∫
Ω
|ε(∂tu)|2 dx ≤

∫
Ω
A(φ1, z1)ε(∂tu) : ε(∂tu) dx

= −
∫
Ω

(A(φ1, z1) −A(φ2, z2))ε(∂tu2) : ε(∂tu) dx

−
∫
Ω
B(φ1, z1)ε(u) : ε(∂tu) dx

−
∫
Ω

(B(φ1, z1) − B(φ2, z2))ε(u2) : ε(∂tu) dx +

∫
Ω
f · ∂tu dx

=: I1 + I2 + I3 + I4.

(5.1.87)

Our next aim is to provide a bound for each integral on the right-hand side. Regarding
I1, we employ the Lipschitz continuity of A and the Hölder inequality. We obtain

I1 ≤ C

∫
Ω

(|φ| + |z|)|ε(∂tu2)||ε(∂tu)| dx

≤ C(∥φ∥L3(Ω) + ∥z∥L3(Ω))∥ε(∂tu2)∥L6(Ω)∥ε(∂tu)∥H
≤ η∥ε(∂tu)∥2H + Cη(∥φ∥2L3(Ω) + ∥z∥2L3(Ω)),

where the last inequality holds because ε(∂tu2) is uniformly bounded in L∞(V ) ↪→
L∞(L6(Ω)) and we have applied the Young inequality with a small constant η. Notice
that Cη depends on maxi=1,2

(
∥ε(∂tui)∥L∞(V )

)
. Employing Lemma 2.6 and then again

the Young inequality yields

I1 ≤ η∥ε(∂tu)∥2H + Cη(∥φ∥1/2H ∥φ∥1/2V + ∥z∥1/2H ∥z∥1/2V )2

≤ η(∥ε(∂tu)∥2H + ∥φ∥2V + ∥z∥2V ) + Cη(∥φ∥2H + ∥z∥2H)

≤ η

(∫
Ω
|ε(∂tu)|2 dx +

∫
Ω
|∇φ|2 dx +

∫
Ω
|∇z|2 dx

)
+ Cη

(∫
Ω
|φ|2 dx +

∫
Ω
|z|2 dx

)
.

(5.1.88)
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Concerning I2, using the Hölder and the Young inequalities, we get that

I2 ≤ C

∫
Ω
|ε(u)||ε(∂tu)| dx ≤ η

∫
Ω
|ε(∂tu)|2 dx + Cη

∫
Ω
|ε(u)|2 dx

≤ η

∫
Ω
|ε(∂tu)|2 dx + Cη

[ ∫
Ω
|ε(u0)|2 dx +

∫ t

0

∫
Ω
|ε(∂tu)|2 dx dτ

]
.

(5.1.89)

The integral I3 can be treated exactly as I1 and satisfies the same estimate

I3 ≤ η

(∫
Ω
|ε(∂tu)|2 dx +

∫
Ω
|∇φ|2 dx +

∫
Ω
|∇z|2 dx

)
+ Cη

(∫
Ω
|φ|2 dx +

∫
Ω
|z|2 dx

)
,

(5.1.90)

where Cη depends on maxi=1,2

(
∥ε(ui)∥L∞(V )

)
. Finally, I4 can be handled by employing

the Hölder and the Young inequalities again, in order to obtain

I4 ≤ η

∫
Ω
|ε(∂tu)|2 dx + Cη

∫
Ω
|f |2 dx. (5.1.91)

Taking advantage of inequalities (5.1.88), (5.1.89), (5.1.90), (5.1.91) in (5.1.87) and
redefining η, we obtain:

CA∗

∫
Ω
|ε(∂tu)|2 dx

≤ η

(∫
Ω
|ε(∂tu)|2 dx +

∫
Ω
|∇φ|2 dx +

∫
Ω
|∇z|2 dx

)
+ Cη

(∫
Ω
|φ|2 dx

+

∫
Ω
|z|2 dx +

∫
Ω
|ε(u0)|2 dx +

∫ t

0

∫
Ω
|ε(∂tu)|2 dx dt +

∫
Ω
|f |2 dx

)
.

(5.1.92)

Finally, we take the difference between (5.1.23d) written for z1 and z2 and test it by z.
Integrating over Ω, exploiting monotonicity of β, Lipschitz continuity of π and F and
the Young inequality, we deduce that

1

2

d

dt

∫
Ω
|z|2 dx +

∫
Ω
|∇z|2 dx ≤ 1

2

d

dt

∫
Ω
|z|2 dx +

∫
Ω
|∇z|2 dx +

∫
Ω

(ξ1 − ξ2)z dx

= −
∫
Ω

(π(z1) − π(z2))z dx +

∫
Ω
ι z dx

−
∫
Ω

[F (φ1, ε(u1)) − F (φ2, ε(u2))] z dx

≤ C

(∫
Ω
|z|2 dx +

∫
Ω
|ι|2 dx +

∫
Ω
|φ|2 dx +

∫
Ω
|ε(u)|2 dx

)
,

(5.1.93)

where C depends only on the Lipschitz constants of π and F . At this point, summing
inequalities (5.1.85), (5.1.86), (5.1.92), (5.1.93) and moving the terms multiplied by η to
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the left-hand side, we get

d

dt

(∫
Ω
|φ|2 dx +

∫
Ω
|σ|2 dx +

∫
Ω
|z|2 dx

)
+

∫
Ω
|∇φ|2 dx +

∫
Ω
|∇σ|2 dx

+

∫
Ω
|∇z|2 dx +

∫
Ω
|ε(∂tu)|2 dx +

∫
Γ
|σ|2 dHd−1

≤ C

[ ∫
Ω
|σ|2 dx +

∫
Ω
|z|2 dx +

∫
Ω
|φ|2 dx +

∫ t

0

∫
Ω
|ε(∂tu)|2 dx dτ

]
+ C

[ ∫
Ω
|ε(u0)|2 dx +

∫
Γ
|σΓ|2 dHd−1 +

∫
Ω
|χ|2 dx +

∫
Ω
|f |2 dx +

∫
Ω
|ι|2 dx

]
.

Integrating in time and then applying the Gronwall inequality, the following estimate
follows

∥φ∥L∞(H)∩L2(V ) + ∥σ∥L∞(H)∩L2(V ) + ∥z∥L∞(H)∩L2(V ) + ∥u∥H1(V0)

≤ C
(
∥φ0∥H + ∥σ0∥H + ∥z0∥H + ∥u0∥V0

+ ∥χ∥L2(H) + ∥f∥L2(H) + ∥ι∥L2(H) + ∥σΓ∥L2(L2(Γ))

)
for a constant C that does not depend on the differences φ, σ, u and z but depends
on the fixed data of the problem, T and maxi=1,2(∥ε(∂tui)∥L∞(V )). This concludes the
proof of Theorem 5.8.

Remark 5.13. From Theorem 5.7 and Theorem 5.8, employing standard interpolation
results, we are able to prove the following estimates, which we will need later on. Precisely,
for every χ,χ in UR, we have:

∥φ−φ∥L∞(L4(Ω))+∥ε(u)−ε(u)∥L∞(L4(Ω))+∥z−z∥L∞(L4(Ω)) ≤ CR∥χ−χ∥
1
4

L2(Q)
. (5.1.94)

Applying the Gagliardo–Nirenberg interpolation inequality from Lemma 2.6, as well as the
regularity estimate (5.1.24) and the continous dependence inequality from Theorem 5.8,
we have:

∥ε(u) − ε(u)∥L∞(L4(Ω)) ≤ C∥ε(u) − ε(u)∥
1
4

L∞(H)∥ε(u) − ε(u)∥
3
4

L∞(V )

≤ C∥u− u∥
1
4

L∞(V0)
∥u− u∥

3
4

L∞(W0)
≤ CR∥u− u∥

1
4

H1(V0)
≤ CR∥χ− χ∥

1
4

L2(Q)
.

The same can be performed for φ and z. Similarly, we have

∥φ− φ∥L4(L∞(Ω)) + ∥z − z∥L4(L∞(Ω)) ≤ CR∥χ− χ∥
1
4

L2(Q)
. (5.1.95)

In fact, applying Gagliardo–Nirenberg inequality and the embedding W 1,4(Ω) ↪→ L∞(Ω),
we obtain

∥φ− φ∥L∞(Ω) ≤ ∥φ− φ∥W 1,4(Ω) ≤ C∥φ− φ∥
1
4
V ∥φ− φ∥

3
4
W ≤ CR∥φ− φ∥

1
4
V ,
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where the last inequality follows from the regularity estimate (5.1.24). Elevating to the
power 4th and integrating in time over (0, T ) leads to

∥φ− φ∥4L4(L∞(Ω)) =

∫ T

0
∥φ− φ∥4L∞(Ω) dt ≤ CR

∫ T

0
∥φ− φ∥V dt

= CR∥φ− φ∥L1(V ) ≤ CR∥φ− φ∥L2(V ) ≤ CR∥χ− χ∥L2(Q)

thanks to the continuous dependence estimate from Theorem 5.8. The same holds for
the damage variable. Finally, the following inequality is satisfied

∥φ− φ∥L4(L3(Ω)) + ∥z − z∥L4(L3(Ω)) ≤ CR∥χ− χ∥L2(Q). (5.1.96)

Proceeding as before, we gather

∥φ− φ∥4L4(L3(Ω)) =

∫ T

0
∥φ− φ∥4L3(Ω) dt ≤ C

∫ T

0
∥φ− φ∥2H∥φ− φ∥2V dt

≤ C∥φ− φ∥2L∞(H)

∫ T

0
∥φ− φ∥2V dt

= C∥φ− φ∥2L∞(H)∥φ− φ∥2L2(V ) ≤ CR∥χ− χ∥4L2(Q),

and the same for z.

5.2 The optimal control problem

Assume that hypotheses (A1)–(A9) and (B1)–(B4) hold. In view of the well-posedness
of the state system proved in Theorems 5.5 and 5.8, we introduce the so-called control-
to-state operator or solution operator, which maps every control χ to the corresponding
unique state and is denoted by S. More precisely, we introduce the state-space

VS :=
[
H1(0, T ;H) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W )

]
×
[
H1(0, T ;V ′) ∩ L∞(0, T ;H) ∩ L2(0, T ;V )

]
×W 1,∞(0, T ;W )

×
[
H1(0, T ;H) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W )

]
which is continuously embedded into the larger

V :=
[
C0([0, T ];H) ∩ L2(0, T ;V )

]
×
[
C0([0, T ];H) ∩ L2(0, T ;V )

]
×H1(0, T ;V0) ×

[
C0([0, T ];H) ∩ L2(0, T ;V )

]
.

We define

S : U → V, χ 7→ (φ, σ,u, z),

where (φ, σ,u, z) is the unique solution of the state system (1.3.14)–(1.3.16) obtained
choosing χ as the control. Notice that S is well-defined over U and Lipschitz continuous
over UR because of Theorem 5.8. We introduce the reduced cost functional as

J(χ) := J (S(χ),χ).
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Then, the optimal control problem can be stated as

min
χ∈Uad

J(χ), (5.2.1)

which means that we search a minimizer for the functional J subject to the PDE system
(1.3.14)–(1.3.16) and constrained to Uad.

In order to prove that (5.2.1) admits a minimizer and to derive the associated first-order
necessary conditions, the assumptions (A1)–(A9) and (B1)–(B4) alone are not sufficient.
To keep the formulation of the hypotheses clear and easily accessible, we retain the
framework given by assumptions (A1)–(A9), while replacing (B1)–(B4) entirely with
the new set presented below. These conditions include the regularity requirements on
the assigned functions and initial data necessary for the application of Theorems 5.7
and 5.8, as well as further assumptions tailored to the control problem. In particular,
the enhanced regularity of the nonlinearities is essential for handling the corresponding
terms in the linearized and adjoint systems.

(C1) The nonlinear terms from the tumor and the lactate equations have the following
regularity:

p, g ∈ W 1,∞(R2) ∩ C2(R2), (5.2.2)

k1, k2, S ∈ W 1,∞(R2) ∩ C2(R2). (5.2.3)

(C2) The viscous tensor A = (aijkh) is constant, while the elastic tensor B = (bijkh) :
R2 → Rn×n×n×n satisfy:

B ∈ W 1,∞(R2) ∩ C2(R2). (5.2.4)

Moreover, being able to bound the maximal monotone operator β and its higher derivatives
will be essential. To this end, the key point is proving a strict separation property for the
damage variable z. This leads us to adopt a more restrictive form of the convex potential
β̂, moving beyond the quite general hypotheses employed in the previous analysis.

(C3) We assume that the convex part of the potential has the regularity

β̂ ∈ C3(0, 1), (5.2.5)

and that its derivative β satisfies the growth conditions:

lim
r→0+

β(r) = −∞, lim
r→1−

β(r) = +∞. (5.2.6)

Regarding the nonconvex part of the potential, we require

π̂ ∈ C1,1(R) ∩ C3(0, 1). (5.2.7)
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Example 5.14. The prototypical example to keep in mind is the logarithmic potential

β̂(r) + π̂(r) = C1 [r ln r + (1 − r) ln (1 − r)] + C2r(1 − r)

for some given and positive constants C1, C2, which clearly fulfills hypothesis (C3).

To establish the separation property for the damage variable, we will also need to impose
that the functions ι and F (φ, ε(u)) are bounded.

(C4) We suppose that ι ∈ L∞(Q) ∩H1(0, T ;H).

(C5) We assume that F ∈ W 2,∞(Ω × R× Rn×n).

Remark 5.15. It is worth noting that this assumption is not as restrictive as it might
initially appear. Indeed, we will prove the boundedness of φ, and since we are working
within the framework of linear elasticity, ε(u) is expected to remain small. Consequently,
under hypothesis (5.1.15), the boundedness of F (φ, ε(u)) would follow asking that
F̂ = F (0,0) ∈ L∞(Ω), instead of F̂ ∈ H, as we did in (C5). However, as we are unable
to prove the boundedness of ε(u) mathematically, it becomes necessary to explicitly
impose the boundedness of F as an additional condition. The boundedness of the higher
derivatives is required to handle the linearized coefficients in the linearized and adjoint
systems.

Finally, since the domain of β̂ is [0, 1], the initial datum z0 must be chosen such that
its values lie within this interval. Recalling again that our goal is to prove a separation
property for the damage variable, we request that z0 stays bounded away from 0 and 1.

(C6) We assume that

φ0 ∈ W, u0 ∈ W0, z0 ∈ W, 0 < ess inf
Ω

(z0), ess sup
Ω

(z0) < 1. (5.2.8)

Regarding the cost functional J , we make the following assumptions.

(C7) The coefficients α1, . . . , α9 are nonnegative constants that cannot vanish all at the
same time.

(C8) The target functions satisfy

φQ, σQ, zQ ∈ L2(Q), φΩ, σΩ ∈ H. (5.2.9)

(C9) The coefficient γ : Ω × R → [0,+∞) is a Carathéodory function such that

γ(x, ·) ∈ C1(R) (5.2.10)

for a.e. x ∈ Ω. Moreover, it exists a constant Cγ > 0 such that

|γ(x, φ)| + |∂φγ(x, φ)| ≤ Cγ (5.2.11)

for a.e. x ∈ Ω and for all φ ∈ [0, N ].

Even if γ also depends on the point x ∈ Ω, in the following, we will employ the shorter
notation γ(φ) instead of γ(x, φ). For the same reason, the partial derivative of γ with
respect to the variable φ will be denoted by γ′(φ).
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5.2.1 A strict separation property for the damage

As already mentioned when introducing the additional assumptions, the more restrictive
hypotheses on the potential β̂, as well as boundedness for ι and F , enable us to establish
a separation property for the damage z.

Proposition 5.16. Let assumptions (A1)–(A9) and (C1)–(C9) hold. Then, there exist
0 < r∗ ≤ r∗ < 1 which may depend on the data of the problem and on R such that, for
every χ ∈ UR with the associated solution to the state problem (φ, σ,u, z), there holds

r∗ ≤ z ≤ r∗

a.e. in Q.

Proof. We claim that there exist 0 < r∗ ≤ r∗ < 1 such that

(i) r∗ ≤ ess inf
Ω

(z0),

(ii) ess sup
Ω

(z0) ≤ r∗,

(iii) β(r) + π(r) + ∥ι∥L∞(Q) + ∥F∥L∞(Q) ≤ 0 for all r ∈ (0, r∗),

(iv) β(r) + π(r) − ∥ι∥L∞(Q) − ∥F∥L∞(Q) ≥ 0 for all r ∈ (r∗, 1).

We can find such r∗, r
∗ satisfying conditions (i) and (ii) because of hypothesis (C6),

ensuring that z0 remains bounded away from 0 and 1. Regarding points (iii) and (iv), we
recall that, from the specific choice we made for the potential β̂, it holds

β(r) → −∞ if r → 0+, β(r) → +∞ if r → 1−.

Moreover, π is bounded over the interval [0, 1] because π ∈ C0(R) from hypothesis (C3),
and ι and F are bounded respectively from hypotheses (C4) and (C5). Let χ be an
arbitrary control in UR and S(χ) = (φ, σ,u, z). We test equation (5.1.23d) with (z−r∗)+,
obtaining:

0 =
1

2

d

dt

∫
Ω
|(z − r∗)+|2 dx +

∫
Ω
|∇(z − r∗)+|2 dx

+

∫
Ω

[β(z) + π(z) − ι + F (φ, ε(u))] (z − r∗)+ dx ≥ 1

2

d

dt

∫
Ω
|(z − r∗)+|2 dx,

where we used property (iv) in order to obtain the inequality. Integrating in time over
the interval (0, t), it follows that∫

Ω
|(z − r∗)+|2 dx ≤

∫
Ω
|(z0 − r∗)+|2 dx = 0

because, according to property (ii), z0 is smaller or equal to r∗ almost everywhere, thus
(z0 − r∗)+ = 0. This proves that (z − r∗)+ = 0 and, equivalently, that z is smaller than
or equal to r∗ almost everywhere in Q. Proceeding in the same way, we test equation
(5.1.23d) with −(z − r∗)

−. Employing inequality (iii) and then integrating in time and
using (i), we obtain that (z − r∗)− is equal to 0. Thus, we have that z is greater than or
equal to r∗ almost everywhere in Q.
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Remark 5.17. Let us highlight the fact that, thanks to the strict separation property
we have just proved, from now on we will treat β as a regular potential. Moreover, we
trivially deduce that

∥β(z)∥L∞(Q) + ∥β′(z)∥L∞(Q) + ∥β′′(z)∥L∞(Q) ≤ CR,

since β ∈ C2(0, 1) by hypothesis (C3).

5.2.2 Existence of a minimizer

We are now in the position to prove the existence of at least one solution to the optimal
control problem (5.2.1). The proof is an application of the direct method of the Calculus
of Variations.

Theorem 5.18. Suppose that hypotheses (A1)–(A9) and (C1)–(C9) hold. Then, there
exists at least one minimizer χ∗ ∈ Uad to the optimal control problem (5.2.1).

Proof. The reduced cost functional is proper and non-negative, so infχ∈Uad
J(χ) is finite

and non-negative. Let {χn}n∈N ⊆ Uad be a minimizing sequence for J, meaning that

inf
χ∈Uad

J(χ) = lim
n→+∞

J(χn).

We denote the corresponding solution to the state system as (φn, σn,un, zn) := S(χn).
Since the sequence {χn}n∈N ∈ Uad, it is uniformly bounded in U and, consequently, there
exists a χ∗ ∈ U such that, along a subsequence that we do not relabel,

χn,1 → χ∗
1 weakly-∗ in L2(0, T ;V ) ∩ L∞(Q), (5.2.12)

χn,2 → χ∗
2 weakly-∗ in L∞(Q). (5.2.13)

Notice that Uad is convex and closed in the space L2(0, T ;V ) × L2(Q); thus, it is sequen-
tially weakly closed. This justifies the fact that the limit χ∗ belongs to Uad. Moreover, by
the uniform boundedness of the solution sequence from Theorem 5.7, applying Banach–
Alaouglu (see, e.g., [Bré11]) and Aubin–Lions Theorems (see Lemma 2.8), there exists a
quadruple (φ∗, σ∗,u∗, z∗) ∈ VS such that, along a further subsequence,

φn → φ∗ weakly-∗ in H1(0, T ;H) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W ), (5.2.14)

strong in C0([0, T ];H) ∩ L2(0, T ;V ), (5.2.15)

a.e. in Q, (5.2.16)

σn → σ∗ weakly-∗ in H1(0, T ;V ′) ∩ L∞(0, T ;H) ∩ L2(0, T ;V ), (5.2.17)

strong in C0([0, T ];V ′) ∩ L2(0, T ;H), (5.2.18)

a.e. in Q, (5.2.19)

un → u∗ weakly-∗ in W 1,∞(0, T ;W0), (5.2.20)

strong in C0([0, T ];V0), (5.2.21)
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zn → z∗ weakly-∗ in H1(0, T ;H) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W ), (5.2.22)

strong in C0([0, T ];H) ∩ L2(0, T ;V ), (5.2.23)

a.e. in Q. (5.2.24)

The first step of the proof consists in proving that S(χ∗) = (φ∗, σ∗,u∗, z∗). To do so,
thanks to the convergences above, we can pass to the limit in the PDE system satisfied by
(φn, σn,un, zn) and χn, whence (φ∗, σ∗,u∗, z∗) is the unique solution to the state system
associated with χ∗. More precisely, notice that the passage to the limit in the linear
terms is trivial because of the weak convergences (5.2.14), (5.2.17), (5.2.20), and (5.2.22).
Regarding the nonlinear ones, we recall that, according to our assumptions, the assigned
functions p, χ1, g, k1, k2, χ2, S,B, F are continuous and bounded, and β ∈ C0(0, 1), and
π ∈ C0(R) at least. Moreover, we proved that φn, σn, and zn are uniformly bounded,
namely

0 ≤ φn ≤ N, 0 ≤ σn ≤ M, 0 < r∗ ≤ zn ≤ r∗ < 1

a.e. in Q. Thus, the pointwise convergences (5.2.16), (5.2.19), (5.2.24), and the Domi-
nated Convergence Theorem are enough to pass to the limit in the nonlinear terms.
The second step is showing that

inf
χ∈Uad

J(χ) = J(χ∗).

To this end, we write the reduced cost functional as the sum of the following terms

J1(χ) =
α1

2
∥φ− φQ∥2L2(Q) +

α4

2
∥σ − σQ∥2L2(Q) +

α7

2
∥z − zQ∥2L2(Q) +

α9

2
∥χ∥2L2(Q),

J2(χ) =
α2

2
∥φ(T ) − φΩ∥2H + α3∥φ(T )∥L1(Ω)

+
α5

2
∥σ(T ) − σΩ∥2H +

α6

2
∥
√

γ(φ)ε(u)∥2L2(Q) + α8∥z(T )∥L1(Ω).

By the weak convergences (5.2.12)–(5.2.14), (5.2.17), (5.2.22), and weak lower semiconti-
nuity of the L2-norm, we obtain

lim inf
n→+∞

J1(χn) ≥ J1(χ
∗).

Again from Theorem 5.7, {σ∗(T )}n∈N is uniformly bounded in H. Thus, extracting a
further subsequence,

σn(T ) → σ∗(T ) weakly in H, (5.2.25)

where we are able to identify the limit with σ∗(T ) because of convergence (5.2.18). Since
φn → φ∗ a.e. by (5.2.16), and γ is bounded by hypothesis (C9),√

γ(φn)η →
√
γ(φ∗)η strongly in L2(0, T ;H), (5.2.26)

for every η ∈ L2(0, T ;H) thanks to the Dominated Convergence Theorem. Moreover,
from the convergence (5.2.21), we know that

ε(un) → ε(u∗) strongly in L2(0, T ;H). (5.2.27)
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Combining (5.2.26) and (5.2.27), we deduce that√
γ(φn)ε(un) →

√
γ(φ∗)ε(u∗) weakly in L2(0, T ;H). (5.2.28)

By the weak lower semicontinuity of the L2-norm and the weak convergences (5.2.25),
(5.2.28), and by the strong continuity of the L2-norm and the strong convergences (5.2.15),
(5.2.23), we have

lim inf
n→+∞

J2(χn) ≥ J2(χ
∗)

whence the thesis.

We aim to establish first-order optimality conditions for the optimal control problem
(5.2.1). To do so, the standard procedure is to prove the Fréchet differentiability of the
control-to-state operator. With this purpose, we linearize the state system.

5.3 The linearized state system

We consider a fixed control χ ∈ Uad with the associated state given by (φ, σ,u, z) = S(χ).
For every small h = (h1, h2) ∈ U , we consider the perturbed variables

φ + ξ, σ + ρ, u + ω, z + ζ, χ + h,

and the corresponding state system. Linearizing it near (φ, σ,u, z), χ and approximating
the nonlinearities with their first order Taylor expansions, we have that (ξ, ρ,ω, ζ), h
satisfy the linear PDE system

∂tξ − ∆ξ = a1ξ + a2ρ + a3ζ + a4h1, (5.3.1a)

∂tρ− ∆ρ = b1ξ + b2ρ + b3ζ + b4h2, (5.3.1b)

− div [Aε(∂tω) + B(φ, z)ε(ω)] = −div [c1ξ + c2ζ] , (5.3.1c)

∂tζ − ∆ζ = d1ξ + d2 : ε(ω) + d3ζ, (5.3.1d)

where, for the sake of better readability, we introduced the following notation:

a1 = U,φ = (p(σ, z) − χ1)
(

1 − 2
φ

N

)
− g(σ, z),

a2 = U,σ = p,σ(σ, z)φ
(

1 − φ

N

)
− φg,σ(σ, z),

a3 = U,z = p,z(σ, z)φ
(

1 − φ

N

)
− φg,z(σ, z),

a4 = U,χ1 = −φ
(

1 − φ

N

)
,

b1 = −K,φ(φ, σ, z) + χ2S,φ(φ, z)

= − k1,φ(φ, z)σ

k2(φ, z) + σ
+

k1(φ, z)σk2,φ(φ, z)

(k2(φ, z) + σ)2
+ χ2S,φ(φ, z),

b2 = −K,σ(φ, σ, z) = − k1(φ, z)

k2(φ, z) + σ
+

k1(φ, z)σ

(k2(φ, z) + σ)2
,
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b3 = −K,z(φ, σ, z) + χ2S,z(φ, z)

= − k1,z(φ, z)σ

k2(φ, z) + σ
+

k1(φ, z)σk2,z(φ, z)

(k2(φ, z) + σ)2
+ χ2S,z(φ, z),

b4 = S(φ, z),

c1 = −B,φ(φ, z)ε(u),

c2 = −B,z(φ, z)ε(u),

d1 = −F,φ(φ, ε(u)),

d2 = −F,ε(φ, ε(u)),

d3 = −β′(z) − π′(z).

Remark 5.19. We first note that the terms written in Fraktur font are matrix-valued
functions, whereas the remaining ones are scalar-valued. Second, we make some remarks
on their regularity. Since all the assigned functions are Lipschitz continuous and bounded,
and because of the regularity we have already proved for (φ, σ,u, z) in Theorem 5.7, we
have

a1, . . . , a4, b1, . . . , b4, d1, d2 ∈ L∞(Q),

and they are uniformly bounded by a constant that depends on R. Moreover,

c1, c2 ∈ L∞(0, T ;Lp(Ω))

for any p ∈ [1, 6] and their norm is uniformly bounded by a certain CR, because

|c1| + |c2| ≤ C|ε(u)|,

and u ∈ W 1,∞(0, T ;W ) ↪→ W 1,∞(0, T ;W 1,p(Ω)). Regarding the last term, thanks to the
regularity of β in its domain and to the separation property we proved in Proposition 5.16,

d3 ∈ L∞(Q),

and its norm is bounded by a constant that depends on R.

We couple system (5.3.1) with the following boundary and initial conditions

∂νξ = ∂νζ = 0 ∂νρ = −ρ, ω = 0 on Σ, (5.3.2)

ξ(0) = ρ(0) = ζ(0) = 0, ω(0) = 0 in Ω. (5.3.3)

Notice that, even though for the formal derivation of the linearized system we started
from a small perturbation h ∈ Uad, the obtained system (5.3.1)–(5.3.3) makes sense for
every h ∈ L2(Q) × L2(Q) .

Proposition 5.20. For every χ ∈ UR with associated state S(χ) = (φ, σ,u, z) ∈ V and
for every h ∈ L2(Q) × L2(Q) there exists a unique solution (ξ, ρ,ω, ζ) to the linearized
state system (5.3.1)–(5.3.3) in the sense that

ξ ∈ H1(0, T ;H) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W ),
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ρ ∈ H1(0, T ;V ′) ∩ L∞(0, T ;H) ∩ L2(0, T ;V ),

ω ∈ W 1,∞(0, T ;V0),

ζ ∈ H1(0, T ;H) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W )

with

ξ(0) = ρ(0) = ζ(0) = 0, ω(0) = 0

such that∫
Ω
∂tξη dx +

∫
Ω
∇ξ · ∇η dx =

∫
Ω

[a1ξ + a2ρ + a3ζ + a4h1]η dx, (5.3.4a)

⟨∂tρ, η⟩V +

∫
Ω
∇ρ · ∇η dx +

∫
Γ
ρη dHd−1 =

∫
Ω

[b1ξ + b2ρ + b3ζ + b4h2]η dx, (5.3.4b)∫
Ω

[Aε(∂tω) + B(φ, z)ε(ω)] : ε(θ) dx =

∫
Ω

[c1ξ + c2ζ] : ε(θ) dx, (5.3.4c)∫
Ω
∂tζη dx +

∫
Ω
∇ζ · ∇η dx =

∫
Ω

[d1ξ + d2 : ε(ω) + d3ζ] η dx, (5.3.4d)

a.e. in (0, T ), for every η ∈ V and θ ∈ V0. Moreover, the solution satisfies the following
estimate:

∥ξ∥H1(H)∩L∞(V )∩L2(W ) + ∥ρ∥H1(H)∩L∞(V )∩L2(W )

+ ∥ω∥W 1,∞(V0) + ∥ξ∥H1(H)∩L∞(V )∩L2(W ) ≤ CR∥h∥L2(Q).
(5.3.5)

Proof. Existence can be proved using a Galerkin scheme. Since it is a standard procedure,
we will show only the formal a priori estimates that are necessary to pass to the limit from
the discrete to the continuous system. We test (5.3.1a) with ξ, (5.3.1b) with ρ, (5.3.1d)
with ζ, and sum the three equations. Applying the Young inequality and Remark 5.19,
we obtain

d

dt

(
∥ξ∥2H + ∥ρ∥2H + ∥ζ∥2H

)
+ ∥∇ξ∥2H + ∥∇ρ∥2H + ∥∇ζ∥2H

≤ CR

(
∥ξ∥2H + ∥ρ∥2H + ∥ε(ω)∥2H + ∥ζ∥2H + ∥h1∥2H + ∥h2∥2H

)
.

(5.3.6)

Testing (5.3.1c) with ∂tω and employing the fact that A is positive definite, we have

CA∥ε(∂tω)∥2H ≤
∫
Ω
Aε(∂tω) : ε(∂tω) dx

=

∫
Ω

(−B(φ, z)ε(ω) : ε(∂tω) + ξc1 : ε(∂tω) + ζc2 : ε(∂tω)) dx.

Recalling that B is bounded and c1, c2 are uniformly bounded in L∞(0, T ;L6(Ω)) thanks to
Remark 5.19, we estimate the right-hand side with the Hölder and the Young inequalities.
We get

CA∥ε(∂tω)∥2H ≤
(
C∥ε(ω)∥H + ∥ξ∥L3(Ω)∥c1∥L6(Ω) + ∥ζ∥L3(Ω)∥c2∥L6(Ω)

)
∥ε(∂tω)∥H

≤ δ∥ε(∂tω)∥2H + CR,δ

(
∥ε(ω)∥2H + ∥ξ∥2L3(Ω) + ∥ζ∥2L3(Ω)

)
,
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where δ is a small positive constant yet to be determined. By means of the interpolation
inequality in Lemma 2.6 and again the Young inequality, we have

CA∥ε(∂tω)∥2H ≤ δ
(
∥ε(∂tω)∥2H + ∥∇ξ∥2H + ∥∇ζ∥2H

)
+CR,δ

(
∥ε(ω)∥2H + ∥ξ∥2H + ∥ζ∥2H

)
.

(5.3.7)

Recalling that ω(0) = 0,

ε(ω) = ε(ω(0)) +

∫ t

0
ε(∂tω) ds =

∫ t

0
ε(∂tω) ds.

Thus, it follows

∥ε(ω)∥2H ≤ C

∫ t

0
∥ε(∂tω)∥2H ds.

Summing inequalities (5.3.6) and (5.3.7), choosing δ sufficiently small, and estimating
the term ∥ε(ω)∥2H on the right-hand side as just shown, we obtain

d

dt

(
∥ξ∥2H + ∥ρ∥2H + ∥ζ∥2H

)
+ ∥∇ξ∥2H + ∥∇ρ∥2H + ∥ε(∂tω)∥2H + ∥∇ζ∥2H

≤ CR

(
∥ξ∥2H + ∥ρ∥2H + ∥ζ∥2H +

∫ t

0
∥ε(∂tω)∥2H ds + ∥h∥2L2(Q)

)
.

Integrating in time over (0, t) and applying Gronwall’s inequality, we infer that

∥ξ∥L∞(H)∩L2(V ) + ∥ρ∥L∞(H)∩L2(V ) + ∥ζ∥L∞(H)∩L2(V ) + ∥ω∥H1(V0) ≤ CR∥h∥L2(Q).

Then, we recover the higher order estimates claimed for ξ, ρ, and ζ by standard parabolic
regularity results (see, e.g., [DL92]). Finally, we look back at equation (5.3.7), obtaining
the desired uniform bound for ω. These a priori estimates are enough to pass in the
Galerkin discretization. This way, existence is proved as well as estimate (5.3.5) in the
statement. Uniqueness follows from the energy inequality (5.3.5) and the fact that the
system is linear.

Remark 5.21. For χ ∈ UR fixed, it is convenient to denote the solution to the linearized
state system associated with a perturbation h ∈ U as (ξh, ρh,ωh, ζh). From this result,
it follows that the map

U ⊆ L2(Q) × L2(Q) → V, h 7→ (ξh, ρh,ωh, ζh),

is linear and continuous.

5.4 Differentiability of the control-to-state operator

In this section, we will prove the Fréchet differentiability of the control-to-state operator.
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Theorem 5.22. The control-to-state operator S : U → V is Fréchet differentiable in UR

and the Fréchet derivative of S in χ ∈ UR is given by

DS(χ)h = (ξh, ρh,ωh, ζh)

for every h ∈ U .

Proof. We consider a fixed and arbitrary χ ∈ Uad with S(χ) = (φ, σ,u, z). Our goal is
to prove that

lim
∥h∥U→0

∥S(χ + h) − S(χ) − (ξh, ρh,ωh, ζh)∥V
∥h∥U

= 0, (5.4.1)

whence the thesis. We introduce the notation S(χ + h) = (φh, σh,uh, zh) and

Φh := φh − φ− ξh, λh := σh − σ − ρh, wh := uh − u− ωh, µh := zh − z − ζh.

Since χ belongs to Uad which is in turn contained in the open set UR, there exists a
constant Cχ such that, for every h ∈ UR with ∥h∥U ≤ Cχ, the control χ+h still belongs
to UR. Without loss of generality, since our aim is to pass to the limit as ∥h∥U goes to 0,
we will consider only h with a small norm in this sense. We are going to prove that

∥(Φh, λh,wh, µh)∥V ≤ CR∥h∥
5
4
U , (5.4.2)

which yields the limit (5.4.1). To do so, we consider the PDE system satisfied by
(Φh, λh,wh, µh) which can be trivially obtained by Theorem 5.5 and Proposition 5.20.
Explicitly, the following equations are satisfied∫

Ω
∂tΦ

hη dx +

∫
Ω
∇Φh · ∇η dx =

∫
Ω

[A1 + A2]η dx, (5.4.3a)

⟨∂tλh, η⟩V +

∫
Ω
∇λh · ∇η dx +

∫
Γ
λhη dHd−1 =

∫
Ω

[B1 + B2 + B3]η dx, (5.4.3b)∫
Ω

[
Aε(∂tw

h) + C1

]
: ε(θ) dx = 0, (5.4.3c)∫

Ω
∂tµ

hη dx + ∇µh · ∇η dx =

∫
Ω

[D1 + D2] η dx, (5.4.3d)

for every η ∈ V and θ ∈ V0 as well as the initial conditions

Φh(0) = 0, λh(0) = 0, wh(0) = 0, µh(0) = 0. (5.4.4)

Here we have introduced the notation:

A1 = U(φh, σh, zh, χ1) − U(φ, σ, z, χ1)

−
[
U,φ(φ, σ, z, χ1)ξ

h + U,σ(φ, σ, z, χ1)ρ
h + U,z(φ, σ, z, χ1)ζ

h
]
,

A2 = −
[
φh

(
1 − φh

N

)
− φ

(
1 − φ

N

)]
h1, (5.4.5)
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B1 = K(φh, σh, zh) −K(φ, σ, z)

−
[
K,φ(φ, σ, z)ξh + K,σ(φ, σ, z)ρh + K,z(φ, σ, z)ζh

]
,

B2 =
[
S(φh, zh) − S(φ, z) −

(
S,φ(φ, z)ξh + S,z(φ, z)ζh

)]
χ2,

B3 = [S(φh, zh) − S(φ, z)]h2, (5.4.6)

C1 =B(φh, zh)ε(uh) − B(φ, z)ε(u)

−
[
B,φ(φ, z)ε(u)ξh + B(φ, z)ε(ωh) + B,z(φ, z)ε(u)ζh

]
,

D1 = −
[
β(zh) + π(zh) − (β(z) + π(z)) − (β′(z) + π′(z))ζh

]
,

D2 = −
[
F (φh, ε(uh)) − F (φ, ε(u)) − (F,φ(φ, ε(u))ξh + F,ε(φ, ε(u)) : ε(ωh))

]
.

The next step is testing each equation in (5.4.3) with a proper term and doing some
estimates. For this reason, it is convenient to rewrite some of the known coefficient
functions we have just introduced. To this end, we recall that, according to Taylor’s
theorem with an integral remainder, for a function l ∈ W 2,2([0, 1]) it holds

l(1) = l(0) + l′(0) +

∫ 1

0
l′′(s)(1 − s) ds.

Let’s take A1 into account. We introduce yh = (φh, σh, zh, χ1), y = (φ, σ, z, χ1), and
the function

l(s) = U(syh + (1 − s)y),

which is W 2,∞ because U has this regularity and syh + (1 − s)y is bounded. If we apply
the formula above, we get

U(yh) = U(y) + ∇U(y) · (yh − y)

+

∫ 1

0

[
D2U(syh + (1 − s)y)(yh − y) · (yh − y)

]
(1 − s) ds

=: U(y) + ∇U(y) · (yh − y) + A1(y
h − y) · (yh − y).

Notice that the matrix

A1 =

∫ 1

0
D2U(syh + (1 − s)y)(1 − s) ds

as well as ∇U are bounded and their L∞-norm are uniformly controlled by a constant
that depends on R. Comparing the equality we have just obtained with A1 leads to

A1 = U,φ(φ, σ, z, χ1)Φ
h + U,σ(φ, σ, z, χ1)λ

h + U,z(φ, σ, z, χ1)µ
h

+ A1(φ
h − φ, σh − σ, zh − z, 0) · (φh − φ, σh − σ, zh − z, 0).

(5.4.7)

Proceeding in the same way, we have:

B1 =K,φ(φ, σ, z)Φh + K,σ(φ, σ, z)λh + K,z(φ, σ, z)µh

+ B1(φ
h − φ, σh − σ, zh − z) · (φh − φ, σh − σ, zh − z),

(5.4.8)
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B2 =
[
S,φ(φ, z)Φh + S,z(φ, z)µh + B2(φ

h − φ, zh − z) · (φh − φ, zh − z)
]
χ2, (5.4.9)

C1 =B,φ(φ, z)ε(u)Φh + B(φ, z)ε(wh) + B,z(φ, z)ε(u)µh

+ C1(φ
h − φ, ε(uh) − ε(u), zh − z) · (φh − φ, ε(uh) − ε(u), zh − z),

(5.4.10)

D1 = −
[
(β′(z) + π′(z))µh + D1(z

h − z)2
]
, (5.4.11)

D2 = −
[
F,φ(φ, ε(u))Φh + F,ε(φ, ε(u)) : ε(wh)

+ D2(φ
h − φ, ε(uh) − ε(u)) · (φh − φ, ε(uh) − ε(u))

]
.

(5.4.12)

Notice that the terms written in Fraktur font are the ones related to the integral of the
hessian of the auxiliary function l, and, therefore, their dimensions change from case
to case: for example, B1 is a matrix in R3×3, B2 a matrix in R2×2, and D1 is a scalar.
Moreover, it is easy to check that all these terms are uniformly bounded in L∞ by a
constant that depends on R with the only exception of C1, which is uniformly bounded
in L∞(L6(Ω)) because, even if B ∈ C2(R2) with φ, z ∈ L∞(Q), the terms ε(uh), ε(u)
are uniformly bounded only in this weaker norm. We will examine C1 more closely later,
addressing the estimate of C1. We test equation (5.4.3a) with Φh, obtaining

1

2

d

dt
∥Φh∥2H + ∥∇Φh∥2H =

∫
Ω

(A1 + A2)Φ
h dx.

From equation (5.4.7),

|A1| ≤ CR

(
|Φh| + |λh| + |µh| + |φh − φ|2 + |σh − σ|2 + |zh − z|2

)
,

and from equation (5.4.5),
|A2| ≤ CR|φh − φ| |h1|.

Putting these elements together and using the Hölder inequality, we obtain

1

2

d

dt
∥Φh∥2H + ∥∇Φh∥2H

≤ CR

(
∥Φh∥H + ∥λh∥H + ∥µh∥H

)
∥Φh∥H

+ CR

(
∥φh − φ∥H∥φh − φ∥L6(Ω) + ∥σh − σ∥H∥σh − σ∥L6(Ω)

+ ∥zh − z∥H∥zh − z∥L6(Ω) + ∥φh − φ∥L6(Ω)∥h1∥H
)
∥Φh∥L3(Ω).

We apply the Young inequality and then, we estimate the term ∥Φ∥2L3(Ω) employing

inequality (2.3.3). We have

1

2

d

dt
∥Φh∥2H + ∥∇Φh∥2H ≤ CR

(
∥λh∥2H + ∥µh∥2H + ∥φh − φ∥2H∥φh − φ∥2L6(Ω)

+ ∥σh − σ∥2H∥σh − σ∥2L6(Ω) + ∥zh − z∥2H∥zh − z∥2L6(Ω)

+ ∥φh − φ∥2L6(Ω)∥h1∥
2
H

)
+ CR,δ∥Φh∥2H + δ∥∇Φh∥2H

(5.4.13)
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for a small parameter δ > 0. Testing (5.4.3b) with λh leads to

1

2

d

dt
∥λh∥2H + ∥∇λh∥2H ≤ 1

2

d

dt
∥λh∥2H + ∥∇λh∥2H + ∥λh∥2L2

Γ
=

∫
Ω

(B1 + B2 + B3)λ
h dx.

Proceeding as before, from equations (5.4.8) and (5.4.9) we get

|B1| + |B2| ≤ CR

(
|Φh| + |λh| + |µh| + |φh − φ|2 + |σh − σ|2 + |zh − z|2

)
,

where we have also employed the fact that ∥χ2∥L∞(Q) ≤ R. From equation (5.4.6) we
derive

|B3| ≤ C
(
|φh − φ| + |zh − z|

)
|h2|.

Consequently, through the Hölder and the Young inequalities, then the Gagliardo–
Nirenberg inequality, and again the Young inequality with a small positive parameter δ,
we have

1

2

d

dt
∥λh∥2H + ∥∇λh∥2H ≤ CR

(
∥Φh∥2H + ∥µh∥2H + ∥φh − φ∥2H∥φh − φ∥2L6(Ω)

+ ∥σh − σ∥2H∥σh − σ∥2L6(Ω) + ∥zh − z∥2H∥zh − z∥2L6(Ω)

)
+ CR

(
∥φh − φ∥2L6(Ω) + ∥zh − z∥2L6(Ω)

)
∥h2∥2H + CR,δ∥λh∥2H + δ∥∇λh∥2H .

(5.4.14)

We test equation (5.4.3c) with ∂tw
h, obtaining:

CA∥ε(∂twh)∥2H ≤
∫
Ω
Aε(∂tw

h) : ε(∂tw
h) dx = −

∫
Ω
C1 : ε(∂tw

h) dx.

Our goal is to perform suitable estimates of the right-hand side of this inequality. By
equation (5.4.10),

|C1| ≤C|ε(u)|
(
|Φh| + |µh|

)
+ C|ε(wh)|

+ |C1(φ
h − φ, ε(uh) − ε(u), zh − z) · (φh − φ, ε(uh) − ε(u), zh − z)|.

Let us analyze the last term on the right-hand side. We define yh = (φh, ε(uh), zh),
y = (φ, ε(u), z), the function

L(y) = B(φ, z)ε(u),

and the associated

l(s) = L
(
syh + (1 − s)y

)
= B

(
sφh + (1 − s)φ, s zh + (1 − s)

) [
s ε(uh) + (1 − s)ε(u)

]
.

As done before,

C1 =

∫ 1

0
D2L

(
syh + (1 − s)y

)
(1 − s) ds.
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Notice that L is linear in ε(u), so the related second derivative vanishes. Thus, the
quadratic term in ε(uh) − ε(u) will not appear in C1. Explicitly,

|C1(y
h − y) · (yh − y)| ≤C

(
|ε(uh)| + |ε(u)|

) [
|φh − φ|2 + |zh − z|2

]
+ C|ε(uh) − ε(u)|

[
|φh − φ| + |zh − z|

]
,

because B belongs to C2(R2) and its argument is uniformly bounded. Employing this
inequality, we have

CA∥ε(∂twh)∥2H ≤ C

∫
Ω

(
|ε(u)|

(
|Φh| + |µh|

)
|ε(∂twh)| + |ε(wh)||ε(∂twh)|

)
dx

+ C

∫
Ω

(
|ε(uh) − ε(u)|

)(
|φh − φ| + |zh − z|

)
|ε(∂twh)|dx

+ C

∫
Ω

(
|ε(uh)| + |ε(u)|

)(
|φh − φ|2 + |zh − z|2

)
|ε(∂twh)|dx

≤ C
[
∥ε(u)∥L6(Ω)

(
∥Φh∥L3(Ω) + ∥µh∥L3(Ω)

)
+ ∥ε(wh)∥H

+ ∥ε(uh) − ε(u)∥L4(Ω)

(
∥φh − φ∥L4(Ω) + ∥zh − z∥L4(Ω)

)
+
(
∥ε(uh)∥L6(Ω) + ∥ε(u)∥L6(Ω)

)(
∥φh − φ∥2L6(Ω) + ∥zh − z∥2L6(Ω)

) ]
∥ε(∂twh)∥H .

We recall that by Theorem 5.7 the terms ∥ε(u)∥L6(Ω), ∥ε(uh)∥L6(Ω) are bounded by a
constant that depends on R. By the Young inequality and the Gagliardo–Nirenberg
interpolation inequality from Lemma 2.6, we deduce

CA∥ε(∂twh)∥2H
≤ δ

(
∥∇Φh∥2H + ∥∇µh∥2H + ∥ε(∂twh)∥2H

)
+ CR,δ

[
∥Φh∥2H + ∥µh∥2H

+ ∥ε(wh)∥2H + ∥ε(uh) − ε(u)∥2L4(Ω)(∥φ
h − φ∥2L4(Ω) + ∥zh − z∥2L4(Ω))

+ ∥φh − φ∥4L6(Ω) + ∥zh − z∥4L6(Ω)

] (5.4.15)

for a small δ > 0. Testing equation (5.4.3d) with µh leads to

1

2

d

dt
∥µh∥2H + ∥∇µh∥2H =

∫
Ω

(D1 + D2)µ
h dx.

Regarding D1, we recall that thanks to the separation property we proved for z, the term
β′(z) + π′(z) is bounded. We have

|D1| ≤ C
(
|µh| + |zh − z|2

)
.

Turning our attention to D2, we get

|D2| ≤ C
(
|Φh| + |ε(wh)| + |φh − φ|2 + |ε(uh) − ε(u)|2

)
.
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Thus, with standard argumentation, we deduce

1

2

d

dt
∥µh∥2H + ∥∇µh∥2H

≤ δ∥∇µh∥2H + Cδ

(
∥µh∥2H + ∥Φh∥2H + ∥ε(wh)∥2H

+ ∥zh − z∥2H∥zh − z∥2L6(Ω) + ∥φh − φ∥2H∥φh − φ∥2L6(Ω)

+ ∥ε(uh) − ε(u)∥2H∥ε(uh) − ε(u)∥2L4(Ω)

)
.

(5.4.16)

We sum inequalities (5.4.13)–(5.4.16), integrate in time over (0, t) remembering that
the initial values of the variables are zero, and move the terms multiplied by δ to the
left-hand side, fixing a parameter small enough. This way, we get the following:

∥Φh∥2H + ∥λh∥2H + ∥µh∥2H +

∫ t

0

(
∥∇Φh∥2H + ∥∇λh∥2H + ∥ε(∂twh)∥2H + ∥∇µh∥2H

)
ds

≤ CR

∫ t

0

[
∥Φh∥2H + ∥λh∥2H + ∥ε(wh)∥2H + ∥µh∥2H

+ ∥φh − φ∥2H∥φh − φ∥2L6(Ω) + ∥σh − σ∥2H∥σh − σ∥2L6(Ω) + ∥zh − z∥2H∥zh − z∥2L6(Ω)

+ ∥φh − φ∥2L6(Ω)∥h1∥
2
H +

(
∥φh − φ∥2L6(Ω) + ∥zh − z∥2L6(Ω)

)
∥h2∥2H

+ ∥ε(uh) − ε(u)∥2L4(Ω)(∥φ
h − φ∥2L4(Ω) + ∥ε(uh) − ε(u)∥2H + ∥zh − z∥2L4(Ω))

+ ∥φh − φ∥4L6(Ω) + ∥zh − z∥4L6(Ω)

]
ds.

We recall that

∥ε(wh)∥2H ≤ C

∫ s

0
∥ε(∂twh)∥2H dτ,

and that, thanks to Theorem 5.8, it holds

∥φh − φ∥L∞(H) + ∥σh − σ∥L∞(H)

+ ∥ε(uh) − ε(u)∥L∞(H) + ∥zh − z∥L∞(H) ≤ CR∥h∥L2(Q),

and that, by (5.1.94) in Remark 5.13, we have

∥φh − φ∥L∞(L4(Ω)) + ∥ε(uh) − ε(u)∥L∞(L4(Ω)) + ∥zh − z∥L∞(L4(Ω)) ≤ CR∥h∥
1
4

L2(Q)
.

Finally, we observe that∫ t

0
∥φh − φ∥4L6(Ω) ds ≤

∫ t

0
∥φh − φ∥2L∞(Ω)∥φ

h − φ∥2L3(Ω) ds

≤ ∥φh − φ∥2L4(L∞(Ω))∥φ
h − φ∥2L4(L3(Ω)) ≤ CR∥h∥

1
2

L2(Q)
∥h∥2L2(Q) = CR∥h∥

5
2

L2(Q)

where we have applied the Hölder inequality and, in the last passage, we have combined
(5.1.95) and (5.1.96) from Remark 5.13. The same inequality holds for zh − z. Thus, we
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obtain

∥Φh∥2H + ∥λh∥2H + ∥µh∥2H +

∫ t

0

(
∥∇Φh∥2H + ∥∇λh∥2H + ∥ε(∂twh)∥2H + ∥∇µh∥2H

)
ds

≤ CR

{∫ t

0

[
∥Φh∥2H + ∥λh∥2H + ∥µh∥2H

]
ds +

∫ t

0

∫ s

0
∥ε(∂twh)∥2H dτ ds

+ ∥h∥2L2(Q)

∫ t

0

[
∥φh − φ∥2L6(Ω) + ∥σh − σ∥2L6(Ω) + ∥zh − z∥2L6(Ω)

]
ds

+ ∥h∥2L∞(H)

∫ t

0

[
∥φh − φ∥2L6(Ω) + ∥zh − z∥2L6(Ω)

]
ds

+ ∥h∥
1
2

L2(Q)

∫ t

0

[
∥φh − φ∥2L4(Ω) + ∥zh − z∥2L4(Ω)

]
ds + ∥h∥4L2(Q) + ∥h∥

5
2

L2(Q)

}
.

Again, we recall that from Theorem 5.8 we know

∥φh − φ∥L2(V ) + ∥σh − σ∥L2(V ) + ∥zh − z∥L2(V ) ≤ CR∥h∥L2(Q),

and that V ↪→ L4(Ω), L6(Ω). Finally, we obtain:

∥Φh∥2H + ∥λh∥2H + ∥µh∥2H +

∫ t

0

(
∥∇Φh∥2H + ∥∇λh∥2H + ∥ε(∂twh)∥2H + ∥∇µh∥2H

)
ds

≤ CR

{∫ t

0

[
∥Φh∥2H + ∥λh∥2H + ∥µh∥2H

]
ds +

∫ t

0

∫ s

0
∥ε(∂twh)∥2H dτ ds

+ ∥h∥4L2(Q) + ∥h∥2L∞(H)∥h∥
2
L2(Q) + ∥h∥

5
2

L2(Q)

}
.

By means of the Gronwall inequality, we have:

∥Φh∥2H + ∥λh∥2H + ∥µh∥2H +

∫ t

0

(
∥∇Φh∥2H + ∥∇λh∥2H + ∥ε(∂twh)∥2H + ∥∇µh∥2H

)
ds

≤ CR

(
∥h∥4L2(Q) + ∥h∥2L∞(H)∥h∥

2
L2(Q) + ∥h∥

5
2

L2(Q)

)
,

whence (5.4.2) follows. Therefore, the proof of Theorem 5.22 is complete.

From the Fréchet differentiability of S , it follows that the reduced cost functional J is
Fréchet differentiable over the set UR. Since Uad is a closed and convex subset of U , we
can prove the following result.

Corollary 5.23. Let χ∗ ∈ Uad be an optimal control for the control problem with the
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associated state S(χ∗) = (φ∗, σ∗,u∗, z∗). Then, the following inequality is satisfied

α1

∫ T

0

∫
Ω

(φ∗ − φQ)ξ dx dt + α2

∫
Ω

(φ∗(T ) − φΩ)ξ(T ) dx + α3

∫
Ω
ξ(T ) dx

+ α4

∫ T

0

∫
Ω

(σ∗ − σQ)ρdx dt + α5

∫
Ω

(σ∗(T ) − σΩ)ρ(T ) dx

+ α6

∫ T

0

∫
Ω

[
1

2
γ′(φ∗)ε(u∗) : ε(u∗)ξ + γ(φ∗)ε(u∗) : ε(ω)

]
dx dt

+ α7

∫ T

0

∫
Ω

(z∗ − zQ)ζ dx dt + α8

∫
Ω
ζ(T ) dx

+ α9

∫ T

0

∫
Ω
χ∗ · (χ− χ∗) dx dt ≥ 0

(5.4.17)

for every χ ∈ Uad, where (ξ, ρ,ω, ζ) is the unique solution to the linearized system in χ∗

for h = χ− χ∗.

Proof. First of all, we recall that the cost functional J is well-defined over the space[
C0([0, T ];H) × C0([0, T ];H) × L2(0, T ;V ) × C0([0, T ];H)

]
×

[
L2(0, T ;H) × L2(0, T ;H)

]
,

where it is also Fréchet differentiable. Moreover, from Theorem 5.22, the solution operator
S : U → V is Fréchet differentiable in UR. Since, from standard embedding results, V is
continuously embedded in

C0([0, T ];H) × C0([0, T ];H) × L2(0, T ;V ) × C0([0, T ];H),

S is as well Fréchet differentiable in UR if it is seen as a functional between U and this
larger space. Thus, the reduced cost functional J is Fréchet differentiable in UR and, by
the chain rule,

DJ(χ∗)[χ− χ∗]

= α1

∫ T

0

∫
Ω

(φ∗ − φQ)ξ dx dt + α2

∫
Ω

(φ∗(T ) − φΩ)ξ(T ) dx

+ α3

∫
Ω
ξ(T ) dx + α4

∫ T

0

∫
Ω

(σ∗ − σQ)ρdx dt + α5

∫
Ω

(σ∗(T ) − σΩ)ρ(T ) dx

+ α6

∫ T

0

∫
Ω

[
1

2
γ′(φ∗)ε(u∗) : ε(u∗)ξ + γ(φ∗)ε(u∗) : ε(ω)

]
dx dt

+ α7

∫ T

0

∫
Ω

(z∗ − zQ)ζ dx dt + α8

∫
Ω
ζ(T ) dx + α9

∫ T

0

∫
Ω
χ∗ · (χ− χ∗) dx dt,

where χ∗ a the optimal control, χ is any admissible control, and (ξ, ρ,ω, ζ) is the solution
to the system linearized in χ∗ with h = χ − χ∗. From the optimality of χ∗ and the
convexity of Uad, we obtain the trivial inequality

J(χ∗ + t(χ− χ∗)) − J(χ∗) ≥ 0
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for every t ∈ (0, 1). Dividing by t and passing to the limit as t → 0+ leads to

DJ(χ∗)[χ− χ∗] ≥ 0.

The next step is simplifying the expression (5.4.17), removing the linearized variables. In
fact, even though the inequality just derived represents a first-order necessary condition
for optimality, it does not provide a practically efficient characterization. Specifically, for
every element χ of the admissible control space Uad, it requires solving the corresponding
linearized system for h = χ− χ∗. This approach is computationally demanding, particu-
larly in high-dimensional control spaces, highlighting the need for a reformulation. To
this end, we need to introduce the adjoint system.

5.5 The adjoint system and first-order necessary optimality
conditions

The adjoint system associated with an optimal control χ∗ ∈ Uad and its corresponding
solution to the state system (φ∗, σ∗,u∗, z∗) = S(χ∗) is given by

−∂tq − ∆q = a1q + b1r + d1s + c1 : ε(v)

+ α1(φ
∗ − φQ) +

α6

2
γ′(φ∗)ε(u∗) : ε(u∗),

(5.5.1a)

− ∂tr − ∆r = a2q + b2r + α4(σ
∗ − σQ), (5.5.1b)

− div [−Aε(∂tv) + B(φ∗, z∗)ε(v)] = −div [d2s + α6γ(φ∗)ε(u∗)] , (5.5.1c)

− ∂ts − ∆s = a3q + b3r + d3s + c2 : ε(v) + α7(z
∗ − zQ), (5.5.1d)

coupled with the boundary conditions

∂νq = 0, ∂νr = −r, v = 0, ∂νs = 0, (5.5.2)

and with the final conditions

q(T ) = α2(φ
∗(T )−φΩ)+α3, r(T ) = α5(σ

∗(T )−σΩ), v(T ) = 0, s(T ) = α8. (5.5.3)

Proposition 5.24. Let χ∗ be an optimal control with the associated solution to the state
system (φ∗, σ∗,u∗, z∗) = S(χ∗). The adjoint system (5.5.1)–(5.5.3) has a unique weak
solution (q, r,v, s) in the sense that

q ∈ H1(0, T ;V ′) ∩ L∞(0, T ;H) ∩ L2(0, T ;V ),

r ∈ H1(0, T ;V ′) ∩ L∞(0, T ;H) ∩ L2(0, T ;V ),

v ∈ W 1,∞(0, T ;V0),

s ∈ H1(0, T ;H) ∩ L∞(0, T ;V ) ∩ L2(0, T ;W )
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with

q(T ) = α2(φ
∗(T ) − φΩ) + α3, r(T ) = α5(σ

∗(T ) − σΩ), v(T ) = 0, s(T ) = α8,

such that

−⟨∂tq, η⟩V +

∫
Ω

∇q · ∇η dx =

∫
Ω

[a1q + b1r + d1s + c1 : ε(v)] η dx

+

∫
Ω

[
α1(φ∗ − φQ) +

α6

2
γ′(φ∗)ε(u∗) : ε(u∗)

]
η dx,

(5.5.4a)

− ⟨∂tr, η⟩V +

∫
Ω

∇r · ∇η dx = −
∫
Γ

r η dHd−1 +

∫
Ω

[a2q + b2r + α4(σ∗ − σQ)] η dx, (5.5.4b)∫
Ω

[−Aε(∂tv) + B(φ∗, z∗)ε(v)] : ε(θ) dx =

∫
Ω

[d2s + α6γ(φ∗)ε(u∗)] : ε(θ) dx, (5.5.4c)∫
Ω

(−∂tsη + ∇s · ∇η) dx =

∫
Ω

[a3q + b3r + d3s + c2 : ε(v) + α7(z∗ − zQ)] η dx, (5.5.4d)

a.e. in (0, T ), for every η ∈ V and θ ∈ V0.

Notice that the regularity of q is the maximal we can expect, since the final value
α2(φ

∗(T ) − φΩ) + α3 only belongs to H.

Proof. The proof is similar to that of Proposition 5.20. Thus, we will omit the full details.
Existence can be established via a standard Galerkin scheme. For this reason, we present
only the formal a priori estimates required to justify the passage from the discrete to
the continuous system. We test equation (5.5.4a) with q, equation (5.5.4b) with r, and
equation (5.5.4d) with s. We sum all these equalities and estimate the right-hand side
with the Hölder and Young inequalities, obtaining:

− 1

2

d

dt

(∫
Ω
|q|2 dx +

∫
Ω
|r|2 dx +

∫
Ω
|s|2 dx

)
+

∫
Ω
|∇q|2 dx +

∫
Ω
|∇r|2 dx +

∫
Ω
|∇s|2 dx

≤ CR

(∫
Ω
|q|2 dx +

∫
Ω
|r|2 dx +

∫
Ω
|s|2 dx +

∫
Ω
|ε(v)|2 dx + 1

)
+ CR

(
∥q∥2L3(Ω) + ∥s∥2L3(Ω)

)
,

where we employed Remark 5.19 to bound the coefficients of the linear terms, and
Theorem 5.7 for the optimal state. We deal with the L3-norms by means of inequality
(2.3.3), moving to the left-hand side the resulting gradient terms. Integrating in time
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over the time interval (t, T ), we have∫
Ω
|q|2 dx +

∫
Ω
|r|2 dx +

∫
Ω
|s|2 dx

+

∫ T

t

∫
Ω
|∇q|2 dx ds +

∫ T

t

∫
Ω
|∇r|2 dx ds +

∫ T

t

∫
Ω
|∇s|2 dx ds

≤ CT + CR

(∫ T

t

∫
Ω
|q|2 dx ds +

∫ T

t

∫
Ω
|r|2 dx ds

+

∫ T

t

∫
Ω
|s|2 dx ds +

∫ T

t

∫
Ω
|ε(v)|2 dx ds + 1

)
,

(5.5.5)

where the non-negative constant CT only depends on the prescribed final conditions
(5.5.3). Then, we test equation (5.5.4c) with −∂tv. We use the fact that A is strictly
positive definite from hypothesis (C2) to bound from below the left-hand side, and again
the Hölder and Young inequalities for the right-hand side. We end up with

CA

∫
Ω
|ε(∂tv)|2 dx ≤

∫
Ω
Aε(∂tv) : ε(∂tv) dx

≤ δ

∫
Ω
|ε(∂tv)|2 dx + CR,δ

(∫
Ω
|ε(v)|2 dx +

∫
Ω
|s|2 dx + 1

) (5.5.6)

for a fixed and small constant δ > 0, e.g., δ = CA/2. We recall that, since v(T ) = 0, as
we have already seen before,∫

Ω
|ε(v)|2 dx ≤

∫ T

t

∫
Ω
|ε(∂tv)|2 dx ds

that we are going to use in equation (5.5.6). Similarly, integrating this inequality in time,∫ T

t

∫
Ω
|ε(v)|2 dx ds ≤

∫ T

t

(∫ T

s

∫
Ω
|ε(∂tv)|2 dx dτ

)
ds ≤ T

∫ T

t

∫
Ω
|ε(∂tv)|2 dx ds,

that we are going to use in equation (5.5.5). Summing inequalities (5.5.5) and (5.5.6)
and employing the Gronwall Lemma backward in time, leads to

∥q∥L∞(H)∩L2(V ) + ∥r∥L∞(H)∩L2(V ) + ∥s∥L∞(H)∩L2(V ) + ∥ε(∂tv)∥L∞(V0) ≤ C. (5.5.7)

Additional estimates in H1(0, T ;V ′) for q, r and s can be deduced by comparison in the
respective equations. Moreover, since the final value of s is smooth, we can apply standard
parabolic results (see, e.g., [DL92; Lio61]) and improve its regularity. Uniqueness is easy
to prove since the system is linear. One can take the difference of two weak solutions,
which is in turn a solution of the homogeneous system associated with (5.5.1) with zero
final conditions, and repeat the estimate above.

We are now in the position to remove the linearized variables from (5.4.17).
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Theorem 5.25 (First-order necessary conditions of optimality). Let χ∗ ∈ Uad be an
optimal control for the control problem with the associated state (φ∗, σ∗,u∗, z∗) = S(χ∗).
Then, the following inequality is satisfied

−
∫ T

0

∫
Ω
φ∗

(
1 − φ∗

N

)
(χ1 − χ∗

1)q dx dt +

∫ T

0

∫
Ω
S(φ∗, z∗)(χ2 − χ∗

2)r dx dt

+ α9

∫ T

0

∫
Ω
χ∗ · (χ− χ∗) dx dt ≥ 0

(5.5.8)

for every χ ∈ Uad, where q and r are respectively the first and second components of the
solution to the adjoint system associated with χ∗.

Proof. We test the equations of the linearized system with the solution of the adjoint
system and subtract the equations of the adjoint system tested with the solution of the
linearized system. Then, we sum up all the equations we have obtained. Explicitly, we
test (5.3.4a) with q, (5.3.4b) with r, (5.3.4c) with v and (5.3.4d) with s. In the same
way, we test (5.5.4a) with ξ, (5.5.4b) with ρ, (5.5.4c) with ω and (5.5.4d) with ζ. Some
terms cancel out, and we have:

d

dt

[∫
Ω

(ξq + ρr + Aε(ω) : ε(v) + ζs) dx

]
=

∫
Ω

(a4h1q + b4h2r) dx− α1

∫
Ω

(φ∗ − φQ)ξ dx− α4

∫
Ω

(σ∗ − σQ)ρ dx

− α6

∫
Ω

(
1

2
γ′(φ∗)ε(u∗) : ε(u∗)ξ + γ(φ∗)ε(u∗) : ε(ω)

)
dx− α7

∫
Ω

(z∗ − zQ)ζ dx.

Integrating in time over the interval (0, T ), exploiting the initial and final conditions,
and moving some terms to the left-hand side, we finally have[

α2

∫
Ω

(φ∗(T ) − φΩ)ξ(T ) dx + α3

∫
Ω
ξ(T ) dx + α5

∫
Ω

(σ∗(T ) − σΩ)ρ(T ) dx

+ α8

∫
Ω
ζ(T ) dx

]
+

[
α1

∫ T

0

∫
Ω

(φ∗ − φQ)ξ dx dt + α4

∫ T

0

∫
Ω

(σ∗ − σQ)ρdx dt

+ α6

∫ T

0

∫
Ω

(
1

2
γ′(φ∗)ε(u∗) : ε(u∗)ξ + γ(φ∗)ε(u∗) : ε(ω)

)
dx dt

+ α7

∫ T

0

∫
Ω

(z∗ − zQ)ζ dx dt

]
=

∫ T

0

∫
Ω

(a4h1q + b4h2r) dx dt.

Combining this equality with the inequality stated in Corollary 5.23, and recalling the
expressions of a4 and b4 from the linearized system, we obtain the thesis.
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[Lip+19] J. Lipková et al. “Personalized Radiotherapy Design for Glioblastoma: In-
tegrating Mathematical Tumor Models, Multimodal Scans, and Bayesian
Inference”. In: IEEE Trans. Med. Imaging 38.8 (2019), pp. 1875–1884.

[Mal+25] A. A. Malik, K. C. Nguyen, J. T. Nardini, C. C. Krona, K. B. Flores, and S.
Nelander. “Mathematical modeling of multicellular tumor spheroids quantifies
inter-patient and intra-tumor heterogeneity”. In: npj Syst. Biol. Appl. 11.1
(2025), p. 20.

[Mal+16] M. Mallory, E. Gogineni, G. C. Jones, L. Greer, and C. B. Simone. “Thera-
peutic hyperthermia: The old, the new, and the upcoming”. In: Crit. Rev.
Oncol. Hematol. 97 (2016), pp. 56–64.

[MH94] J. E. Marsden and T. J. R. Hughes. Mathematical foundations of elasticity.
Dover Publications, Inc., New York, 1994, pp. xviii+556.

[MS21] A. Marveggio and G. Schimperna. “On a non-isothermal Cahn-Hilliard model
based on a microforce balance”. In: J. Differential Equations 274 (2021),
pp. 924–970.

[MM78] D. McElwain and L. Morris. “Apoptosis as a volume loss mechanism in
mathematical models of solid tumor growth”. In: Math. Biosci. 39.1 (1978),
pp. 147–157.
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